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PREFACE. 


An apology is due to readers of my Treatise on the Differentud 
Calculus for the many years of delay between its publication 
and that of the present companion volumes. This delay has 
been due to several causes. In the first place it was due to the 
very severe pressure of other duties. In the second place, when 
several chapters of what now constitutes the first volume had 
been written, changes occurred in the regulations for the Mathe- 
matical Tripos and in the requirements of many of the class of 
students I have come into contact with, and I was not sure 
that such requirements were not already amply provided for by 
other existent text-books. I have been urged, however, by 
many from time to time to continue the work I had begun years 
ago, and to put upon record the experience I had gained in the 
teaching of the large number of advanced students it has been 
my lot to meet. And I must also confess that in acceding to 
this expressed desire, I have turned to this work with a sense of 
pleasure and of relief from the distracting circumstances of the 
great war through which we have recently passed. 

In the preparation of the book for the press, I have endeavoured 
to collect together for the use of the reader aU information 
necessary to give him a good working knowledge of the subject, 
both practically and theoretically, and to place before him this 
information as clearly as possible, with abundance of illustrative 
examples and instances of the application of the principles 
explained. To do this as fully as I desired, it has unfortunately 
been found necessary to enlarge the book beyond the ordinary 
bounds of a text-book, and to divide it into two volumes. 
Several of the matters treated of in the Second Volume are the 
subject of exhaustive treatises expressly devoted to the discussion 
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of tliose particular branches. So that such chapters as are there 
to he found treating of Conformal Representation, Contour 
Integration, Elliptic Integrals, Mean Values and Chances, 
Harmonic Analysis, etc., can only be regarded as an attempt 
to put together in a convenient form for the reader the most 
important theorems and processes used in dealing with the 
earlier parts of these subjects, and merely as introductory and 
in no way exhaustive. The mode and sequence of treatment is 
the same as that I have adopted in my advanced classes of students 
during the last filve-and-thirty years. 

Such a book is necessarily to a considerable extent a compila- 
tion, and though some of the results and proofs are, so far as 
I know, new, by far the greater part are to be found elsewhere. I 
have endeavoured to assign to their proper authorship as many of 
the results as possible, but it is very difficult to do this in many 
cases with certainty. A teacher learns from his pupils and 
from those he examines as well as from reading and research, 
and one meets in this way with many proofs of the same theorem ; 
it may be, in some cases, that they are due to the ingenuity of the 
student, but in general it will be that such proofs, if not to be 
found in existing text-books, are due to one or other of the 
distinguished body of teachers engaged at the Universities oi 
the Kingdom in teaching the subject. In sucb cases it is often 
impossible, however much one may desire it, to assign the 
authorship correctly. 

A large number of works has been consulted, and I must 
acknowledge a great indebtedness to many authors. In parti- 
cular, I am indebted for much information to the admirable and 
exhaustive works of Legendre, Laplace, Lacroix, Jacobi, Serret, 
Bertrand, Todhunter, Williamson, Boole, Cayley, Hobson, Forsyth, 
Greenhill, Airy, Chauvenet and others, as well as to articles by 
Glaisher, Culverwell and many more in various mathematical 
journals. I am also indebted to the mathematical editor of the 
E^umtional Times for permission to make use of some of the 
many very excellent examples on Chances and Mean Values, 
etc , to be found in that collection 

The early articles of Volume I. have been so written that a 
student already equipped with a knowledge of Graphical work 
and Elementary Applications of the Summation-definition of 
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Integration may begin at the second ckapter at once, where the 
definition xised is that of the inyerse of the operation of difierentia- 
tion, if he prefers to do so. 

A considerable number of the examples are extracted from 
University and College Examination Papers, and the source 
of such examples is indicated when known. Many others are 
new. These exammation papers define better than anything 
else the scope and extent of the knowledge expected of students 
by the distinguished mathematicians engaged from time to time 
in framing the regulations for such examinations and in con- 
ducting them. 

My very grateful thanks are also due to the publishers, Messrs. 
Macmillan & Co., to whose encouragement the appearance of 
ihe book is in no small measure due. They are also due to the 
printers, Messrs. Eobert MacLehose & Co., and to their Staff 
at the Glasgow University Press, who have with constant courtesy 
and unfailmg care and patience carried through their part of a 
piece of work which must at times have been far from easy. 

JOSEPH EDWARDS. 

Queen’s College, London, 

March, 1921. 

In preparing a Second Edition of Vol. I. for the press I have 
to thank several kmdly critics and correspondents for hsts of 
errata and suggestions. The errors have been corrected so far 
as they have come to my knowledge and suggestions incor- 
porated so far as possible. The reader will find further com- 
ments on the scope of the work in the Preface to Vol. 11. 

JOSEPH EDWARDS. 

Queen’s College, London, 

October, 1929. 
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CHAPTER I. 


NATURE OF THE PROBLEM. PRELIMINARY 
CONSIDERATIONS. 


1. Integration is a reversal of the operation of Differen- 
tiation, the finding of a function of x when the differential 
coefficient is known. Thus the differential coefficient of 
say, is (2a;+a;^)e®. We require a method of retracing our 
steps, and having given the expression (2x+a?)e^f we aim at 
the formulation of a method of arriving at the original function 
aV. The result of integrating a function of x is called the 
integral of the function. 

2. In the language of the early writers on the subject, a 
differential coefficient was called a '‘fluxion.” The original 
expression regarded as derived from the differential coefficient 
was called the " fluent.” 

Thus, in Kinetics, if s be the space described by a particle 
moving with a uniform acceleration / in time t, and with initial 
velocity u, s = ui-l- and the velocity at any time is given 
by v = u+ft. We obtain, by differentiating these expressions, 



ds 

dt 


=u+ft 


So / is the differential coefficient (or “ fluxion ”) of v with 
regard to i, 

u+ft is the differential coefficient (or "fluxion”) of 8 
with regard to t. 

Regarding ii+ft and / as the original quantities, their integrals 
with regard to t {i.e. their “fluents”) are respectively 
i.e, 8, and ft-j-u, i.e. v. 
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3. It will be noted that, as a constant quantity has no 
“rate of variation,’* all unattached constants, ie. constants 
which do not multiply variables, as for instance u in the 
formula v==u+ft, disappear on differentiation. We may 
therefore expect constants to reappear upon integration. 

Thus it appears that the differential coefficient with regard 
to time (or “ fluxion ”) of a length, or distance, is a velocity or 
rate of change of the length. The integi*al with regard to time 
(or “fluent”) of a velocity is a length. In other words, the 
problem of the Differential Calculus is, given any quantity 
which is changing its value continuously, to fiind the rate of 
that change ; whilst the problem to be attacked in the Integral 
Calculus is the converse, viz., given the rate of change, to find 
what the nature of the varying quantity must be. 

4. The general character of integration is necessarily tentative. 
Newton remarked in his Method of Fluxions^ “ It may not be amiss to 
take notice, that in the Science of Computation all the Operations are 
of two kinds, either Compositive or Resolutative. The Compositive or 
Synthetic Operations proceed necessarily and directly, in computiug 
their several quaesita^ and not tentatively or by way of tryal. Such 
are Addition, Multiplicat’on, Raising of Powers, and taking of Fluxions. 
But the Resolutative or Analytical Operations, as Subtraction, Division, 
Extraction of Roots, and finding of Fluents, are forced to proceed 
indirectly and tentatively, by long deduction, to arrive at their several 
quaesita ; aud suppose or require the contrary Synthetic Operations, to 
prove and compare every step of the process. The Compositive Opera- 
tions, always when the data are finite aud terminated, and often when 
they are interminate or infinite, will produce finite conclusions ; whereas, 
very often in the Resolutative Operations, tho’ the data aie in finite 
Teims, yet the quaesita cannot be obtain’d without an infinite Series 
of Terms” 

5. We have illustrated the object of integration, from the 
fundamental equations of motion of a particle moving with 
a constant acceleration and with a given initial velocity. 
This is sufldcient for the present. But it will be seen later 
that the reversal of the operation of differentiation will also 
enable us to calculate with precision the areas bounded by 
curved lines, the lengths of such curved lines, the volumes 
contained by curved surfaces, the areas of such surfaces and 
many other quantities which it is necessary to find in both 
Pure and Applied Mathematics. 
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6. Before embarking upon the general problem of the 
reversal of a differential operation^ it will be instructive to 
the student to consider how such a reversal could be used 
in such a problem as the discovery of the area of a space 
bounded by curved lines. 

The plan adopted for this purpose is to imagine the area 
divided into a very large number of very small elements 
according to some fixed principle of division. We have then 
to devise some method of obtaining the limit of the sum of 
all these elements when each is ultimately infinitesimally 
small, and at the same time their number is indefinitely 
increased. And when once such a method of summation is 
discovered it will be found to be applicable also to many 
other problems, such as those already mentioned of finding 
the lengths of specified portions of curves, volumes bounded 
by specific surfaces, the positions of centroids, etc. 

*7. In some elementary cases it will be found that the 
requisite summation can be performed by ordinary algebraical 
or trigonometrical means. But such processes will be 
generally tedious and almost always inadequate to the treat- 
ment of any but the simplest examples. 

A fundamental theorem will, however, be established show- 
ing how this summation depends upon the reversal of a 
differentiation. We shall therefore, after a few illustrations, 
confine our attention for several chapters mainly to the purely 
analytical problem of reversing the fundamental operation 
of the Differential Calculus, with the end explained in view. 
And wlien the student is well equipped with this powerful 
weapon we shall proceed to discuss more fully the uses to 
which the process may be applied. 

8. To avoid constant repetition, we may state that through- 
out the book all coordinate axes will be supposed rectangular, 
all angles will be supposed measured in circular measure, all 
logarithms will be supposed Napierian except where otherwise 
expressly stated, and for the present all variables will be 
supposed real and all functions will be considered continuous 
functions of a real variable. 
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9. Newton’s Second Lemma. 

In the First Section of the Principia (Lemma II ), Newton 
enunciates and proves the following Theorem . * 

If in any figure Aab ,.,kL bounded by the straight lines 
A a, AL and the curve abc ...IcL any number of 'parallelo- 
grains Ah, Be, Gd, etc , be inscribed ujpon equal bases AB, BG, 
GJ), etc., and having sides Bb, Go, Dd, etc., parallel to the side 
Aa of the figure, and the parallelograms aPbp, bQcq, cRdr, etc., 
he completed , then, if the breadth of these parallelograms he 
diminished and the number increased indefimtely, the 
ultimate ratios uhich the inscribed figure APbQcRdS ...kK, 
the circumscribed figure Aapbqcrd . . ykzL and the curvilinear 
figure Aabcde ...IcL have to one another are ratios of equality. 



To prove this statement it may be observed that the differ- 
ence of the sums of the inscribed and circumscribed rectilineal 
figures is the sum of the parallelograms Pp, Qq, Rr, . . Kz ; and 
as the bases Pb, Qc, ... , KL of these parallelograms are all equal 
and theii* aggregate altitude is the sum of their individual* 
altitudes, the sum of these parallelograms is equal to the 
parallelogram Ap. And in the limit, when the bases AB 
BG, ... , are diminished indefinitely, the area of this parallelo- 
gram which has a finite altitude and indefinitely small breadth 
becomes less than anything conceivable, however small. 
Hence the inscribed and circumscribed figures, and therefore 
also the curvilinear figure whose area is intermediate between 
the areas of these figures, in the limit become ultimately equal 

*See Frost’s NewLon^s Pnncipia, pages 17, 18 
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10. Newton devotes the next Lemma (III.) to proving that 
“the same ultimate ratios are also ratios of equality when 
the breadths of the parallelograms, AB, BG, CD , . . . are UTiequal, 
and are all diminished indefinitely.” 

This is proved in like manner, and may be established by 
the student. 

It follows that the limit of the sum of either the inscribed 
parallelograms or of the parallelograms which make up the 
circumscribed figure ultimately coincides in area with that 
of the curvilinear figure itself. 

11. Analytical expression of the above result. 

We shall now obtain an analytical expression for the sum of 
such a system of inscribed parallelograms. 

Suppose it be required to find the area of the portion of 
space bounded by a given curve AB, whose Cartesian Equa- 
tion is y = <j>(x), the ordinates AL and BM, and the axis of 
£», the axes being rectangular, and all ordinates from A to B 
being finite, and for the purposes of this article, increasing or 
decreasing from A to B. 

Following the method of Newton’s Second Lemma, let LM 
be divided into n equal small parts LQ^, QiQ^t Q<iQz> ••• > ea-ch 
of length h\ and let a and h be the abscissae of A and 
i.e, 0L = a, 0M=h. Then h—a — nli. 



The ordinates LA, etc., Qn-iPn-i» 

points L, Qi, Qa, ... , Q„_i, M are respectively 

+ 3/t), {ti l)^i'}j 0(^)* 

Complete the rectangles AQj^, — 
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Now the sum of these n rectangles falls short of the area 
sought by the sum of the n small figures P^R^F^y etc. 

Let each of these be supposed to slide parallel to the a-axis 
into a corresponding position upon the longest strip, say 
-Pn~iQ«-i-3/J5. Their sum is then less than the area of this 
strip, ie, in the limit less than an infinitesimal of the first 
order, for the breadth M h and is ultimately an in- 
finitesimal of the first order, and the length MB is supposed 
finite. 

Hence the area required is the limit when h is zero (and 
therefore n infinite) of the sum of the n infinitesimal terms 
of the first order, 

This sum may be denoted by 

a+r7i=&«A h-Ti 

Q <li(a-\’rh)h or '^<j>{a+r}i)liy 

a-\'rh=a a 

where S or '2 denotes the “ sum ” between the limits indicated. 

Regarding a-fr/i as a variable x, the infinitesimal increment 
h may be written as Sx or dx. It is customary also upon 
taking the limit to replace the symbol S by the more con- 
venient sign J, which is, as a matter of fact, merely only 
another way of writing the same letter, and the limit of the 
above summation when h is diminished indefinitely is then 
written r& 

<p{x)dx, 

J a 

and read as “the integral of (f>{x) with respect to x [or of 
(j>{x)dx] between the limits ci?=a and x = b” ; or more shortly 
“ the integral of (cc) from a to hJ* 

b is called the “ upper ” or “ superior ” limit, 
a is called the “ lower ” or “ inferior ” limit. 

12. The sum of (n+1) terms of the same series, viz., 

h(p (u) -j- (cb -h 1C) h<p {cb -j- 2/6) + . . . 

+ /6^[66 — l )/6] -h h(l> {a -h nh)y 

differs from the above series merely in the addition of the 
term h^{a+nh)y i.e. h^{b)y which being an infinitesimal of 
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the first order vanishes when the limit is taken. Hence the 
limit of this series may also be written 

[ <p{x) dx, 

J a 

IS. In the same way, if in fig. 2, Art. 11, Q 1 Q 2 , QiQz* ••• » 

Qn^iM are not necessarily equal, but are respectively 
/ig, ... ,/i.n, tjjfe ordinates at the several points X, ••• ,Qn-3 

are respectively, 

0(0-), 0(0+74), 0(o+fi-i+A.2)» ••• > 

and the sum of the inscribed rectangles is 

/ii0 (o) + 7i20 (o + 74 ) + 7^30 (o + 74 + 7^-2) + . • . + hn<j> (b — 7t^), 

and the sum of the residuary areas ARiP^, P^R^Psy 

etc., is less than the area of a rectangle whose breadth is the 
greatest of the quantities A3 ... A„, and whose height is 

the greatest ordinate of the given curve; and as in the last 
article, this sum therefore vanishes in the limit when 74, 7^2, 
ItQy ... are each made infinitesimally small, provided that the 
curve has no infinite ordinate either at ul, JS or between A and B. 

Hence the limit of 

hi(f>{a) + + ^1) + ^ 30 ( 0 + 74 + /12) + . . . + /i„0(i — A „), 
is also the area of the portion LABM described in Art. 11. 

[See also Art. 1875, Vol II.] 

14. The quantities A^, Ag, 7^, ...A„ may clearly be either 
independent, or equal, or connected by any arbitrary law, 
provided only that they each and all become infinitesimally 
small in the limit when their number is increased indefinitely. 

These arbitrary infinitesimals wdll be chosen equal to each 
other in general, and the series to be summed will therefore 
be that of Art. 11. 

15. We postpone till later in the chapter the explanation 
of how this summation is connected with the reversal of a 
differentiation, and illustrate what has been stated as to the 
finding of areas by a few elementary cases in which the limit 
of the summation may be found by elementary processes with- 
out undue difficulty. 
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16. Illustrative Examples. 

Ex. 1. To calculate djp, that is to find the krea. of the space 

bounded by the ^-axis, the logarithmic curve y—c^ and two ordinates 
x=a and x—h. 

Here we have to evaluate 

X^^=o ch [e ^ + + . . . + ] 

where b=>a+nh. 

^nmh _ 2 

This expression —Lt}^-ocJie^^ 

/ifna 

- ^ ^ • 1 • -1]. by OaL (Art. 21), 


. the area sought is equal to the rectangle contained by - (which is 
of the dimension of a line) and the difference of the initial and final ordinates 
Eq, if now i = l inch and a=0, 6 =1, c=s2, 

the area in question =2 (6 — 1)= 2 x 1‘71828... square inches 
=3 43656. . square inches, 
i.e. a little less than 3^ square inches. 

Ex. 2. Shew that in the last result, ie y—ce^^ if Ag, .dg, ... be the 
areas between 

37=0 and 37=1, 37=1 and 37=2, 37=2 and 37=3, etc., 

then A 1, A 2, A3, ... form a g p. whose common ratio is e’". 

Ex. 3 Calculate the area bounded by the curve of sines y = csinwi37, 
the 37-axi8 and two ordinates x—a and x—h {o < a <.h 



Fig 3. 
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Here we are to evaluate csin mxdx^ 

7n(a + /0+sinm( 
nh—l>—a. 

1 1 wia-hOi~l)-^j- 8inw-y 


that is Zift_ocA[sm?na + sm m{a-\‘h)+Bmm{a+^Lh) ... to ji- terms] 
wliere nk—b--a. 


This expression =sZ^a^ocA- 


. in k 

sm-jT 


mh 


=i«»rfc[cos m.{a - -co8m{a+(2« - 1)|}] i 


cos ma — cos mh 

= c 

m 

Thus-, if the limits are such as to take in one half wave length, Le, the 
portion above the ^r-axis from x—^ to mx—ir^ and if c=l inch, the area 
sought is cos0-co3?r _2 

m 


or if, say, m =^, the area is 20 square inches. 

Ex. 4. Find the value of / -jidx\ that is the area bounded by the 

cubical parabola the a?-axis and two ordinates x—a and x^h. 

Here we have to evaluate 

r=0 

where nh—h-a. 

Now 4 [a^ + (a + A)’ + (a + 2 A)» + + (a + A)®] 

and when n becomes infinite this becomes 

=^-^^[a3+fa3{6-a) + a(6-o)3+J(6-a)3] 

=’'^^{¥+T^a+ba?+a?) 


_ M-a« 

Ex. 5. Find 
We have to evaluate 



dx. 


Lth=Qh 




{a-\-h'f (a + 2/i)‘ 


;+...+ 


^1- 
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ie. 

and when h diminishes witlioufc limit, each of these expressions becomes 
““j. Thus the value is entrapped between two ultimately equal 
expressions, and ^ “ g * 


Ex. 6. Integration, of x™, from the definition, between limits a and h 
- 1 ). 

Here we have to consider 


[a“ + (a 4- ^ -b (a+ 2A)"* + .,.+(a"f^-lA)’"], 


where ^ — ^=sA and n is indefinitely large, 9?i + 1 not being zero. 


In the Diff&'mtial Calcnlus for Beginner's {A.rt. 13) it is proved without 
the aid of the Binomial Theorem [which was purposely avoided, as it was 
then proposed later to apply T^iylor’s Theorem to the expansion of (ar+/i)"] 


that 


Zis=i 


2»»+i — 1 
2-1 


= 771 + 1. 


Writing 


we have 


-1+^, 


Lk: 




-1 


A 

y 


-=771+1, 


In this result puty successively a, a + A, a + 2^, +(71 - 1)A, and we get 

y, (a+A)«‘+i-rt’«+i (a+2Al™+^-(a+A')’«+i 

^ — fei)-’- =•" 

(a+?zA)«+i-.(a+7~lA)«*+i 
^Ltlh=Q- =^==-77 = 771 + 1, 

/i(a+ 71-1 A)”* 
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; numerators for a new numerator and denominators for a new 
tor, 

, , 


[a”^ H- (a H- A)"* + (a +• 2 -f . . . 4- (a + ^ — 1 

_ - 

A. [a** -H(a-hA)’^-|-(a+2A)“ + ... +(<354^-1^)”*]== — — > 

>x*dance -with the notation of Art. 11, 

Ju ^ m 4 i 

b«rs a and b may represent any finite quantities whatev'er, 
!?"* does not become ao between ^=a and a;=h. 

is taken exceedingly small and ultimately zero it is necessary 
of to suppose h an infinitesimal of higher order, for it has been 

bat 111 the limit - is zero for all the values given to y 
2 / 

==1 and «=0, the theorem ultimately becomes 
n 1 

if (?n4l) he positive, 

or = oo if («i 4 1) be negative, 

ixlt may he written also 

BLS ?3i4l is positive or negative. 




3 the same thing, 

ol the former by by 0 in the limit, and is therefore also 

3 , according as m-\-l is positive or negative. 

5 w4en m4l=‘0 needs special consideration. It is at once 
irom the result 

/ P= — 

J« »n4l 


form. 


:c‘"clx = Zt,^+i=o ^ ^_^y - 


= Jjt — ”” Jut I 

4 1 W 4 1 

= logf> — logflt (/!?/. Cah Art- 21) 
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ExA.Mrt.BS 

1. Pint! the values of [xdx and f an<l interpret the results 
geoinetiically. 

2. Tind the area of the portion of the parabola = 4ay cut off by the 
latiis rectum 

3. Prove by summation that 

(a) [ siiih^<a?j7=cosh6--cosh ; 

Ja 

fb ]|^ 

ifi) =2(N/6-Va); 

1 

( 7 ) j co&ma!civ^— (ain mb— niiTria), 

4. In. a right circular cone of height A and semivertical angle a, the 
axis is divided into a large number, % of equal portions, and planes are 
<lra\va i'^rmjgch the points of division perpendicular to the axis, the 
cone being tuns divided into a large number of circular laminae If a? be 
the distance from the vertex of any of these laminae, show that to the 
first order of small quantities its volume may be written 

‘Tra^ta.n^a dr, being the thickness of the lamina 

Find, by taking the limit of the summation of such quantities, the 
volume of the cone. 

Show also that the volume of a frustum of thickness T is 

^(a+Jab+B), 

where A and B are the areas of the two ends. 

5. A quantity y is an unknown function of another quantity s. When 
jc has the values 

5 8 10 12 14 16 

y is found by observation to be 

2 0 2 6 3-2 3 8 5*0 6*5 

respectively, and the errora of observation cannot be more than 5 per 
cent. ; draw the simplest continuous curve which can represent ?/, and 
estimate its slope when ^ -15. 

Find also the value of j? for which the slope of the curve is equal to 
Estimate the value of the definite integral ^ y dx, 

17. The Fttnhamehtal, Peopositioh. 

Let (f>[x) be any function of a real variable cc, finite, con- 
tinuous and single valued, for all values of x from x = a to 
£c= 6 inclusive. Let a be less than. 6, each being finite, and 
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suppose the difference h — a to be divided into n portions each 
equal to h, so that h — a=nh. It is required to find the limit 
of the sum of the series 

/i[^(a) + A)“f- ...-h <j)(b — 

when h is diminished indefinitely, and therefore increased 
without limit, keeping the product nh = b —a. 

That this limit is finite may at once be made clear. 

For if say, be the greatest term, the sum is 

<(7i + l)A0(a-f-^^), 
i.e. <i{b—-a)<p{a-{-rh)‘^h(p(j[h’\-rh\ 
which is finite, since by hypothesis ((>{x) is finite for all values 
of cc intermediate between h and a. 

Let ylr{x) be another function of as such that is its 
differential coefficient, i e. such that 

We shall then prove that 
By definition, 

and therefore ^(a) = — - -j-ap 

where is a quantity whose limit is zero when It diminishes 
indefinitely; thus 

h<j>{(c) ='^(a“|-/i) — -{-hai- 

Similarly, 

h<j>{a+h) =\jr(a-^2h) —\p'(u-\-h) 

A<^(a + 2/6) =yj/‘{ct,~{-2h) — \^((X/-\-2ih) 4 Ztag, 

etc., 

where the quantities Og, •••, an are all, like quantities 
whose limits are zero when h diminishes indefinitely. 

By addition, 

h[<j>(a) •• • “f ^ (b—’hf\ 

= \^(a 4- -u A ) — -f /a [d^ 4- ag + . . . + a J. 
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Let a be the greatest of the quantities a^, ag, ••• , 

Then A[ai-ha 2 +... + a„] is <7i/ia, 
that is <(6— a)a, 

and therefore vanishes in the limit. 

Thus 

<p{h — h)^ 

= yp.{h)—\}r(a) 

The term h^{h) is itself also in the limit zero, hence, if 
we desire, it may be added to the left-hand member of this 
result, without affecting it ; and it may then be stated that 

Lt^-oh [<p (a ) + ^ (a + /i.) + ^ (a + 2h) <p{h — h) + <p (^)] 

i.e. I ^(aj)da5 = '\/r(6)— 

where 


The result i/r(6)-— ^(a) is frequently denoted by 



From this result it appears that when the form of the 
function yp'{x), of which (p(x) is the differential coefficient, is 
obtained, the ^process of algebraic or trigonometric summation 

to obtain | <p(x)dx may be avoided. 


18. The letters b and a are supposed in the above work to 
denote quantities. We shall now extend the notation ' 

so as to let | ^{x)dx express the limit when b becomes 
infinitely large of ’4^{b)—yj/'{a), i.e. 


I <(>(x)dx = Lti,^^^ ^{x)dx. 

Similarly, by j </>{x)dx we shall be understood to mean 
i/r(a)] or <p{x)dx. 
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Illustrative Examples 

Taking the same examplt s as liave been already considered otherwise 
111 Art 16, 

1 ce”** is the differential coefficient of — e^. 

m 

Therefore f — — 

Ja 

the result obtained in Ex 1, p. 8. 

2. csin?«ji: is the differential coefficient of ~~coswjr. 

m 

Therefore / c sin •ni.v dx=:\ cos wi^ = — (cos ma - cos mh\ 

Ja L m Ja m 

the result of Ex 3, p. 9. 

3 ^ is the differential coefficient of • 

/'A 4/?3 


Therefore 

the result of Ex. 4 of p 9 


Ja 4c‘^ * 


4. ^ IS the differential coefficient of - j 

Therefore [‘l„rf;r=r-iT = i-p 

Ja L .t’Ja a o’ 

the result of Ex. 5 of p 10. 

Comparing these solutions with those of the same problems of Art. 16, 
the student will at once see the advantage derived from a use of the 
fundamental proposition of Art. 17. 

5 - IS the differential coefficient of log x. 

rb\ n ”1 ^ ^ 

Therefore / = j^log^rj ==log6-loga=log- • 

6. +e“* is the differential coefficient of — e"*. 

Therefore f dx = f — e”*”] = ( - ) - ( — e®) = I 

Jq a=o L. —la 


Examples. 

1. Write down the values of 


(1)J 

\ xdx. f 
0 Jc 

ir 

r- 

x^d.v, f af*dx. 

1 Jo ^ Jo 

rf 

V 

rT 

(2) J 

' sin X dx. 

0 

cos a dx, 

aec^x dx^ 

sec Jt7 tan x dx ; 

(3) J 

0 l+Jr 

i'Trb-. 


f e^dx: 

Jo 


and interpret each result geometrically as the evaluation of an area. 
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19. Geometrical Illustration of Proof. 

The proof of the above theorem of Art. 17 may be interpi*eted 
geometrically thus : 

Let AB be a portion of a curve, of which the ordinate is finite 
and continuous at all points between A and B, as also the 
tangent of the angle which the tangent to the curve makes 
with the aj-axis. 

Let the abscissae of A and 5 be a and h respectively. Draw 
the ordinates AN, BM. Let the portion NM be divided into 
n equal parts, each of length A. Erect ordinates at each of these 
points of division, cutting the curve in P, Q, JS, . . . , etc. Draw 
the successive tangents AP^, PQj, etc., and the lines 

APg, PQ 2 > Q^ 2 » etc.,_pttraiieito thea;-axis, and let the equation 
of the curve be y = yP'(x), where y}r'{x) = <j>{x). 



Then 0(c&4-A), ^(a+2A), etc., 

are respectively 

i/r'(a+7A), ■\A’'(a+2A), etc., 

i,e, tanPgAPj, tanQ^^^Q^, tanP 2 Q^i> 

and h<f>(a), h(p(a+h), etc , are respectively 
the lengths PgPi, Q 2 Qi> 

Kow, it is clear that the algebraical sum of 
B , Q<^i . • f 

is MB—NA, i,e. \/r(A)— ■\/r(a). 

Hence 

(■f*2-Pi + Q2Qi+'®2-^i+-")+[PiP +QiQ+---] — '^(h)—ylr(a). 



NATURE OE THE PROBLEM. 


17 


Now, the portion between square brackets may be shown to 
diminish indefinitely with K. For if for instance, be the 
greatest of the several quantities P^P, etc., the sum 

[PiP+QiQ + ...] is i.e. 

But if the abscissa of Q be called a?, then 

iPg = -®2^1 = 

7j2 

and Z P = (cp 4- /i,) = ^{^{x) + h\J/{x) + ^ -f Oh) 

\1 

(Dlff. Gal. Art. 180), 

7,2 

SO that RiR = 4“ Oh) — (j>{x + 0h\ 

and (6— a) ^^^ = ^-~7^^'(a;4 Oh), 

which is an infinitesimal in general of the first order. 

Thus Lt}^-Q(P 2 P j 4 Q 2 Q 1 “b + • • • ) ~ ‘'A (^) "“ 

or 

Ltj^-Qh[<p (a) + ^ (a 4 ^0 "b ^ 4- • • . + (fc — h)^ = ■^(?>) — yfr (a). 

Also, since Lth^oh<l>{b) = 0, we have, by addition, 

(^) ■^<p{(^’i‘h) + <p{a+ 2h) 4“ • • • + ^(6)] = V^(^) ^ (^)- 

20. Case of an Unknown Curve passing through a given system 
of Points. 

In a certain graph, such, for instance, as the graph on a temperature 
chart, the temperature being noted at stated intervals, the following 
table gives the corresponding abscissae and ordinates of eleven points on 
the curve : 


X 

1 

1 1 

1-2 

13 

1 4 

1*5 

1-6 

1'7 

1-8 

1*9 

2 

y 

900 1 

879 

856 

831 

804 

775 

744 

711 

676 

639 

•600 


On the assumption that the graph is that of a continuous function of 
a, and the ordinate continually decreasing in the intervals between the 

several stated values, it is required to calculate to find the 

area bounded by the curve, the .a7-axis and the extreme ordinates. 

Constructing the inscribed and circumscribed parallelograms as ex- 
plained 111 Art. 9, 

The sum of the circumscribed figures is 

Tx[9+ 879+ 856+...+ 639]=*7815; 
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The sum of the inscribed figures is 

*1 x[879+'856 + ...+ 639 + *600]=-7515. 

The first is clearly too large by the sum of the ten small triangular- 
shaped elements outside the area to be found. 



The second is too small by the sum of the ten triangular-shaped 
elements -which are omitted. 

The mean of these results, viz. = ‘7666, will he a much 

closer approximation, but will be a little too small, because it omits the 
very small areas which he between the chords which join successive 
points on the graph and the corresponding arcs. 

Hence, as a closer approximation, we may take 

y da— *7666 square units. 

[From a finite nuniher of ordinates it is impossible to assign the 
equation to the curve, hut it is customary to take the simplest aXgshraxc 
curve which satisfies the prescribed conditions. In the present case the 

simplest curve to fit the data will he found to be y = 1 — 
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Any other curve of the form 

'where <j)(x)is any integral algebraic expression, would go through the 
same points, but is much more complicated. 

^2 

The true area on the supposition of the curvebeingy = 1 - — will be found 

[ ^-12 03 

a; - ^ J , ze. or 7666 . , which 

shows errors as follows : 

In the first estimate, - 0148 in excess, ze. & 1 ’9 % error in excess, 

„ second „ - *0152 in defect, 2 .^ a 2 0 % error in defect, 

„ mean „ - *0002 in defect, ie. a 0*03 % error in defect.] 

21. Simpson’s Rule. 

If a curve be partially defined as passing through, an odd 
number of points whose abscissae are in arithmetical progres- 
sion, e.g. the points 

(“. 2/1). (“+^| yd’ (a+2ft., 2/3) .. (a+n-lA, y«), 

and if the same assumptions be made as in the last article 
as to continuity, etc., it is possible to find a very close approxi- 
mation to the area of the curve, which is useful in many 
practical cases, as follows . 

Consider first the case of the parabola whose equation is 
3/ = a+6a;+-ca;®, 

and let a, 6, 0 be chosen so as to make this curve go through 

yi). ( 0 .^ 2 ). {^>yd 



Fig 6. 

Then a — 6/i H- ch^ = ] 

a-\-hh-\-ch^^y^. ] 
So that 0=^2, & = c = 
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Now the area bounded by the a;-axis, the parabola and the 
ordinates and y^ is, by Art. 16, Ex. 6, 

I (a4-bx+cx^)dx='^ax+^ 

= 2ah+-^¥ 

=^{22/2+i(2/i~23/2+2/3)} 

= |(2/i+4i/2+i/s> 

If we apply this rule to the case in question, passing parabolic 
arcs through the 2“^ 3*^ points), (3*^, 4^^, 5*^), 6^^, 7*^^), 

etc., we have the following approximative rule, vuz. 

^=|[yi+4^2+2/8 

+yt+^i+yB 

+ys+^t+y7 

+ :.+yn-t+4>yn-i+y«] 

=|[3/i+42/2+2i/s+4i/4+2i/6+42/e+ ... + 4!3 /,_i+3/.] 

= 3 [yi + yn+2(y8+y6+yT+"-) + ‘^(3/2 + J/4+2/6+ •••)]> 

i.e. 5 (sum of first and last + twice sum of all other odd ordinates 
o 

+four times the sum of the even ordinates). 
This is known as Simpson’s Kule. It will be noticed that 
it consists in the division of the area by an odd number of equi- 
distant ordinates, and the substitution of parabolic arcs for 
the actual but unhfio^vn arcs passing through consecutive 
groups of 3 points. 

Other approximations can be found. Thus we may take a 
curve y=^a+bx+ca?+da^ to pass through 4 consecutive points, 
or y=^a+hx+ca^+da:^+ecc^ to pass through 5 consecutive 
points, and so on, and thus build up similar rules. Simpson’s 
Rule, however, in most cases gives a sufficiently close approxi- 
mation for ordinary purposes. (See Examples 27, 28, page 33.) 

22. The Trapezoidal Rule and Weddle’s Rule. 

The approximation previously adopted in Art. 20 of the 
mean of the inscribed and circumscribed rectangles may be 
expressed in similar manner, as 
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jL^ yi+yg I . y.,+2/4 ■ , yn-i+yn ^ 

V 2 2 2 2 J 

T 

= 2 (yi+ 2y2 4- 2ys+ 23^4+ . . . + 2t/,.i -t- 1/,.) 

= |(sum of first and last ordinates-]- twice the sum of 
all the rest), 

^ which is a convenient form, but not usually so accurate as 
Simpson’s Enle. 

It consists, as already explained, of substituting chords 
joining consecutive points for their arcs, and as we are summing 
a series of Trapezoids this is known as the Trapezoidal Eule. 

23. Other Approximative Buies. 

Other rules will be found in Examples 2*7, 28 at the end of 
this chapter, and in Examples 24?, 25, 26, page 61. 

A very convenient rule was given by Weddle, Math. Journal, 
vol. ix., for the case where there are seven equidistant ordinates, 
Vv yt> 2/8* •••» Vn mutual distances h, viz. 

3/3+2/5+2/7+ ^ (2/2 +y4^’ ye) + y4]> 
i.e. 1% X mutual distance [S odds-f 5 S evens + middle]. 

(Weddle’s Rule.) 

We transcribe this for convenience, but the proof is one 
most conveniently treated by finite difference methods. It 
will be found in Boole’s Unite Differences, pages 47-48. 

Boole remarks that in all applications of such approximate 
formulae “ it is desirable to avoid extreme differences among 
the ordinates.” 

Ex. Apply the Trapezoidal Buie, Simpson’s Rule and Weddle’s Rule to 
find the area hounded hy the a?-axis, the extreme ordinates and the arc of 
a circle through the seven points : 


x= 

-3 

-f 

-j 

0 

i 

* 

3 

2/ = 

•86602 

•94281 

•98614 

1 

•98614 

■94281 

•86602 


First and last. 2"*^, 4**^ and 6^^. S*"** and 5^^. 

•86602 -94281 -98614 

•86602 1 -OOOOO -98614 

1-73204 1-97228 

2-8856ii 2 

^ 3-04405 


11-04248 
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For Trapezoidal Rule, Aiea=J-(*86602 + 2*88562+ 1*97228) 
=K5*72392)= *95398. 

For Simpson’s Rule, Area =<^(1*73204 +3*94456 + 11*54248) 
=^(17*21908) 

=: *95661. 

For Weddle’s Rule, Area=^(3 70432+14*42810+1*00000) 

= *95662 

This area, being the area of that part of a semicircle whose centre is at 
the origin and radius unity bounded by two ordinates a:=*5, -*5, 

may be seen to have its area correctly = ^ +^= 956611... , and there- 
fore Simpson’s Rule gives a result accurate to the last figure. 

[See Boole, Finite Differences, p. 49.] 
The approximation by Weddle’s Rule does not appreciably differ from 
that by Simpson’s Rule. 

The Trapezoidal Rule errs in defect by *00263, i.e. by about *3 % of the 
whole. 

24 . Determination op a Volume op Revolution. 

Let it be required to find the volume formed by the revolu- 
tion of a given curve AB about an axis in its own plane which 



Taking the axis of revolution as the ic-axis, the figure may 
be described exactly as in Art. 11. The elementary rectanglet 
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^Qv ^iQ^> trace in their revolution circular discs of 

equal thickness and of volumes irAL^.LQ^, QiQ^^ etc. 

The several annular portions formed by the revolution of the 
portions P^RJP^, etc., may be considered to 

slide parallel to the cc-axis into a corresponding position upon 
the disc of greatest radius, say that formed by the revolution 
of the figure Pn-iQn-i^P- Their sum is less than this disc, 
i e, in the limit less than an infinitesimal of the first order, for 
the breadth Qn^iN is h, according to the notation of Art. 11, 
and is ultimately an infinitesimal of the first order, and the 
radius NB is, as in that article, supposed finite, as also all 
other ordinates of the curve from A to B. 

Hence the volume required is the limit when h = 0 (and 
therefore = oo ) of the sum of the series 

7r[<j> (a)]Vi + TT (a + h)fh + tt (a + + . . . 

+ 7r[0 {a -{-n — 

or, as it may be written, 

7rf [<p(x)Ydx or Trf y^dx, 

J a J a 

the equation of the curve being y^^{x) and the extreme 
ordinates x = a and cc = 6, as in the article cited. 


25. Illustrative Examples. 


Ex. 1. The portion of the parabola bounded by the line a7=c 

revolves about the axi.s. Find the volume generated. 

Let the portion required be that formed by the revolution of the area 
A PM about the axis, being bounded by the curve, the axis and an 
ordinate MP. (See Fig. 8 ) 

Dividing as in Art 24 into elementary circular laminae, we have 
P P 

Vol. = j 7n/^d3:=4MTrJ ,^pcf.r=4a7r-^ = 27rac2 (Art. 16, Ex 6) 
==i7rPM^,AM 

cylinder of radius jPil/and height AM 
= J vol. of circumscribing cylinder. 

[Or, if expressed as a series, 


=■ 4Tra — == 27rac^ as before ] 
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Ex. 2. Eind the area of the portion PAP' of tlie same parabola, PP' 
being the double ordinate through P. 

Area PAM^ x^dx=2s/a^ 

= =-§-Cv/4ac —^AM, MP 

Area PAP'^l of the circumscribing rectangle liPP'R'. 



[Or we may proceed thus : Divide o into n equal portions, and erect 


ordinates. Let QjjVbe the ordinate at c. 

n 

Then AreaPAJ/=X^ 2 ^Aarh.h. whereA=-, 

r=o n 


=:2aMi<-i [^li+2^+3l+(»- l)ij 

= . ^ = jc^iac, as before.] 


Ex. 3. The portion of a circle between ordinates 

x^k^ rotates about the ^'-axis. Find the volume of the frustum of the 
sphere generated. 

Let the portion required be that formed by the poi tion NiP^P 2 N 2 of 
the circle revolving about (Fig. 9). 

Here we are to evaluate 

(Art. 16, Ex. 6) 

It is convenient for mensuration purposes to express this in terms of 
the radii of the ends of the frustum and its thickness. 
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Let T be the thickness = Aa — Aj and y-^ 



Then Vol = 

«i7rT{3(a2^Ai2)+3(a2-A22)+(A2-Ai)a} 

=^\7rT{Zy^^+Zyi+T^) 

= ^ + 311^2* + w T®) 

— ^ thickness x [3 sum of circular faces + circle on thickness as radius]. 
Go), For the whole sphere 

^^=^2=0, 7=j7ra3. 


Examples. 

1. Find the volume of the prolate spheroid formed by the revolution 

<j/2 

of the ellipse ^+*^ = 1 about the ^-axis 

2. Find the mass of a rod whose density varies as the power of 

the distance from one end. i>~, say, where D and c are constants.^ 

Let a be the length of the rod, 

0 ) the sectional area. 

Divide as before into n equal elementary portions. 

The volume of the (r+1)*^ element from the end of zero density is 

)^. Its density varies from ^ ~ mass is 


therefore intermediate between 


and 


‘(r+l)" 
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and the mass of the rod lies between 

iFfi 

and in the limit, when n is increased indefinitely, becomes 

R, 

c* m+1* 

[Or, assuming Art. 16, Ex. 6, 

Mass= I D --tadso—— — pr at once.] 
jo c*" c” 5;i + l 

3 Find the position of the centroid of the rod in Question 2. 

[For the centroid m is the mass of an element.] 

4. Find the moment of inertia of the same rod about the lighter end. 

[Moment of Inertia ==!im 2 j :2 ] 

5. Find the area bounded by the parabola 4y=^, the ordinates .r=2 
and x—^ and the ^-axis, 

(1) by means of inscribed rectangles, 

(2) „ circumscribed rectangles, 

taking ordinates at distances *1, and compare the results with that obtained 
by integration 

The sum of the inscribed rectangles is 

I X A(2*+2 12+2 22 + ... +3*92). 

The sum of the circumscribed rectangles is 

J X (2T2 X 2 22 + . . . + 3-92 + 42) 

The values of these expressions are respectively (taking the squares 
from Bottom ley’s tables or summing otherwise), 

4*5175, which is a little too small, 
and 4*81 75, which is a little too large. 

Their mean is 4*6675. 

The true value is 




■^T e-23_i4_ 

.III 12-=3='‘®®®-- 


6 Plot the graph of y— and mark on your figure the area repre- 

don 

sented by the definite integral Y+^* 

Evaluate this integral by mensuration, and hence obtain an approxi- 
1 

mation for t. Note that - ^ tan~^jr. 


26. Mechanical Integration. 

In a sense, any mechanical contrivance which performs 
additions and registers the results is an Integrating machine 
for the particular class of function to which it may be 
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adapted. Cash registers which record the day’s takings, gas 
meters, water meters, electric-light meters, all record the 
amount passing into them. A slide rule adds up logarithms, 
and thereby performs multiplications. Various forms of plani- 
meters add up the elements of area within a closed curve when 
a pointer is made to trace the perimeter. The indicator of 
a steam engine draws a work diagram and adds up work 
elements, representing them by elements of area, from which 
the Horse-Power of the engine may be deduced 

Such apparatus, however, though giving numerical results 
satisfactory for practical purposes, but subject to various errors 
both instrumental and observational, fails to produce an exact 
algebraical result, and therefore fails to satisfy the mathe- 
matician, however useful to the practical engineer. 

We shall have occasion later to return to the theory of 
some apparatus of this kind For the present it is suflficient 
to mention its existence. 

To sum up then; we liave discussed Four Methods of 
Integration, i.e. of finding 

[ ^{x) dx : 

Ja 

I. By obtaining 

+ ***+^(^)]* 

II. By finding a function y[r{x) such that = froni 
which we obtain 

J (f>(x)dx=\lr(b)—\fr (a) . 

a 

III. By drawing the graph of y=<f>{x) and by some means 
or other obtaining its area, by the Trapezoidal or Simpson’s 
or some other approximative rule, as, for instance, by drawing 
on squared paper and counting all the squares within the 
contour with a “ give and take” lule round the perimeter. 

IV. By approximating to the area of the contour by 
mechanical means. 

It is obvious that III. and IV. can only give approximate 
results, though such results may approach a very high degree 
of accuracy. 
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For exact results we have to apply Method I. or II. 
As has been seen, Method I. leads to very difficult algebraic 
or trigonometric summation, except in the very simplest cases. 

Hence we are forced upon Method II. for exact general 
work. This method we therefore shall in future rely upon 
and begin to develop the explanation of it in the next 
chapter. 


EXAMPLES. 

1. If the acceleration of a moving point be initial 

velocity be u and ^'(0) = <^>(0) = 0, show that, t being the time from 
a given epoch, 

v — u + 4>'{t), s=^ut + <l>(t), 

where v and s are respectively the velocity at time t and the space 
described 

If the acceleration be 10 cos (ot and the initial velocity be zero, 

show that 10 

V— — sin 
0) 

/Y 10 

S = C 5COS (OL 

where C is a constant. To what kind of motion does this refer *1 

'27r 

Show that the “periodic time ” is —• 


2. If A be the area bounded by a curve, the coordinate axes and 

dA 

the ordmate at a given abscissa a, show that and hence that 

r cLx 

y dx. What difference would it make if the measurement of A 

commences from a standard ordinate y^ whose abscissa is 

If V be rhe volume of water in a pond, and A the horizontal 
sectional area at a height x above the bottom of the pond, show that 

^ r A dx^ 

Jo 

where h is the depth of the pond. 

3. A large number of circular discs of the same thickness - and 


successive radii 


a 2a Za ia 
71 n n n 


are threaded through then* centres upon a straight wire and he with 
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their plane faces in contact. Show that their total volume differs 
from that of a cone of height h and with a for the radius of its base 
by the ultimately vanishing quantity 

irM Sn + 1 
“6 

If ?i= 1000, show that the error in taking this sum as the volume 
of the cone is *1505 per cent, of the true volume. 


4. Consider a sphere of diameter 2a to be divided into 2n thin 
laminae of equal thickness by a series of parallel planes ; show that 
the volume of the sphere is 




and that this limit is | ira®. 

Obtain by a similar method the volume of the spheroid formed by 
the revolution of the ellipse ^ round the axis of length 2h. 


6. Show by the method of summation that the volume of a para- 
boloid of revolution bounded by a plane at right angles to the axis 
is one half of the circumscribing cylinder. 

Verify by consideration of the integral 

4a,J xdx. 

6. Draw on squared paper (one inch squares divided into tenths 
is convenient) a quadrant of a circle of radius 6 inches. Divide one 
of the bounding radii into 10 half-inch divisions, and erect ordinates 
at each point. Complete the inscribed and escribed rectangles. 
Show that the sum of the inscribed rectangles is 18*15 square inches 
very nearly. Also show that the mean of the inscribed and escribed 
rectangles falls short of the true area of the quadrant by about 
^ of a square inch. 


7. Eectangles of the same breadth and of areas 

/cV V— V ^ t 

\n)^ 2\71/’ 3\'n/ ’ ’ r\7i/ ’ ’ ' 


are set up side by side on bases in a straight line. 

Shew that when n is very great, the sum of their areas differs little 
from that enclosed by y = y = 0, x = c. 

Assume t to be positive. 


Evaluate 



[I. 0. S. Exam. 1902.] 
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8. In tlie curve in which the abscissa varies as the logarithm of 
the ordinate, prove that the area bounded by the curve, the ;?;-axis 
and any two ordinates varies as the difierence of the oidinates. 

10 

— dx, regarding it as a 
2 ^ 

summation (1) of inscribed parallelograms as in Art. 9, 

(2) of circumscribed parallelograms, 
and compare with the result of integration. 

[The results are 3*9724 and 4*1391, the reciprocals being taken 
from Bottomley's tables Their mean is 4*0557. The result to 
three places of decimals as computed from lOlogef is 4*055.] 

10. Draw a sketch showing the curvilinear area which is repre- 
sented by the definite integral 



and evaluate the area approximately from the figure. 

Without plotting, indicate roughly by dotted lines on your sketch 
the relative positions of the curvilinear areas represented by the 
definite integrals 

J \0xr^^dx and j* 10a;”“da;, 

and calculate the values of these integrals. 

Calculate also 

f ]0 flO 

lOx-^'^dx and lOx-^'^Hx. ^ ^ 

1 [I C. S , 1908.] 

11. In any curve in which the ordinate PJVoc the power of 

the abscissa, show that if any two ordinates be taken, viz. 

and hwo others, PgAj and P^N^^ which are twice as far 

from the y-axis as PyNy and ^ 2*^2 respectively, then 

Area P^PJ^JSf^ • Area PyP^^Ny : : 2"+^ : 1 . 

12. Prove that the area of the diagram formed by 

x^O from(0, 0) to (0, 4), 

y=4 from (0, 4) to (1, 4), 

x^ - 10a; 4 - 25 = 4y from (1, 4) to (5, 0), 

y = 0 from (5, 0) to (0, 0), 

is 9^ square units. 

13. In the construction of reservoir walls of great height, 
Rankine adopted the following plan : 

Taking a vertical a^axis on which depths and ordinates ai e measured 
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in feet, the ordinates to the outer and inner faces are shown in the 
following scheme : 


Depth in feet 

0 

10 

20 

30 

40 

50 

60 

Ordinate to outer 
face in feet. 

17 40 

19-72 

22-35 

25 29 

28-69 

32 53 

36 86 

Ordinate to inner 
face in feet. 

1 34 

1 52 

1 72 

1 94 

2 21 

250 

2-83 

Depth m feet. 

70 

80 

90 

100 

110 

120 

130 

Ordinate to outer 
face in feet. 

41-75 

47-31 

53 61 

60-76 

68-84 

78-00 

88-39 

Ordinate to inner 
face in feet 

3 21 

364 

4-12 

4 67 

5-29 

600 

1 ^ 3 ! 

Depth in feet. 

140 

150 

160 

170 

180 


Ordinate to outer 
face in feet. 

100-15 

113 49 


146-72 

165-14 


Ordinate to inner 
face in feet. 

7 70 

8 73 

990 

11-21 

12-70 



(The two sets of ordinates are measured in opposite directions from the vertioaL) 
[Rankinb, A<p^l%td Mechanics f p. 638, and Engineer, Jan. 5, 1872.] 


Construct a diagram showing the wall in elevation, and estimate 
in cubic yards the volume of material necessary to construct 
100 yards length of the wall. 

14. Find the centre of gravity of a rod whose density varies 

(1) as the distance from one end, 

(2) as the square of the distance from one end. 

Find also the moment of inertia of the rod about the light end in 
each case 

15. Find the mass of a circular disc in which the density varies 
as the 71^ power of the distance from the centre. {n> - 2.) 

Also find the moment of inertia of this disc about an axis 
through the centre at right angles to the plane of the disc. 

16. If the graphs of asiii^ and asin^ be drawn, show that 

the areas bounded by the j&-axis, the curves and the ordinate 
x — b are equal. 
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1 7. A single wave on the sea is in the form defined by the curve 


of sines, = a sin 


■TTX 

T- 


Show that the quantity of water raised above 


the mean sea level contained in a length c of the wave measured 
on the surface at right angles to the direction of progression, is 
2aZ»c/^, the raised portion extending from a; = 0 to x = b. 

If c be 100 yards, 20 feet, a = 2 feet, and a cubic foot of water 
weighs 62J lbs. weight, find the number of tons weight in the 
portion of the wave higher than the mean sea level. 


18. Show that when n becomes infinitely large, 


Lt 


1.2 + 2.3 + 3 . 44 * . + 11(71 + 1 ) 


is the same as 


Lt 


la.,. 22 + 32+.. +ri 2 


Illustrate geometrically. 


19. Show that the limit when 71 = 00 of the ratio of the sum of 
all possible products, two and two together, of the first n natural 
numbers, to n\ is ^ ; and that the limit of the ratio of the sum of 
all products, three and three together, to is -j^. 

20. If there be gas of volume v and pressure p below a piston in 
a cylinder of sectional area A and occupying a length x of the 
cylinder, show that in its expansion, so as to occupy a length x-}rdx 
of the cylinder, the work done by the gas upon the piston is 

pA dx or j? di\ 

and that if the expansion continues so that the piston moves 
through a finite distance— say from x=^x-^ to x^x^j the work done 
on expansion is 

["^pdv. 

Remembering that ^ log » 

find the value of this integral in the two cases : 

(1) Isothermal expansion, pv^c; 

(2) Adiabatic expansion, pv^ = c\ 

Find in foot-lbs. the work done in the expansion of 1 0 cubic feet 
of gas, initially at a pressure of 1000 lbs. per square foot, to 40 cubic 
feet ; 

(1) According to the law, pv = c; 

(2) According to the law, ■“ = c'. 
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X 

21 . If the graph of be drawn, prove that the areas bounded 
by the curve, the a;-axis and a set of equidistant ordinates are in 
geometrical progression, whose common ratio is the same as the 
common ratio of the tangents of the angles which the tangents at 
the ends of the successive ordinates make with the ic-axis. 

22 . Show that the area bounded by a parabola, the axis and an 
ordinate is two-thirds of the circumscribing rectangle. 

23. The circle — 5^2 g^jjd the parabola — iax revolve 

about their common axis. Show that the smaller lens-shaped solid 
formed has for its volume 

§7ra3(575 - 4) 

24. If iCg, .. , be a series of quantities taken between 

a{ = x^ and b( — x„), prove that when n is made infinite, and the 
difference between any two consecutive terms of the series becomes 
indefinitely small, the limit of 

r~n 

rsil 

is c/> (5) - (a), where ^ A®)* 

Verify this in the case where f(x) = logx, and the series 
a, x-yf X. 2 , is geometrical. [OxvonD, 2nd PuhHc Mxamtnation^ 1900.] 

25. Plot the value of cos^jc for 10“ intervals from 0“ to 90“, and 
thus find as close an approximation as you can to 

J cos^a; dx 

without integration, value is J 

26. If a cylindrical hole be drilled through a solid sphere, the 
axis of the cylinder passing through the centre of the sjihore, show 
that the volume of the portion of the sphere left is equal to the 
volume of a sphere whose diameter is the length of the hole 

27. If the curve y = a -hhx + cx^ + pass through the extremities 

of four equidistant ordinates y^, y^, y^* distance apart being 

h, show that the area bounded by the extreme ordinates, the curve 
and the £B-axis is 

-g (yi + sy^+ayg+y*). 

[Simpson’s “Three-eighths’ Rule ”] 

28. If the curve y = a + bx + cx^ -j- + exf^ pass through the ex- 

tremities of 5 equidistant ordinates y^, yg, y^, y^, y^t at mutual 
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distances h, show that the area hounded by the extreme ordinates, 
the curve and the ic-axis is 

^ 1 4 fa + + 64 (ya + + Uy^ 

45 

[Boole, Finite Differences ] 

29. If a parabola whose axis is parallel to the ^/-axis pass through 

the points (a, (5, (c, yg), show that its equation is 

fa-c)(g-a) , .. (x-a){x-b) 

^'^{a-b){a-q'^^{b-e){b-a) -a){c -by 

and find the area bounded by the curve, the or-axis and the extreme 
ordinates and y^. 

30. In the cycloid re — 10 H- sin ^)'l 

10(1 - cos 0) J 

tabulate the values of x and y for intervals of ^ from 0 to ^ ^ 
Hence obtain approximate results for 

(1) ^ydx, (2) jsrfy 

corresponding to the above limits for 6. 

31 If f{x) > <l>(x) where a <x <b, and if both functions are 
finite for this range of the variable, including both limits, prove that 

I f{x)dx > I <l>(x)dx. 

Explain why these conditions must be postulated. Must the 
functions also be continuous 1 [I. C. S , 1903 ] 

3*2 Prove that the integral 

p dx 
Jo x^ 

is for all values of n greater than 2, nearly equal to 0*5. 

[I. 0. S., 1905 J 


33. A claret glass is 6 cm. deep and its rim is 6 cm. in diameter. 

Its vertical section is nearly parabolic. Calculate its capacity in c.o. 
to the nearest integer. [I q. 1905.] 

34. Trace the curve y = a”*(l - a;)®”* from a; = 0 to a; = 1 for the values 
w = 0 5 and 2. Show the two cuives on one diagram. Show that 
the area enclosed by the curve and the cc-axis diminishes as m 


increases. 


[I. C. S , 1902.] 


35. A cask has a head diameter of a inches, a bung diameter of 
b inches, and length c. Find an expression for its volume, supposing 
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that a section along a stave is an arc of a curve of sines, the curva 
ture vanishing at the ends of the stave. 

Evaluate the result when 13, & = 17, c= 18. [LOS., 1902.] 

36. Find the value of a:®^(l - a;)®’® da; 

to two significant figures, 

(1) graphically, 

(2) by calculation. [I. C S., 1903.] 

37. Show, without integration, that 

«)644 04^^ 

Jo (5 + 3cos^)2 

lies between *644 and *763. 

[Peterhouse and Sidney Sussex Scholarship Exam., 1917.] 

Differentiate 5 tan'^ tan — 

\2 2/ 5 + 3 cos 6 

and hence prove that the true value of I is about *68. 

(Take tan- 4 « ^22 and tan-4-T65.) 

38. In a diagram of the work done by the expansion of steam in 
a cylinder, given by Watt in 1782, there are 20 ordinates at equal 
(unit) distances. The respective lengths of the ordinates, of which 
the first is one unit distance from the beginning of the diagram, 
are 1, 1, 1, 1, 1, *830, *711, *625, *556, *500, *454, *417, *385, *367, 
• 333 , *312, *294, *277, *262, *250, representing the steam pressure in 
pounds weight per square inch as the piston arrives at a position 
corresponding to the several ordinates. The initial ordinate is also 
of unit length. The steam pressure is supposed to be constant 
(14 lbs. weight per square inch), whilst the piston travels over the 
first five divisions, and then the steam being cut off suddenly, the 
pressure is assumed to fall according to Boyle^s Law (j^v ~ constant). 
Show that the area of this diagram is very little more than 11*662 
square units, and that the mean pressure is *578 lb. weight per 
square inch. 

Justify Wattes statement “ whereby it appears that only J of the 
steam necessary to fill the whole cylinder is employed, and that the 
effect is more than half of the effect which would have been pro- 
duced by one whole cylinder full of steam, if it had been allowed 
to enter freely above the piston during the whole length of its 
descent.” [Goodbye, On the Steam JSh.gine.l 
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39. If steam at pressure jp lbs. weight per square inch be ad- 
mitted into a cylinder of length a feet, and be cut oiF when the 

piston has completed i of its stroke, and the steam pressure then 
71 

fall according to Boyle’s Law for the rest of the stroke, prove by 
the Integral Calculus that if the piston area be A square inches, 
and there be no back pressure, the work done in one stroke is 

log^ en foot-pounds. 

71 

Show also that the approximate result found by the method of 
dividing the Indicator diagram as in the preceding question, and 
assuming the cut-off to be at half-stroke, differs from the true result 
by about 1*5 per cent, of the estimated work. 

[Assume log.2 = -69314718.] 

40. Steam is admitted into a cylinder at double the atmospheric 
pressure (atmosph. pres. = 15 lbs. wt. per sq inch), and on the 
opposite side of the piston the pressure is atmospheric continually. 
The steam is cut off at half stroke. Divide the stroke into 20 equal 
parts. Suppose the pressure at the beginning of each of these 
portions to remain uniform until the piston reaches the next in order, 
and assume the fall of pressure after cut-off to be that of Boyle’s 
Law. Show that with these assumptions the work done in one 
stroke is nearly 8466 foot-lbs. ; the area of the piston being 200 
square inches and the length of the stroke 40 inches. [Draw the 
work diagram as accurately as possible on squared paper.] 

41. An ellipse, whose major axis is 10 cm. and eccentricity 0*4, 

rf 

has a perimeter 20 I Vl — 0*16 sm^<l>d<l> cm. in length. Draw on a 

large scale the graph of \/l ~ 0*16 as a function of <l> from the 
following values, the angle <l> being in radians : 


0 

0-0 

0*175 

0*350 

0*524 

0 785 

1-047 

1 257 1 1 571 

sin 0 

0*0 

0*030 

0-117 

0 250 

0500 

0-750 

0 904 

1 000 


Hence find graphically the value of the integral and the peri- 
meter of the ellipse. 

Check your result by drawing the ellipse, and stepping along the 
perimeter with your dividers opened to 1 cm. [I. c, S , 1907 ] 
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42. Draw in one figure the graphs of 1, -1, showing 

how they are related ; the angle x being taken in radians. 

From the graph of deduce the general shape of the graph 

of I dxj finding its proportions roughly. What is the approxi- 
Jo ® 

mate value of the integral when x is large 1 [Use a large scale of 
representation and draw the graph, say, from a; = 0 to a; = 16. It is 
sufl&cient to describe the shape when x is negative.] [I C. S , 1907 ] 

43. In an electric circuit of resistance 72 ohms, L is the self- 
inductance. The voltage suddenly rises to a value K The current 
in amperes is 7. The law of growth of the current is 

Taking Q to vanish initially, prove that 
and illustrate the growth of 7 graphically. 

44. A current is changing according to the law 

where i is measured in seconds and Q vanishes with f. 

Also the voltage is given by F— 727 + L ~ where 72 s resistance 
and 7 = self-inductance. Express Q and F in terms of 2. 

45. The figure shows the indicator-diagram of a gas engine 
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which works on the Otto cycle. Estimate the horse-power of the 
engine from the diagram and from the following data : 

Diameter of cylinder 9^", 

Length of stroke 16", 

Bevolutions per minute 180. [Mech. So. Trip ] 


46. Apply Weddle's Eule for the approximate evaluation of a 
definite integral, viz. 

J ^ tt* rfa: = + Me* + 5 (% + Ma) + , 

to evaluate log sin dd6 to four places of decimals, and compare 
70 ur result with the known value | log I p ^9 j 

47. Prove from first principles that if 

X^, ajg, aJg, .. y Xn 

be finite real quantities such that, as n tends to infinity and Xn to x, the 

limit of (a:2-*l)^ + (*8-*8)“+ ■■+(pn-!Cn-lY 

is zero, then the limit of the sum 

- ai) + V(*8 - *8) + • • • + “‘n-l (®. - ^n-l) 

is — ~.?L. 

5 [OxF. First P , 1913.] 


48. The velocity of a tram which starts from rest is given by the 
following table, the time being reckoned in minutes from the start 
and the speed in miles per hour . 


2 min. 

10 m./h. 

12 mm 

20 m./h. 

4 

18 „ 

14 „ 

11 » 

6 » 

25 „ 

16 „ 


8 „ 

29 „ 

18 „ 

2 „ 

10 

32 „ 

20 „ 

At rest. 


Estimate approximately the total distance run in the 20 minutes. 

[Math. Trip. Pt. I., 1913.] 

49. Show that if <^(a;) be any polynomial of the fifth degree, 

J 0 

where a and ^ are the roots of - a- + ^ - 0. 

[Math. Tkip. Pt. I., 1909 ] 
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60. The specific heat of a substance at temperature f is where 

Q is the quantity of heat required to raise 1 gram of the substance 
from some fixed temperature to f. 

The specific heat of water (5, in joules) at a temperature of T being 
given by the following table : 



0* 

10* 

20* 

30* 

40* 

50* 


4*219 

4*195 

4181 

4*174 

4173 

4*174 


60° 

70* 

80* 

90° 

100* 



4-178 

4*184 

4*190 

4*197 

4*205 



show that to raise 1 gram of water from 0“ to 100* requires 
418*5 joules approximately. [Ma-wi. Trip. Pt. I. 1910 ] 

fir-. .Li. ^ f^sina;, f'sina; , 

51. Prove that | dx>\ dx. 

Jo « 

[Math. Trip. Pt. L, 1912.] 


52. A uniform solid is bounded by the surface obtained by 
revolving the area f==oa? + 2hx + c 


about the axis of x. A slice is cut from the solid by two plane 
sections perpendicular to the axis at a distance li apart ; prove that 
the volume of the slice is V, where 

V^:^{A^ + A^)h-:^irah\ 

A^ and A^ being the areas of the two plane faces of the slice. 

Show also that the distance of the centroid of V from the face A-^ 
is equal to 

2 ^ 12^ ’ [Math. Trip Pt. I., 1914 ] 


63. Apply Simpson’s “Three-eighths’ Eule” 
approximate to the value of the integral 



4* 6 sin dO. 


(see Ex. 27) to 


[Math. Trip. Pt. I., 1917.] 
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STANDARD FORMS. 

27. Reversal of Differentiation. 

We now proceed to consider Integration as the purely ana- 
lytical problem of reversal of the operation of Differentiation. 

In the Differential Calculus the student has learnt how 
to differentiate a function of any assigned character with 
regard to the independent variable contained. In other words, 
having given y = ^{x), methods have been there explained of 
obtaining the form of the function yf/ (x) in the equation 

^=Vr'(a;)3^(cB), say. 

If we can reverse this operation and obtain the value of 
ylr(x) when yj/ (x) is the given function of x, we shall be able to 
perform the operation which has been indicated by the symbol 

[ <p{x) dx, i.e. [ \[r'{x) dx, 

Ja Ja 

by merely (1) taking the function i/r(a;), (2) substituting b and 
a alternately for x in this function, and (3) subtracting the 
latter result from the former ; thus obtaining 

28. We shall therefore confine our attention for the next 
few chapters to the problem of this reversal of the operation 
of the Differential Calculus 

The quantity b has been assumed to have any real value 
whatever, provided it be finite , we may therefore replace it 
by X and write the result as 

1 ^{x) dx= ylr{x)^\lr(a). 

Ja 

40 
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When the lower limit is not specified and we are merely- 
enquiring the form of the function at present unknown, 
whose difterential coefficient is the known function 0(£c), the 

notation is f , 

I 0(cc) dx=yl/{x), 

the limits being omitted. 

29. Nomenclature. 

The nomenclature of these expressions is as follows : 

The function <j>{x) whose integral is sought is termed the 
'‘integrand,” and the result ‘v/r(a;) is termed the ''integral” 


[ ^(o?) dx or 

J a 


is called the "definite” integral of between the assigned 
limits a and h. 


I 0 (x) dx or yp' (a?) — \p (a), 

Ja 


where the lower limit is assigned and the upper limit is left 
undetermined, is called a " corrected ” integral. 


^<j>{x)dx or -pix), 


without any specified limits and regarded merely as the 
reversal of an operation of the dififerential calculus, is called 
an " indefinite ” or " uncorrected ” integral. 

It is customary to read the expression ^<l>{x)dx as “the 

integral of with respect to xf or as “the integral of 
(j>{x)dx!' And the process of obtaining p(x) is called In- 
tegration. 

30 Addition of a Constant. 

It will be observed that if </> (x) be the differential coefficient 
of p(x), it is also the differential coefficient of p(x)+C, where 
0 is any constant whatever, that is to say, a quantity which does 
not depend upon the variable x ; for the difierential coefficient 
of such a quantity with regard to x is zero. (See Art. 3.) 

Accordingly, we might write 


I p (a?) dx =p{x) +0. 
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This arbitrary constant is, however, not usually expressly 
written down, but will be understood to be existent in all 
cases where the lower limit of the integral is not expressed. 


31. Different processes of indefinite integration will fre- 
quently give resifits of different form ; for instance, 


I n/1 —a? 


dx is sin-^cc or —cos'^fl:;. 


for the expression ^ is the differential coefficient of 

either of these expressions. We cannot infer that sin-^a? 
and — -eos-^a; are equal. What is really true is that sin'^aj 
and — eos“^a5 differ by a constant, for 


So that 


or 


sin“^aj = — — cos~^ x, 

f dx = sin'^aj +0, 

J \/l 

f . ^ dx = — C0S"^£I5-1-(7', 


the arbitrary constants G and 0' being necessarily different. 
32. Inverse Differential Notation. 

In agreement with the accepted notation for the Inverse 
Trigonometrical and Inverse Hyperbolic functions, we might 
express the equation 

^<l>{x)da^=\lr{x) 


as 


or 


D-^ <f>{x) =yjr{x) 


or 




and it is not infrequently useful to employ this notation, 
which very well expresses the interrogative character of the 
operation we are conducting. 
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33. General Laws satisfied by the Integrating Symbol 
jdte OB 

L It is plain from the meaning of the symbols that 
is i>{x) or J)\^f{x)^ = p(<c). 

But ^\^~<j>(p)^da} = ^{x)+G or ^[J)^ (*:)] = 9^(3;) -f-O, 


0 being any arbitrary constant. 

TI. The operation of integration is distributiY© for a finite 
number of terms. 

Tor if Uj, 1^2 > % functions of a?, 


i. 

dx 


|j cZaj-hj" ttg dx-\-^ dasj- 




= t6i+U2-|-'M^S, 

and therefore, omitting additive constants, i,e. supposing the 
lower limit to have been assigned and to be the same in each 
case, 

I dit? +J U2 dx -1-j* ^^<3 db = I (u^ dx. 

Similarly, 

j ^+1 ^2 doi> — I da; = I (i«^ H-W'2“ '^ 3 ) 


If the lower limits in these several integrations are not 
the same, the left-hand member of the equation may differ 
from the right-hand by a constant. It is in this sense that 
the equality sign is used. 


III. The operation of integra|;ion is commutative with 
regard to constants. 

For if ^ = -y, and x be any constant, 


d 


du 
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So that, omitting additive constants of integration, 

or a 1 1 ; da;= J at; da, 

which establishes the theorem. 


34. Case of an Infinite Series. 

In the case of an infinite series of real quantities, 

17 to CO , 

of which the terms are connected hy a definite law, we shall 
still have 


Udx=\ u^dx+,.. tooo = F, say, 

provided the series 17 itself, and the series V formed by the 
integrations of the separate terms, are both 'uniformly and 
unconditionally"^ convergent within a range of values of 
X, viz. a = h to a = a, say, where a> 6, between which quantities 
both limits of integration and x^ lie, that is 
a>x^>x^>h. 


For let R and 8 be the remainders after n terms of the 
series JT and F, i.e, 

... 

r®a r»2 r% 

V=\ u^dx+S. 

Jxi JXi J a?i 

Then, hy supposition, both R and S vanish when n is 
indefinitely increased for all values of a between a and 6, and 

therefore so also does 1 R da, for it lies between i 2 '(a ?2 “ ®i) 

JXi 

and R!'(x^—xf), where R' and R' are the greatest and least 
values of as a changes continuously from a to h, and which 
are quantities vanishing in the limit. 

Hence, ¥-8 = \\u—R)dx^ f ""Udx- ^Rdx (Art. 33, II), 

J Xi Ja?i JjBj 

and "wlien n is indefinitely increased, 

^Udx= V. 


• See ^ 1900, Vol. H. 
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If then a function ^ (a;) can be expanded in a power-series 

r=n 

as (f>{x)— the series being uniformly and uncondition- 

r=0 

ally convergent from aj=b to aj=a, we can write 

f *2 ’•=00 fcUg r=oo /y.r 4 -l ^ r-fl 

*3 = 2 ^ T ^ [Art- 16, Ex. 6], 

where a>a;j>a:i>i; 

for if 2-4^^ be uniformly and unconditionally convergent, so 
also will be 


ZAr 


£1 


r-f-l 


r-fl 


Under such circumstances, therefore, we may expand before 
integrating* 


35. Geometrical Illustrations. 

Wc may illustrate these facts geometrically. 



Let the graph of y=^(x) be represented by the curve 
OPqP. Let the coordinates of a fixed point Pq on the 
curve be t/o, let a, y be the coordinates of a current 
point P on the curve, and let A be the area of the figure 
PqN'qNP. Let X increase to x+Sx, and in consequence let y 
become y+Sy and A become A+6A. Then SA is the area 
of the strip PH N'P' between two contiguous ordinates HP 
and N'P', and lies in magnitude between T/dicand 
SA 

and therefore lies between y and yA-Sy> 
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Hence, in the limit, when is made indefinitely smal 
we have 


dA 


Hence 



So long as the lower limit is unassigned the reckoning 
of the area may start from any arbitrary position of th< 
ordmate and the ease is that of the ‘"indefinite’ 

integral. 

When the lower limit is assigned, say x = ONq^ the area ii 
reckoned from the ordinate JToPq arbitrary ordinat< 

NP, and is I <l>{x) dXy and is then “ corrected.” 

JOJSo 

When hoth limits OJTo numerically assignee 

rojT 

the integral 1 0(ir) dx is “ definite.” 

JONq 



If there he several curves (a finite number of them, aii< 
all continuous, and none of the ordinates infinite withii 
the limits of integration), 

2/ = -^iW. = 3/ = -^8W 

= = Ug, = Ug, viz. the curves P^P, RqB 

and a curve he derived from them by the algebraic additioi 
of ordinates so that 

T—F^{x)-+F 2 {^)+F's{^), viz. the curve SqS, 
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then the distributive property 11. of the integration symbol 
asserts that 

Area PQNQNP+B,regi, Q^N'^NQ+a^res, jRqA'oA’E = area 
Again, if a curve be given by the equation 
y = F{x), i.e. curve PqP, 

and a new one be derived by increasing all the ordinates in 
the ratio a : 1 so as to have an equation 

y = aF(x), i.e curve SqS, say, 

the commutative rule III asserts that 

Area SQN'QN8=ax&Tea. P^N'^NP. 

If the lower limit be not the same in each case, as 
assumed in the figure, the stated results would, instead 
of being equal, differ by constants which depend upon the 
positions of the initial ordinates in the several cases. 

36. Integration of oe^. 

By Differentation of we obtain ^ = a;” Hence 

(as has already been seen. Art. 16, Ex. 6). 

J a;”cZa;=^j;j-q-j-+an arbitrary constant. 

Thus the rule for the integration of any constant power of 
X may be stated in words ; 

Increase the index hy imity, and divide by the new index. 

ja!'d3!=^, ; 

= ^ = - , Jac-o “ = ^ ; 

/ ^dx= — = 

2 + 1 P+2 
P 

f dx, ue f I dx or fafidx=x. 
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37. The case of 

It will be remembered that x'~‘^ or — is the differential 
coefficient of log^x. Thus, 


I x'-^ dx or dx = log, 


X. 


This therefore forms an apparent exception to the general 
rule, 

gjn+l 


1 


a?” daj = 


n+V 


It is, however, only apparent For we may deduce the 
logarithmic form as a limiting case. Supplying the arbitrary 
constant (7, we have 


I 


x^dx==—rr^ +G=—t^ — \-A, 


n+1 n+\ 

where A==G -\ — ^ and still is an arbitrary constant, i.e. does 

not contain x. Taking the limit when w+l = 0, 

takes tlie form log,a; (Diff Gal., Art. 21). And as (7 is 
constant, we may suppose that it contains 


a negatively infinite portion together with another 

arbitrary portion A. 

Then | a;” &= log x+A 

This has also been seen in Art. 16, Ex. 6. 

38. In the same way as m the integrations of .-r” and we have 
~(a^ + 6)”+^ = + 1 ) a (cm? + 6)" 


and 

and therefore 
and 


log(cM?+6)=-^, 

[Although J dx IS really one symbol indicating integration with regard 


to X, we shall often find printed for 


convenience as 


f dx 

J a.r + b^ 
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39. We are now in 
the form 


a position to integrate any expression of 
ax+h" 


where ^(rr) indicates any rational integral algebraic function 
of X, 

This can be done in two ways : 

(1) By ordinary division of by ax+h we can express 


ax+h 


in the form 


Q4 


R 

ax+b’ 


where Q consists of a series of descending powers of x and R 
is independent of x. 

Every term is then integrable by the foregoing rules, and 
the result will be partly algebraic and partly logarithmic, 
R 

the last term being — log(aa:+6). The condition that it 
a 


should be entirely algebraic is obviously that R should 

vanish, i.e. <{>( — — ^ = 0, or that should contain ax+h as 
a factor. “ 


E.g. 




4 " 


- — 4.r + 8 log (ar + 2). 


(2) Asecond process would be to put = i,e. x — y-^^ 
and then ^ 

<f>{x) 

ax+b’~ ay 

Then expand descending powers of y, thus ox- 

preasing the fraction ultimately in the form Q' + — , where Q 
is a series of powers of y and R is independent of y, 
ax+h ®^pi‘®ssed in a series of powers of 
together with a term — j-, R being independent of x and 

a 

each term is again integrable. 
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r 

Thus, in the foregoing case, j putting ;r+2=y, 


=(a!+ 2)> - 7(3: + 2y‘ + 18(jc+ 2) - 20 + - 


Hence 

7, 


/ " 5 (^+ 2)3+9(^+ 2)2 - 20(:p+ 2)+ 8 log (.r + 2). 

The results are of different form, but of course equivalent, except thi 
they differ by a constant. 

40. It is also to be observed that since the differentif 
coefficients of [<p(x)]^'^^ and log^(a;) are respectively 

{n+l)[<p(z)]’'^\x) and 


we have j — 

and J^-^da:=log^(a5). 

The second of these results especially is of great use. ] 
may be put into words thus : 

The integral of any fraction of which the numerator is th 
differential coefficient of the denominator is log (denominator 
41. For example : 

I (a3:S+63:+«)”(2<M:+5)(ii:=^2^±^i^ 

/ cotxdx^ dr = log sin X, 

J Bin 

/ r "" sin jc 

\Auxdx= - flZa?— —log cos 57= log sec 07. 

J COS ic 


f $+^‘^=108 («*+«"*)• 


42. More generally, since the differential coefficient of 

is r'[^(a:)]^'(a:), 

we clearly have 

jri<^(x):^'(x)clx=F[^(x)]. 

Thus, for example, J cos xdx^ tan-i sin x. 
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Examples. 

Write down the indefinite integrals of : 

1. 47"“, 1, 0, jr'xaf"^, 

sjx 

2. ■bh)(cx^ + d\ — — * 

g {cuxP^ + bx+c)(aar-^ + har'^ 4- c) 1 1 1 

X ’ a-x^ (ja — x)^' (a — xy 

4 1 ^ ^ 1 1 (x - a) (x + a) + a^) 

a-'X~^ a+x^ a+x^ (a+xy^ (a— x^ 

6. Calculate f x9'^dx; f x~^dx; f y - - -dx, 

Jo Js Ji 2x+3 

6. Calculate (a-^bx^ysbx^dx for the values a = 2, &=3 5, 




8. If the retardation of a particle be 2 foot-seconds per second, and 
its initial velocity lOf.s., when and where will it come to a stop ? 

9. Given constant, and that p = 40 when v-10, calculate f ^pdv. 
What does this integration mean ? 


10. Calculate 
between limits 


J(x-l)(x-2)(x-3Xx-4)cix 

(a) 0 and 1, (6) 1 and 2, (c) 2 and 3, 

(d) 3 and 4, (e) 4 and 6. 

Explain the signs which occur in the results. Illustrate by a graph. 
11. Write down the indefinite integrals of : 

(i) (as*+i)"s*, (ii) (iii) 

(iv) (ax^’hbe*y(pax^~'^+be*). 

dx, (ii) J cot 2x dXf (iii) J tauh x dx, 

2ax** + b 


12. Integrate (i) 


(iv)J 


(aa^ + b;ir+cy 


a^~’^dx. 


13. Integrate 


dx 


/(I tan“ia?’ /(I +a;®)(tan”^a:)’‘ 
r 1 / X fycTB-’^x 

J sin-iTT 






dx. 
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14. Integrate (i) 00 f~i^ — i — T 

® ^ j ^log^log log^r 

Hii) f ^ ^ 1 ^ 

^ ' J xioga^ log log X (log log log xy' ’ 

I X l(3!)l’‘(x)P(x)...l’-(:v)[l'-*\a;)Y’ 

where l^x represent log log log ... log^, the log being repeated r times. 

43, It will now be perceived that, the operations of the 
Integral Calculus being of a tentative nature, success in 
Integration will depend in the first place on a knowledge 
of the results of differentiating the ordinary simple functions 
which occur in Algebra and Trigonometry. It is therefore 
necessary to learn the table of Standard Forms which is now 
appended. It is practically the same list as that already 
learnt for Diffferentiation, and the proofs of the facts stated 
lie in differentiating the right-hand members of the several 
results. The list was printed on page 46 of the Author’s 
Differential GalcvZus, There are a few additions, as we are 
now specifically considering Integration. The list will be 
gradually extended, and a supplementary list will be given 
when the results have been established. 

44. Prehminajiy Table of Results to be committed 

TO Memouy. 


(1) 

f 7 

1 x^dx= — 

J ^-1-1 

(2) ^^dx=\og,x. 

(3) 


(4) \a^dx = Y ^ — . 

J logea 

(5) 

1 cos£i;da5=sina;. 

(6) J sin a? da; = — • cos x. 

(7) 

J sec^ xdx = tan x. 

(8) J cosec^ xdx=— cot x. 

(9) 

1 sec a; tan a? da; = 1 da; = sec a;. 

J J COS^ X 

(10) 

|eoseca:cota;da;= j _j^aeca^ 

J J sm^* X 

(11) 

j tan xdx= log^sec x. 


(12) 

j* cot X dx = log^sin x. j 

• (Art. 41.) 



STANDARD FORMS. 


63 


i dx . ,x ,x* 

)7?=3“““ S " » 

<«) 


dx 1 . , 2 C 1 A 1 

— 5 = - tan“i - or cot”"^ 

+ar a a a a 


<“> Ira- 


1 , a: 

or cosec“^-. 

a a 


X 2? 

vers"*^- or —covers”^-. 
a a 


45. It is a help to the memory to observe the dimensions of each side. 
For instance, ^ and a being supposed linear, J 
dimensions. There could, therefore, be no i prefixed to the integral. 
On the other hand, f a is of dimensions - I. Hence the result of 
integration must be of dimensions —1. Thus the integral could not 


be tan~i-, which is of zero dimensions. There should, therefore, be no 

® 1 
difiiculty in remembering in which cases the factor ~ appears, and when 

it does not. 

Also, so long as we are dealing with the trigonometrical functions, 
whenever the result begins with the letters “co,” it must be with a 
negative sign. The reason is obvious; the cosine, cosecant, coversine 
and their inverses are all decreasing functions as x increases through the 
first quadrant, and their diflerential coefficients are negative. 

The rule of the “co” does not apply to the hyperbolic functions. 


Examples. 

Write down the indefinite integrals of the following functions : 

1 ^ X J7 + g 

x+V x+a^ x'^ + a^^ x'^ + a^^ x^ + ci^' x^ + a*** 

2. 2* 2x, ir’+S* a+b‘+e^+d^. 

3. cos^ sin^ ^ cot x H- tan x, cos x ( — h . \ ■ ^ - 

2’ 2* \sina: mi^xj 

A 11 1111 

* 

R 1 J? + l ax+b ax-hb a.r+5 

x^a^ - 4 ’ xyjx^ — 4 ’ — 

ft 1 1 1 ^ — 4 .r2+4 

' ^ + 4’ 5^' 


♦See also Art. 1890, Vol. II. 
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7. Write down the indefinite integrals of : 

(i) j Birr^acoBOfdXy (ii) Jcot^sec^ardla?, (hi) j(^+ay*e^cbT, 

(iv) j(a^-^c^ya^da;, (v) j(aa^+ha;+c)”(3aa^+b)da!, 

8. Write down the indefinite integrals of : 


(»>1[ 


da; 


9. Evaluate (i) 


(^+^+1)2 


^(log a:Y 
dx. 


10. Draw the graph of 64(^-2)(^— 3)(2a? -5), and show that tbe 
area between .r=2 and 47=2 5, bounded by the curve and the 47-axis, is 

.=2 square units. 

Verify by multiplying out and integrating each term. 

11. Write down the values of : 

rut Jn 

-dXf 


sinh47 


12. Evaluate 


13. Evaluate 


(hi) J 0^)^ cosh(log47)d47. 

(i) f COB X da;, (ii) f cos 247 <i! 4 ?, 

Jo Jo 

(hi) f C 08 247(i47, (iv) f (C0Sh4?-t-C0S47)(3£a7. 

Jo Jo 

(i)/‘ 

*'o 


sec 29 ia 7 <ir, (ii) I sec 4? tan 4? dir, 

“'O 


da; 


. P da: 


0 «yi -472 


14. Evaluate 


(i^r)]^dx, (y)/ 


472 -6472+1147-6 

472-347+2 


da;. 


46. The processes of Integration being necessarily of a 
tentative nature and founded upon a knowledge of the 
forms obtained by differentiating the known functions — 
algebraic, logarithmic, exponential, trigonometric or hyperbolic, 
or the inverse forms, it will be realized that many expressions 
may be written down which are not the differential coefficients 
of such known functions or of any combination of them. A 
little consideration will show that this is necessarily the case. 
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of 


would have been the 


If the inverse sine had never received the consideration 

mathematicians, the expression ■ / 

vl — 

differential coefficient of something so far uninvented. In 
the same way, if the invention of a logarithm had not 
preceded the necessity for the integration of the integral 

of — would have been lacking and have presented difficulty. 

Hence it will be seen that it is only certain classes of 
algebraic, trigonometrical, exponential, logarithmic, or hyper- 
bolic functions, or the corresponding inverse functions, that 
admit of integration in finite teims. Some functions there 
are which admit of integration in terms of an infinite series 
though such series may not be otherwise expressible as the 
expansion of any known function. For example, 

r - is not the differential coefficient of any known function. 
^/l-a7lOO ^ 

supposing a7<l, 

f— 

Jo n - 


But 




(1 




2.4 

1 . 3 .r“> , 


an infinite series, not capable of summation, but nevertheless useful for 
approximative purposes, supposing 4 ; to be a positive proper fraction, if 
such arithmetical approximation be required. 

And to go back to the case of x~\ it is also clear that as 

by the failure to integrate it, by considering it a case of 

r 

I x^dx—- ^"_^ there would have been a gap in the list of 




TO+l’ 

integrals of powers of viz., 

J,vda;=:~, J Jar^dx*? 

the properties of a function which had x-^ for its difiercutial 
coefficient could not long have remained undiscovered. 

For if F{x) stand for j* i dx, we must have 

nxHF(y)=^^+^^ 

~ J __ J ^dy-}-ydx 
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which constitutes the fundamental theorem of logarithms 
and indicates how an addition may be used to perform a 
multiplication when tables of F{x) have been constructed. 

dd 

In a similar way, the expression 1 ■ ■ where k 

is a constant < 1, presents itself in the consideration of many 
problems geometric and kinetic. Now , \ --r is not 

tlie differential coefficient of any combination of algebraic, 
exponential or circular functions. Hence, this is a case in 
point. This is an integral where necessity for discussion has 
arisen prior to a knowledge of the expression of which it is 
the differential coefficient. Calling it u, 

dd 

^ JoVl — ^sin^fl* 

We call the upper limit ^ the amplitude of u, and write 
^ — am u, and inversely u=am“^^. Thus u receives a name. 

It is a function whose leading properties we propose to 
discuss later. 


EXAMPLES. 

1. Write down the indefinite integrals of : 


(1) 

(a;+a)(a; + 6)(a; + c) 


+ a® + 5® - 3abx 




x + a-hb 

(3)' 

^-^ri+r 

Va*'". 

w 

acosx-bsinx 
a&inx + bcoax + e^ 




tan-i| 

( 5 ) 

galogx ^ 

( 6 ) 

3 

9 + a;® ’ 

( 7 ) 

1 

( 8 ) 

cos ar(l + sin a;) 

sin X cos X* 

sin®a; ’ 

( 9 ) 

1 

1_- cos x' 

( 10 ) 


(11) 

x^ + sin®fl; „ 

—7,1 

a;-+ 1 

( 12 ) 

(1 + sin X cos x) sec^Xf 

(13) 

tana;(l +secic), 

(14) 

a sin® a; + & cos® a; 
sin®a;cos®a; * 


(15) (cos « - sin ic) (2 + sin 2x) sec^ic cosec^a;, 

(16) (a + tan x) (b + tan x) sec® a;, 
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rc[l + (loga;)2]* 
a^ + 1 


(18) -cos (log*), 




2. (a) If/(*) = j^, prove that |^(*)6&:=y 

1 }f 
f(x)dx ~ a YZri ® "2 * 

f(x) means the functionality symbol /occurring r times, 

3. Show by expansion that 

(a) Jlog(l +x)ds = + a:)log(l +*)-*, 

x^ 2a;* x^ x^ 2a;i® a;^2 2a;^® 1 

'"^\O“O'^5.6“^7:8“O0'^ll.l2‘^rO4“T5rT6"^* J’ 

, . , /n\x^ /n\x^ /nXa;* /n\x^ 

(c) J(1+«)<«»=® + (i)2+(2)-3+(3)4 + U)t+- •’ 

where /n\ ^(w-1) (>i-r+I)_ 

\r/ 1.2...r 

4. Prove by Differentiation or Integration from the Binomial 
Expansion of (1 +a;)", where n is a positive integer, 

(a) 1 + 2(y2 + 3^7g + . . . + = ^-2"“^, 

(b) 1.2(72 + 2 SC^ + S,iC^+. . + (7i-l)wC'„ = w(w - 1)2"”®, 

(c) 1^7 i + 3(73 + 5(75 + ...=7i2"-® 

(<f) l^Oi + 22(72 + 32(73 + ... + 7l2a„ =: W (71 + 1) 2"-®, 

(e) PCi + 28(723? + S^CgJcS + . . . + 7i8(7„a?"“i 

= a3{n2a;2 + (371 - l)a; + 1}(1 +a:)”^, 

(/) 1 (7q + 2(7j + 3(72 + • • • + (^ + I)^n~ 2"”^(7ir + 2), 




2»«_1 




mA+A+A4. +__L-=_2 Ai!LA 

' 1.2^2. 3^3. 4^ ^(«+l)(m + 2) (n + l)(« + 2)’ 


W I ^8 _ ^ 

'M.2.3 2.3.4 3.4.5 ' (m+l)(»n-2)(»n-3) 2(7i+3)’ 

' u) 1 . 2*^0 2 . 3 ^i'^ 3 . 4^2 ^^ (»+!)(« + 2 )^" 

„ 3m + 5 
"'^(m + l)(m + 2)' 


(-iro„ 
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/ 

6. Prove from the expansions of sin x and cos x in powers of x 
that I sin a; da; = 1 - cos x and that j* cos xdx=^ sin x, 

6. Prove from the expansion of exp x that 

j* exp a; da; = exp a; [expa; = e*]. 

7. Prove that 

I Q(*- 1 )+ (3)^ ^ ••• ’ 

8. Show that 

J ' ' n+2 '• ' » + l 


9. Show that 


10. If <f>{x) be a rational integral algebraic function of x, show that 

[* 4>(ix)(x-e)'‘dx = (x- «)’•+' r ^ (£Z^ + "I. 

J. ' ' L»» + l n + 2 (1 n + 3 [2 J 

11. By considering |(a!-a)»(!B-5)'(fs, show that the difference 
of the series {p and q being positive integers) 

i» + J+l ' p + q^ 1.2 ^ p + q-l 

- 2(J _ a)(£z^+?kz2)/ 


J> + 2+l p + q 

is independent of x. 

12. Verify by differentiation that 
dx 


1.2 




p + q. 

(x~ay+’ -^ 
jp + q-l 


mji 
'Mvr; 


1 I 1 

+ a^ 4s/2 ®l-a:^/2+s* 2^2 
n/1 -x^~x 


tan 


-1 x^/2 
l-a;2’ 


'^ri+Wl^**]*'^^ (a: + 
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13. If <l>{x) = AqX”^ + + + A^, prove that 

where • Write down the values of Bq, 

14. Show that rational integral algebraic forms of 

<l>(x) may also be expressed as 

^(A)log(»-/») + ^'(A)^ +r(A)^^ + .... 

Prove that 

]x-h“ L ^ 2S|1 ^ 3*(2 ^ 42|3 ^ ‘J' 

15. Prove that J Jlog(oJ)log0^. 

16. If 

iu* r ^2 ^ “I 

<^«(») = [1 - 2 (2„ + 2) + 2 . 4 (2« + 2) (2» + 4) " ' " J 

(Le, Bessers function), prove that 

( 1 ) jy,(x)dx^i-j,(z), 

(2) r [/,_,(») - J^^,(x)]dx=iJ„(x) (n>0). 

17. Prove that 

when F(a, y, a;) denotes the hypergeometric series 

a,P^ , g g+l^^ + l ^a . aa+la+2 ^^+1/? + 2 ^b , 


l.y 1.2 77 + 1 


1.2.3 77+ 1 7 + 2 

[L C. a, 1898.] 


18. Assuming that the speed of the current in a river at a 
distance x from the bank follows the law 
v=‘VQ + Jcx{a-x), 

where a is the breadth of the river and Vq and k are constants, nnd 
by integration how far down stream a man will be carried who rows 
4 miles an hour, pointing the boat's head always straight at the 
opposite bank, so as to cross in the least time possible : the width of 
the river being half a mile, the banks being straight and parallel, 
and the speed of the current being 2 miles an hour near the banks, 
and 3 miles an hour in mid stream. [I. C. S., 1906.] 
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19. Find the moment of inertia of a rectangle of sides 2a, 25 about 
a line joining the mid-points of the opposite sides of length 2a. 

The section of a ship at the water line is 120 feet long. If the 
middle line be divided into six equal portions, the ordinates of the 
boundary of the area at the middle points of the segments are given 
by the followmg table : 


Distances from end 

10 

30 

50 

70 

90 

110 

Ordinates 

10 

20 

20 

18 

14 

8 


Draw a figure showing the section, remembering that it is sym- 
metrical on both sides of the middle line. By approximate methods 
of summation (treating the segments as rectangles) find the value of 
the moment of inertia of the section about the middle line, and 
the height of the metacentre above the centre of buoyancy if the 
ship displaces 36,000 cubic feet of water. 

V . 1 ^ . j Moment of Inertia H 

The height required == — — ? 1 — . 

® ^ Displacement. J 

[I. C. S., 1908.] 

20. A substance A transforms into a substance the rate of 
transformation in grammes per second at the time t being equal to ox, 
where x denotes the number of grammes of A existing at that 
instant. In like manner B transforms into a third substance (7, the 
rate of transformation being 6y, where y is the number of grammes 
of B existmg at time t 

Write down the relations between a;, y and their differential 
coefficients with respect to the time, and show that these equations 
are satisfied by putting 

X = Pe-^, y = -f- Re-^\ 

provided Q and B are properly determined in terms of P, y being 
zero when ^ = 0. 

Also show that the quantity of B existing will be greatest at 
log Nap a — logNap_5 
a — 0 

[I. C. S., 1908.] 

21. Prove that the integral of the sum of an infinite series taken 
over a range within which the series is absolutely convergent, is 
equal to the sum of the integrals of the terms. 

Employ this theorem to find an expansion of log( 1 + z) in ascending 
powers of z, pointing out the range for which the expansion is valid. 

Having given loge2=s 0*69315, prove that loge61 = 41109 to five 
significant figures. [I. c. S., 1904.] 
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22. OK is the diameter bounding a semicircle of radius 7, P any 
point on OK^ and PQ an ordinate to the diameter OK. If x denote 
the length OP and z the area which PQ cuts off the semicircle, 


interpret^ and 

Find a curve for which the area bounded by the curve, the axes of 
X and y and the ordinate at a distance x from the axis of y, is 

a^tan-. r, 

(h [I. C. S y 1902.3 


23. From the equation 


1 

y 


ydii^ 


A, 


where a and h are constants, find y in terms of x. 

The value of a being 2 feet, and of A 10 feet, evaluate y when 
X is 30 feet. [I. C. a, 1910.] 


24. Denoting by A the area between the curve y = f{x) and the 
axis of a;, from the value zero to the value a of «, show that, when f(x) 
IS a rational integral algebraic function of the third degree, 

^•=|(yo+4yi+3'2). 


where J'o=/(0). =/(«)• 

Compart the result given by this rule with the true value, taken 
to three places of decimals, for the curve j^ = sina;, between the 
values 0 and 0 5 of a; reckoned in radians [I- C. S., 1912 ] 

25. Verify that the area of the curve 

y - A + Bx + Cx^ + Dsfi 

between the limits x = h and x— -hia equal to the product of h and 
the sum of the ordinates at 

x^hj^JS and a;= -hjJZ. 

In the case of the curve 

y^A-^Bx^ Cx^ + Dx? + Ex^ + Fx^ = /(a;), 

verify in like manner that the area between x^h and a:= -h is 
equal to 

' {6/(W378) + 8/(0) + 6/(-A^y37B)} A/9, 

[I. C S , 1913.] 

26. Find the differential coefficient of 

e“*(l +a: + a;2/2 !+a;®/3 ! + rc^/4l); 
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and deduce that the sura of the first five terms of the exponential 
senes is less than e* by the quantity 


Jo 


da.. 


What would he the corresponding result if the series were taken 
to n terms instead of to five terms? [I 0. S., 1913.] 


27. Weddle’s Eule for finding, approximately, the area bounded 
by a curve, two ordinates, and a base forming part of the axis 
of jc, is: “Divide the base into six equal parts and draw the 
ordinates at the points of division, making, with the extreme 
ordinates, seven in all. Of these ordinates add the first, third, 
fourth, fifth and seventh, and five times the second, fourth and 
sixth. Multiply the sum by one-twentieth of the base.” 

Prove that the rule gives the true result when the limits are 
0 and 1 and the curve has any of the forms 

y = y^ax\ y = y^a{x-\l2)% 

where a is a constant and n is an odd positive integer. 

1 

Find, by the rule, the value of 6 x seven places of 

decimals. Check the result by integration. [I. 0. S., 1911.] 


28. Show that the work done by a gas in altering its volume 
from to iJg according to the Adiabatic I^aw 


is 


Ponirj: LI 

r-iLv VJ 

If the law be Isothermal (7 = 1), show that this becomes 


If a gas expands isothermally from state to state ^ 2 » h 

(Operation L), 

then expands adiabatically from state to state pg, 

(Operation IL), 

then contracts isothermally from state p^^v^to state 

(Operation III.), 

then contracts adiabatically from state to state p^, 

(Operation lY.), 

(1) find the amounts of work done by or upon the gas during each 
of these four operations, drawing a graph of the whole cycle 
of changes ; 
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(2) show that the work done in the whole cycle of operations is 

* measured by 

(jPih adiabatic portions cancelling ) ; 

(3) that V8 = V 4 i 

(4) that, writing 


I>lh=^P2h "=*^ 2 . 

PjV= 1’8V = A. J’4V=i’lV = /32. 

the above expression for the work may be written 

[This cycle of operations is known as a Carnot^s cycle for a perfect 
heat engine.] 

29. If dQ be the whole heat absorbed by a body of uniform 
temperature whilst its temperature changes continuously from 6 
io 6 + dOf and if </> be a function of the independent variables which 
define the state of the body and such that 


<l> is called the Entropy of the body (Clausius) 

Show that if a graph be drawn to represent ^ as a function of </>, 
the area between the graph, the <^-axis and the ordinates corre- 
sponding to the initial and final states represents on some scale the 
heat absorbed. 

In the case of a perfect gas satisfying the law -g- = const. = B, assume 
the Thermodynamic Equation 

dQ^CpdO +pdv, 

where Cv is the specific heat at constant volume, and show that in 
changing from state 0^, Vj, to state ^ 2 > ^ 2 > 

AY«MV=— . 

\0j \vj e^i 

Taking the temperature as a function of the entropy and simul- 
taneous values of </> and 6 as given in the following table ; 


<!> 

160 

170 

1*75 

186 

e 

450 

400 

370 

340 


and assuming that one unit of area indicates one unit of heat, what 
is the total heat received during these changes ? 
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[There is a brief sketch of the fundamental formulae of Thermo- 
dynamics on pages 56 and 57 of Solutions of Seriate House Prohlems for 
1878 which may be found useful. Students may also read Tait’s 
Thermodynamics or Parker’s Thermodynamics for detailed accounts of 
the theory ; other useful books are Zeuner, Thiorie Micanigue de la 
Chalfur ; Briot, Thiorie Mdcanique de la Chaleur,] 

30. In the case of a saturated vapour, if C' be the specific heat of 
the vapour, Le. the heat imparted to one gramme of the saturated 
vapour to keep it constantly in the saturated stiite when slowly 
compressed till the temperature rises one degree Fahrenheit ; C that 
of the liquid from which it is derived at the same pressure and 
temperature, L the latent heat, then it can be shown that 

where ^ is the absolute temperature. 

Let Cp be the specific heat of the liquid at constant pressure, 
which, as liquids are practically incompressible, is so nearly equal 
to C that no appreciable error results from regarding them as 
identical. 

Then Eegnault has shown experimentally that the sum of the free 

and latent heat, viz, X + f CydB^ is not a constant as had been 
J273 

supposed by Watt in his earlier experiments, but is a function of 
the temperature 0, viz. putting ^ = 273 + and J being the number 
of ergs in one calorie (41,539,739*8 ergs or about 3 foot-lbs.), he 
obtained the equations 

(1) X + f C^dd = /(a + /3e' 

Jm 

( 2 ) = + + 

experimentally, determining the constants o-j jS^y, a, /3', y' for several 
vapours. 

Using these data, prove that 


(2) i = ./[a + (^-a')^ + (2y-|8')^-y'^J, 


( 3 ) = + 


273 + O’ 
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31. Show that the integral equivalent of the equation 
T — dy p dz 

JqI+x + X' Jol+y + y2 + 


is of the form 


xyz + a(yz + zX‘hXj/) + b{x+y + z) + c = Oy 


where a, b, c are certain constants. 


[Oxp. I. P., 1913.] 


32. If the variables a:, j/j z be so related that 

yz^F{x\ zx^F{y\ xy^F{z\ 

show that j F{x)dx-\-{ F{y)dy-\‘{ F{z)dz^xyz-x^y-^z., 

F or example, if x-\-y + z^O, 


and 

show that 


yz+zx + xy^^ 


33. 


+ , fj'x/l _ f*.s/TTF, 

+ J,.— + J^— f (*3^* - Wi)- 

[Bebtbai^d, Gale. Int .^ p. 383.] 

3* expand y in powers of a; as far as 

[Oxp. I. P., 1911.] 

34. Prove that P xdx=^, 

Jo (®+ Ir ^ [Oxp. I. P., 1916.] 

35. Integrate j a;-®"’®(l -a;)«(l - ca;)"da;, 

where w is a positive integer. [Oxp. I. P., 1917.] 

36. Prove that the fifth differential coefficient of 

<b{x)dx - 4a:3j x<l>{x)dx + 6a;2 j x^{x)dx - 4a; j 7^<i>{x)dx + J x^4>{x)dx 
is 2i<ly(x). 

f cos 86 - cos *J6 

J 1 + i 


[Oxp. I. P., 1917.] 


37. Integrate 


■ 2 cos 50 


-dd. 


38. If f(x) and F(x) be two functions continuous and finite 
between 0 and x, such that 


F(x)^[f(t)dt, 

Jo 


obtain their expansions in ascending powers of x. [Oxp. I. P., 1915 .] 
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39. Prove that £ = 0 288 nearly. 

[Math. Teip. 1 , 1916.] 

40. If = oh?‘ + c, express in terms of y the diiferential coefficients 

of the functions log(aa;+2/), ay 

with regard to x. 


Hence evaluate 


J7 


and 


jydx, and prove that 


41. Prove that 



- 2 log 2. 

[Math. Trip. I., 1914.} 


{log (a + Oh) - log a) -6 {log (a + h)- log a} 
can be expressed in the form 

0 {\ - d) f 

Jo (^+a5)(a + ^a;) 

Deduce that in calculating a logarithm to base 10 by the method 
of proportional parts from tables which give the logarithms of all 
integers from 10^ to 10®, the error is one of defect and cannot 
amount to J10"®/x, where /*=logi0C = ‘43429. Is this negligible in 
seven-figure tables ^ [Math T»ip. Pt. II., 1919.] 

42. Integrate J" sin 6 and shovr that 

1-K5 os( 4»-(-1)0 ,,fsine sin 2(9, sin 3^ sin27i(9'l 

i-l-cos« _ + _ 2^|. 

11 being a positive integer. 





CHAPTER III. 


CHANGE OF THE INDEPENDENT VARIABLE. 


47. It will frequently facilitate integration if we change 
the independent variable a: to a new variable 2 by a suitable 
choice of relation connecting the two. 

Let x=^F{z) be the relation chosen, and let 

^Vdx or J/(®) ^ 
be the integral to be transformed. 


Let 

Then 

But 


Vdx* 

du _ p. 

dx^^' 


du_ du dx _ ydx 
dz^dxdz'^ dz 


^ vr(z). 


i.e. /[F(z)]r(z). 


or j/lF(0)]F'(z)dz. 


/ gtan-i* 

^ da:, let t&n'~^a?=z or ;i7=tan£i. 
dx 


-2_=seo^*; 

Instead of writing ^=tans, it would be a little shorter to take 
1 dsc 

tan“^^=; 2 , and then 

the integral = j e*cfo„at once 

=:e*=etan-ia 

67 
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49. In the practical use of the formula 

after having made choice of the transformation x=F{z), it is 
usual to make use of differentials^ and instead of writing 

we shall write the same equation as 

dx—F{z)dz, 

and the formula will thus be reproduced by replacing dx in 
the integral J/(a^) dx by F\z) dz, and the x by F{z), (See Biff. 
Gal, Art. 156.) 

/ gtan—io! 

-j- — ^ dx, after putting tan“^^ =z, we 
dx , 

and the integral becomes j 


50. When the integration is a definite one between specified 
limits, the limits for z will not in general be the same as 
those for x. But supposing a and 6 to be the inferior and 
superior limits for x, those for z must be such that whilst a? 
ranges once over its values from a to b, z passes once and 
once only through the corresponding range of values for z, 
viz. from F’-'^{a) to where x=F{z) is the connecting 

formula. 


51. The transformation of the indefinite integral is 
f/(a!) dx=^f[F{z)-\r{z) dz. 

Let 

Then, if the limits for a; be a and b, 

J a Ja 

N ow, when x—a, z = F-\a ) ; 

and, when x—b, z = F-^(b), 
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Also 

and ; 

whence 1 f{F{z)}F'(z)dz=\ ^{y{'[F(z)']}dz 

==ir[F{I^^b}]^ylr[F{F-Ham 

=V^(fe)-V-(a). 

So that the result of integrating f[F{z)]F'(z) with regard to 
z between limits F^^a) and F-~^{b) is identical with that of 
integrating f(x) with regard to x between the limits a and 6. 


52. Case of a Multiple-Valued Function. 

It must be noted that and may be multiple- 

valued functions of a and 6. Thus, for instance, 


sin“^} being the same thing as wx+(— 

where n is any integer whatever, is a multiple-valued function. 
The question will thus frequently arise as to which of a 
variety of values of F^^(a) and jP“^( 6) it is proper fco take as 
the limits in the transformed integral. 

If, however, we remember the connecting formula x=^F(z) 
and imagine x continuing its march in a continuous manner, 
always increasing from the value of a to the value of 6, then, 
starting with any of the values of say a, F-\x) is to 

change in a continuous manner from a to the farst occasion on 
which it takes up the value F-'^b)y or ^ say, increasing along the 
whole march from a to ^8, if a; and z increase together, i.e, if 
F'(z) be positive from x—a to a; =6, or decreasing along the 
whole march from a to yS if a; and z are such that z decreases 
as X increases, i,e, if F'{z) be negative from x=a to x = b. 
Then a and j8 are the limits for z which correspond to a and b 
respectively for x. 


53. For instance, let it be required to find the value o£ I . . where 



we assign the positive sign to the radical — By the transformation 

dsc r 

:r=sin^, we have ^=cos^. And the indefinite integral is J (±l)d6 

or ± Oy according as +cos 0 or —cos 0. 
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When x—0, O^Qin-^O—inr. 

When a?=l, 0=sin~U=7wir+(-l)’“?» 

!ia 

In the march of x from 0 to 1, sin d passes from 0 to 1 and is always 
positive. If the radius terminating 6 lie in the first quadrant, 

$ increases from 0 to and ^ is positive. 

If the terminating radius of B lie in the second quadrant, 

6 decreases from x to and ^ is negative. 

Generally, if 6 starts from 2 m 7 r, the next occasion on which sin ^ is I is 
at 0=27>Mr+^ and sin 6 is %ncreasing from 0 to 1. 

If B start at (2m+ l)7r, B must decrease, as x increases, and therefore must 

pass from (2m+ l)7r, where sin B is zero, to (2wi+ l)ir - ~, where sin ^ is 1. 
Therefore it is proper to take our limits, either 

0 to.^, sin 0 increasing, B increasing ; 


j- n and m being any integers. 


or 

or 

or 


TT to 7 , sin ^ increasing, d diminishing ; 

Stt to ~ , sin B increasing, B increasing ; 

3;r to — , sin B increasing, B diminishing ; 
etc. 


But we have noted that . 2 ?®=' d=cos 0, the + sign to be taken 

if cos ^ be positive, the - sign if cos B be negative. Accordingly, 



etc. 


54 It will perhaps make the matter clearer if a graph of the trans- 
formation formula be drawn in such cases. 

In the present case, sin B referred to ^ axes is a curve of sines 
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whose axis is the ^-axis cutting it at G, Z, J/*, A^... ; oo increases from 
0 to 1 along any of the arcs, viz., 

0 to -4, L to 
JftoBy JV to JBa 
etc.. 



55. Pnrpose of a SubstitntioxL 

The purpose of a substitution is two-fold. 

(1) Given an elementary known integral to construct a 

more complex one, and thus extend one’s knowledge 
of integrable forms. 

(2) Given an integral which does not fall under the list 

of fundamental forms, to reduce it to such form 
if possible. 

And it must be noted that it often happens that though 
one substitution may reduce to a simpler form, that a further 
substitution, or further substitutions, may be necessary before 
the integration can be effected, 

56. As an illustration of the first. 

/ dso 

Yq^=tan"^ J7, let us put 

say- 
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As an illustiration of the second, let us try to get back from 


The presence of ^ combined with the fact that all remaining powers 
of y are powers of y* suggests that we should put 
and cfe. 


Then 



2<+3a2+l 


dz. 


Tlie fact that the denominator is a reciprocal function (i.e, coefficients 
equidistant from the ends equal) suggests a division by 


I is then written as 


which is seen to be 



The form of this suggests further that we should now put 



for then 
I now becomes 
i.e, = 


{\—^dz^du, 

1 r du 
4J l+w2> 

itan-* «=1 taa-» (* H-j) = j tan-' 



67. Choice of SubstitutioiL 

It will be obvious that a proper choice of substitution can 
only be the result of experience. No general rules can be 
given, but the student may learn something as to the proper 
course to be taken from observation of the worked-out cases 
which follow and from the accompanying remarks. 



CHANGE OP THE INDEPENDENT VABIABLE. 


73 


/ ^ ^ 


Ex. 1. Evaluate 

Let x—^ ; then dx— 

J* ^Qo^s/.xdx— JjC08z.2zdz=‘2jQoazdz^2ainz=2 8m\/x. 
Here it was desirable to get rid of the irrational form of the angle. 


Ex. 2. Evaluate 

Put tan then 
When 07=0 we have 


> VI +072 
dx^aQc? 6 dS. 
0=0, 




07=1 we have 

r dx= sec^ 0d0= r secOtanOdO 

Jo vr+p Jo sec 0 Jo 


= rsec^"| =sec^— secO=N/2-l. 

L Jft 4 


It is to be noted that when ^/a^+x^ occurs in the integrand, 
07 = a tan ^ or o7=acot^ or x=aainhz are likely substitutiom, for they 
rationalize the radical. 

When — occurs, 07= a sec 07=acosec^ or 07=a cothe, are good 

substitutions. 


Ex. 3. Evaluate 
Leto;"=a" 0 ”M then 


I=l 

dx 

^ J 

07 Vo 7 * ”~ a*" 

dx ^ 

dz 

X ”” 



and 



_L f 

na”J Vl— ^2 



Note that x”=a”z~'^ is generally a propet' substitution in cases ichen 
sfci^^'-±x^ occurs. 

Also, 07 ”=a“tan^ or a^cot^ or a"sinh« for Va 2 «+o 72 ", 
or 07 "=a^sin^ or a“cos^ or a”sech;s for \la^^ — aP^, 

might be used. 

When occurs, 07 ”=a"sec^ or a"coaec^, or 07"=a«coth2, 

would be useful. 
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Ex. 4. Wh&n ocewrs^ a mefvZ tnal is 

^3sct(l-cos0, i.e. 07= « vers 

Thus, to evaluate /= [ = z dv, 

dx^^asiji. OdB^ 


sISLax—a^^aBin $ ; 


••■ ^=/ 


« (1 - cos B) a sin B dB 


asm B 

=a J (1 - COB B)dB 

—a(B-Bm B) 

X 

=a vers“' — sl%ax—a^. 
a 


Ex. 6. W?ien sJa—x or occurs in the integrand the substitution 

.r— acos B will often be found usefvZy or perhaps better^ x^acoB^B. 


Evaluate 

Let j?=acos2d; then 


c^a? = — 2a sin 2^ dB^ 


/=-2»»j'co82e 

= — 2a2 J (cos 2B tan ^ 2 sin ^ cos B) dB 

=5 — 2a^J COB 20 (1 - cos 20) dB 
H-cos40\ 




COS 20 - 


0 


ae 


= ^ (40 — 4 sin 20 + sin 40) 

[2 COS -1 - - 

4 L a a a? J 


2 a 2 


58. When an inverse function occurs in the integrand such 

3? 2C £C tZ7 

as sin-^-, cos-^ tan“^ vers-^-, it is usually helpful to put 

Q/ Cb Cb 0/ 

a; = a sin 0, a cos 0, a tan 0, or a vers 0, as the case may be, and 
work with the direct functiona 
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Many other forms of substitution will occur in due course, 
but what has been said will suffice for present purposes. 


1. 'Evaluate 


1+^ 
dx 


, 0 / 

<»>r 

/•3 

(iii) / 

/o 

w / 

(vi) ji 


Examples. 
dx. Put ix^—z. 


a^+ 4 x+ 5 ‘ 

dx 

a {x— 
dx 


Put ^+2=«. 

. Put a? - 1 = 2 ! ; 


dx dz . 

. — , etc. 

X-l I 


Put e®— ;s. 


e^dx o - z 

2«®‘+2e*+l‘ ^“**^“1-2 


dx 
cosh^ma?* 


tan^^ sec^a? dx. ( vii) j 

2. Evaluate (i) j^fjd^ — x^dx. Put a? = a sin 

(ii) / sl^ax — a^dx. Put a7=a(l — cos ^). 
Draw graphs to illustrate these two integrations. 

3. Find the values of 

(i) j^x>/a^-x^dx. (ii) j^x^\ld^—x^dx. 
Interpret the meaning of these integrations. 


4 Integrate 

5. Integrate 

6. Integrate 


{ao!^ — h)dx 


X + 6)^ 


Put 0W7H — =z. 


x^dx 


Put a7=atan 0 . 


I 

" ““ ““ "■ fST. John’s, 1883.] 

j aec^ecoBBO^ dd$. Put tan5=z. j-g^ John’s, 1883.] 

f \l — v ~ dx. Put tan x—z. 

J ycos^x 


7. Integrate 

8. Integrate 

® 1 x ^-1 /«vi-^‘ /wT+P 

9. Integrate 

I x^+ias^+bf'^' 

(ui) l^ax^^bTd.. 


[Tbinity, 1883 ] 
dx 


dx. 


rgrttan-l* f^atllT^x / . \ Z" sill a 


c-hex 
sin X cos X dx 


'^ X -^- h ^ SVDi ^ x ' 
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10. Integrate 

(i) f (M) / 

J <f){x) 


11. Show that 


j (^— a)/^^-^^da7=a2(ginji 224-2smhw) 


where 


a?=4a cosh2~ 


[Ox. I. Pub., 1899.] 


59. The Hyperbolic Functions 

To avoid complexity of form in many integrations and to 
secure symmetry in the results of integrations of expressions 
of similar algebraic form, it is customary to make full use of the 
hyperbolic functions and their inverses. (JDiff- Gale., Art. 23.) 

By analogy with the exponential values of the sine, cosine, 
tangent, etc., the exponential functions 

gX g-X g®_j.g-X g* — g-X ^ 

¥~’ 2 ’ e»+e-»’ 

are respectively written 

sinho;, coshcc, tanha?, etc., 
or sometimes more shortly as sha;, ch®, tha;, etc. 

By further analogy with the inverse circular functions, 
if u=sinha; or cosh a? or tanha?, etc., 
we write the inverse hyperbolic functions 

a;=sinh-^ti, or cosh-^u or tanh”^t^, etc., respectively, 
or sometimes as sh-%, ch-^a;, th-^a;. 

This notation is now commonly adopted by modem writers. 
Professor Sir George Greenhill {Chapter on the Integral 
CalcvZxLS^ 1888) indicates it as being common amongst 
American writers, and as being frequently employed by 
writers on Applied Mathematics. The earlier notation used by 
Bertrand, viz. 

sect sin hyp a?, sect cos hyp a;, sect tan hyp a;, etc., 
is far too cumbrous for free use. 



CHANGE OF THE INDEPENDENT VARIABLE. 


77 


The properties of these functions are now usually discussed 
at some length in books on Trigonometry [see Dr. Hobson’s 
Trigonometry f pages 303-316]. It is therefore unnecessary to 
repeat them here fully. But for the convenience of students 
who have not already sufficient familiarity with their use, we 
reproduce those of the elementary properties which we shall 
require for the immediate purpose in hand. 

60. Elementary Properties. 

We clearly have 

analogous to cos^ d-f-sin^ d = 1 ; 

eodi-«+d»h=»-(£^’+(e:^’ 


whence 


-j- 

2 


= cosh 2®, 


analogous to cos^ 0 — sin^ 0 = cos 20 \ 


2 cosh^ a? = 1 + cosh 2a;, 

analogous to 2 cos® 0 = 1-1- cos 20 ; 


2 sinh^ a;= cosh 2a;— 1, 

analogous to 2 sin® 0=1— cos 20 ; 

sech*a;+tanh^a;=(^^)%(5^'= 1. 

analogous to sec® 0— tan® 0=1; 


tanh£t= 


e»+e-*”"cosh X 


analogous to tan 0 = 


sin0 ^ 

COS0’ 


cotha; 


cosha; 
e*— e-^^sinha;’ 


analogous to cot 0 = 


COS0 

sin0’ 


1 

tanh X 
etc. 


It is unnecessary to point out methods of proof or analogies 
further, and the following results may be proved by the 
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student as exercises, and will form a convenient list for 
reference • 

sinh (a; + 2/) = sinh x cosh y + cosh x sinh 2 /, 
sinh (x—y) = sinh x cosh y — cosh x sinh y, 
cosh (a; + y) = cosh x cosh y + sinh x sinh y, 
cosh (a; — y) = cosh x cosh y — sinh x sinh y, 
sinh 2a; = 2 sinh x cosh x, 
cosh 2a; = cosh® a; + sinh® x. 

= 2 cosh® a;— 1 


= 1-1- 2 sinh® a;, 


tanh2a;= 


2 tanh x 
l-|-tanh®a;’ 


sinh a;-fsinh y = 2 sinh cosh ^15-^,] 

Z 2 I 

etc., J 

sinh a; =a;+^-|- , 
tanh“ia;=a;-|-“-|-y-i-... . 


61 . It should be remarked that such expressions as sin 0 , 
cosd, etc., where 0 is complex, ie, of the form do not 

come under the heading of the sines and cosines defined 
geometrically in the early parts of trigonometry. They 
are Te~dejlned now by the exponential values 

sin 6, standing for - — — ; cos 0, standing for ^ — : 

etc., for any value of Q real or complex. 


Then writing 0 ==£a;, where 

sin £a;=£sinha;, 


cos ia;=cosha;, 
tanta;=£tanha;, 
cot ix^ — I coth X, 
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Also the ordinary formulae of trigonometry can be proved 
from these definitions^ viz., we have 

cos^ 0+sin^0 = l, 
cos^ 6 — sin® 0 = cos 2 6, 

sin (0 4- ^) = sin 6 cos <f> +cos 6 sin </>, 
etc., 

and the restriction of the reality of 6 and ^ is removed. 

Then, having proved the addition formulae for the sines 
and cosines from these definitions, we have 

sin (u + iv) = sin u cos z-yH- cos u sin iv 

= sin u cosh v + 1 cos n sinh v, 
etc. 

62. Inverse Hyperbolic Functions. 

We are, in the Integral Calculus, more particularly interested 
in the inverse forms. 

Let us search for the meaning of the inverse function 

sinh"^- 

a 


Put 

sinh"^- = V« 

a ^ 

Then 

a=®mhy= 2 ’ 


a 




and remembering that where X is an integer, 

= cos 2Xx db L sin 2X7r = 1 , 
we may, to retain generality, write this as 

a 

„ ^ ,1 a;±Vo^+ai® 

or y=2jX'jr+log . 

(v 
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Now 2jXTr+log^ — — = 2tXTr— log ^ 

-2,Xx-log(-i±^^±?) 


= 2iX'7r — log ( — 1) — log 


x+s/a^ + a^ 




= 2V-l)tx-log "^-J - ^ 
for log ( — 1) = log = (2n + 1) nr, 


x+^/aFT^ 


n and X' being integers. 

Thus, y = /uLiTT + ( — !)'* log 

where jul is an integer 


The “principal value” of y is then log 

is usual to take this as synonymous with sinh"^~, omitting 
the generality obtained by the addition of unreal constants. 
63. Similarly putting 

COsh“^ - = XL 

a 

X , 

_=coshy=— 

e*!'-2-eS'+l = 0 
a 


x±.Jo^—c^ 


and omitting as before the generality derived from the unreal 
constants, we shall take the solution 


2 /=log 


aj+Vo^ — 


viz. the “principal value” of y with the positive sign 

as cosh“^-, and therefore cosh“^- is to be understood as 
a a 


synonymous with 





CHANGE OF THE INDEPENDENT VARIABLE. 


81 


64. Again, putting tanh ^-=y> 

X . , ew-e-® 

-=tanhy=^^. 

and therefore = 

and omitting generalities as before, 

tanh-^- = glog— . 
tC 1 CO I CL 

65. Similarly, coth-^ a ^ 2 x^’ 

, _,a , a+Ja^—o^ 

sech"^ - = log » 

a ^ X 

, ,5C 1 a+Ja^+^ 

cosech“* - = log — 

CL X 


66. We shall therefore consider 

sinh"^~ as meaning log 




cosh-i- 


tanh”^- 

a 

coth-i- 

a 


aj+N/a;^ — 0.2 


as meaning log 

1, a+cc 

as meaning 

. 1, CC + O- 

as meaning 


sech”^~ as meaning log 


Cl. + n/ 0.2 — aj2 


X 


, ,x . , a+>/a*+a?* 

cosech-’-- as meaning log 

a 


67. Periodicity of the Hyperbolic Functions. 

These hyperbolic functions are periodic. But the periodi- 
city is imaginary. 

For, since = cos Xtt ± i sin Xtt = ( — 1 )^, (X = an integei ), 

^»+XtTr4.g-<fl;+Aiir) 

we have cosh {x -f Xlit) = 2 = ( “ ^ )^ 

Similarly, sinh(a;-l-Xf7r) =( — l)^sinha;, 

whence tanh (x + Xitt) = tanh x. 
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Thus, the periodicity of sinh x and cosh x is 27r4, 
that of tanh x and coth x is tti. 

Also 

sinh 0 = - — ~ ^ ~ ^ ~2^ ~“ “ tanh 0 = 0, etc., 

g— iir 

sinh^x = 2 = 4 sin7r = 0, 

cosh fTT = cos TT = — 1, 
etc. 

Again, cosh“^(— 2 ;) =\og{ — z + Jz^ — l) 

= log (2:-V3^2-l)+log(-l) 

= log }- — + ITT 

= —leg (z+Jz^—l) + ITT 
= — co8h~^0 + f7r, 
sinh-^(— 2 ;) = log { — 

= —log 
= — sinh~^ 2 ;, 

tanh-^^z)==^\og—= -^log 

= — tanh“^ 25 , 
etc., 

analogous to the properties of the circular functions, 

cos“X — 2:) = — cos-^2; + X, sin""^( — z)=— sin-^2;, 
tan"^( — 2;) = — tan-^^, 

etc. 


68. Geometrical Interpretation. 

Let a rectangular hyperbola a? — y^ = a^ and its auxiliary 
circle be drawn ; then any point on the hyperbola may be 
represented by either of the parameters 0 or w by putting 


a; = a sec 6 A 
2/=atan0,/ 


£c=acosh u,‘ 
2/ = a sinh u,. 


or 
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Hence 6 and u are connected by the equations 
sec 0= cosh u 

or tan0=sinhu. 

Let P be the point 9 (or u) on the hyperbolic arc AP; 
PN the ordinate, iVT the tangent from N to the auxiliary circle. 



Then obviously the abscissa 

ON = oj = OPsec NOT= a sec NOT, 

Hence, the angle NOT is the parameter 6, 

Also, since ON^—NT^ — a\ it follows that NT^^y^ as is 
obvious, since y — a tan 0, as also NT=^ a tan 6, 

The area of the portion iVAP of the hyperbola 


X Cu 

ydx=\ a sinh u . a sinh u du^ 

a Jo 

= a^| sinh^occ^u 

(cosh 2u—l)du 

a^/sinh2u \ a^sinh2u a^u 

2 4 2 ‘ 




Also, area of triangle ONP ^^xy 

1 , , , a2sinh2te 

= g a cosh u . a sinh u = ^ . 

Hence the area of the hyperbolic sector OAP 
= A ONP — area ANP 

= -^1 analogous to for the circular sector 
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This indicates the meaning of u, viz. 

2 area of hyperbolic sector CAP 
u -2 . 

It is this connection with the hyperbola from which these 
transcendental functions are termed hyperbolic functions. 
For other properties in connection with this figure, see 
Greenhills Chapter on the Integral Calculus, p. 27, or 
Hobson’s Trigonometry, p. 309, and an “Essai sur les Fonct. 
Hyperboliques,” Mem, d. I, Soc. des Sciences Phys,, Bordeaux, 
1875, cited by Qreenhill. 

Since cosh u=secd 

and . * . sinh u = tan 6, 

we have tanh u = = sin 0. 

seed 

coth^6= cosec 0, 
etc., 

which express functions of u in terms of 0. Again, expressing 
0 in terms of u, we obviously have 
sin 0= tanh u, 
cos6=sechu, 
tan 0= sinh ^6, 
cot 0 = cosech u, etc. 

69. The GhidermaTmian. 

The angle 0, Which may therefore be variously expressed as 
sin”^ (tanh u), cos”^ (sech u), tan“^(sinhu), cot“^ (cosech tt), 
sec"^(coshu), or cosec”^(cothu), is called by Cayley the 
“ Gndermannian ” of u* {Elliptic Functions, p. 56), and, 
denoted by him by the convenient notation 

0=gdu, 

or inversely u = gd-^ 0, 

Then sin 0, cos 0, tan 0 he denotes by sg u, eg u, tg u. 

Again, logtan^|+|)=log(sec0+tan0) 

= log (cosh u + sinh u) = log e“ = u, 

* So named from Gudermann, who specially discuBsed this function 
(Cayley, p. 44). 
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Hence, gd u is such that 
logtan(j+^) = u, 

or log tan ( j + which is the same thing. 

Differentiating logtan^~+D or log (sec 0 + tan 0), we get 
sec 6 as the differential coefficient. Hence, 

I sec 6 do == log tan (^ + 1) = 

and Jsec Odd is a degenerate form of the more general integral 

f-7=^£==, where & = which is to be discussed later. 
jN/l-fe^sin^O 

70. Tables of the values of u=logtan i.e, the 

inverse Gudermannian of 0, are given by Legendre, Theorie dea 
Fonctions Elliptiques, vol. ii , to 12 places of decimals for angles 
in the first quadrant. They will be found to seven places at 
degree intervals in Hobson^s Trigonometry y p. 316, and to five 
places at degree intervals in Greenhill’s Elliptic Functions, 
p. 16, whence it is easy to extract the values of u correspond- 
ing to any angle 0, or the value of 0 corresponding to any 
given value of u, and hence from the relations cosh u = sec 0, 
sinh u = tan 0, etc., we can find the values of the hyperbolic func- 
tions coshu, sinhu, etc., for any values of u by the use of 
the intermediary angle 0 by means of the ordinary tables of 
secants, tangents, etc. In the absence of direct tables of the 
hyperbolic functions this will be the proper mode of com- 
putation to follow in numerical calculations. See Lodge’s 
Report to Brit. Assoc. 1888, and remarks by Greenhill on 
p. 15, Elliptic Functions.^ 

71. Unless extremely close approximations are required it 
will be sufficient to take the values of log tan -I- from 

♦The Smithsoman Institute of the City of Washington publishes a set of 
Mathematical Tables of the ffyperbohc Functions, by G. F. Becker and 0. E. 
van Orstand. 

The Harvard University Press publishes Tables of Complex Hyperbolw and 
Circular Functions, by A. E. Kennelly. 
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the following graph, which indicates the inarch of the func- 
tion from 0=0 to 0=90". There is not much deviation 
from a straight line from 0 = 0 to 0 = 45", but beyond that the 
function begins to increase more rapidly, passing from 4*7413 
at 89 ’to 00 at 90°. F or the first part of the graph, obviously 
the ordinary rule of proportional parts will give a fair approxi- 



Fig. 15. 


[Graph of y the abscissae being the sexagesimal 

measnres of showing the march of the inverse Gudermannian function.] 


mation. Witt^ the laat 10° or so of 90° it is desirable to 
opt the special mode of approximation shown in Greenhill, 
oi«. The ord^tes are given to four places of decimals at 
^ will he sufficient for the purposes of 

approximation in this book. The numerical data for the 
gr^h were taken from Hobson’s TrigoTtometry. 

This graph is that of 


2/=gd-ia:, 

the inverse Gudermannian, and equally serves to illustrate the 
g^aphof 

i.e. the march of the direct Gudermannian. 
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72. Let us illustrate the use of the graph — or the values tabulated in 
Fig. 15. 

If, for instance, we require the value of sinh 1 from the tables (which 
- e'^ 

should of course be — ^ — , and therefore we can check it). 

u lies between *8814 and 1*0107, 
i,e. tan”^sinh *8814=45®, By proportional parts, 


tan-isinh 10107 = 50®, 
tan“^ sinh 1*0000= 


^-45® 

5® 


*1186 

T293* 


0 = 4® 35'+45® = 49® 35'. 

. sinh 1= tan 49® 35'= 1*1744, from the tables of natural tangents. 

To check this, 

. , , 6-6-1 2*7183 -*3679 2*3504 , 

sinhl = -^= 2 ^=1-1762, 

which shows an error of about *0008. 

73. There is also a useful table giving the values of various powers of e, 

viz. 6^1, 6^2^ 6±i, 6±i, 6±4, 6^^-; 6±i, e±+, 6iA, 6±A ; 

e±i-, 6±i, 6±^, 6±^, 6±i-, e^tS, 

m Bottomley’s tables, p. 56, which will be convenient in some cases. 

Eg. (extracting the values from these tables) 

cosh *1 = — ^ — = 2 = — ^ — = 1*0060. 

If great accuracy be required it will be necessary to use the 7, or 
perhaps, m cases, the 12-figure tables, but such extreme accuracy would 
but seldom be required in practice. 


Examples 

Establish the following results : 


coshA'£ib=sinh^. 


sech^a? ch : = tauh 
sinh:r 


2. J sinh :i7(iar= cosh 

4. J cosech^^ dx—— cotha?. 


sech X tanh xdx^’- sech x. 
cosech X coth xdx^— cosech x. 


■/' 

J cosh^^ 

/ cosh X 

J sinh^a? ^ 

7. Jcgxdx=igdx. 8. jcg^xdx=isgx. 9. 
10. (a) (6) 

(«) tg2M=2^^. 


-ci2a ?= Ji 

\dx~ j ( 
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74 . Integrals of cosec a; and sec^. 

Let tan ? = 2? ; tlienj taking the logarithmic differential, 

1 — ^ ie da; 

^ . X 2 ^ ~ T’ ' sin a; z' 

2 tang 

Thus fcoseca; cZa;= f-^ = f—= log 0 = log tan o- 
J J sin a; J 0 ^ 

In this result put a; =^ 4 - 2 /; then dx=dy. 

And jsec^ dy—\og tan (^+ 1 )* 

That is, |seca; dx or tan (^^+|^=gd"^a;, 

as we have seen before. 

75 . From this result we may infer the integral of 

dx 


f — 

J a cos 


For 


t cos a; 4 - h sin x 
a cos a; 4 - & sin a; = JJ sin (a; 4 “ a), 


where jR=\/a®+^ and tan a j 


r da; ^ 1 r 
J a cos cc 4 * 5 sin a; Ej si 


dx 


sin (a;+a) 

— 1 f d(a; 4 -o) 

“EJ sin (a;+a) 
1 . I a? 4 -a 

=jlogtan-^. 


76 . The integrals of cosecha? and secha? give no trouble. 


, e®— 1 , 

= ^°g-S-.-T= log 5 

e^+e'^ 

= logtanh|, 
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jsecha!dx=j^=2|3^d*=2j^ 

X — e®* 

= 2tan“ie® or 
= cos"^( — tanha;) 

= --cos“^(tanh a?) + const. 

= — sin~i (sech x) + const. 


77. Integrals of 




and 




The diiFerential coefficient of log, is 
Thus. f -4£===log2±^^±^=sinh-»5 
Similttly, 




X’-k-Jx^—d^ 


= cosh“^-. 
a 


In the inverse hyperbolic forms which it is now possible to 
use, these results resemble that for the integral 


1 


dx . . - a; 

—===. VIZ. =sm“i-, 
sJa^-aF a 


and the analogy is an aid to the memory. 

The student will note the avoidance of complexity and the 
gain of symmetry referred to in Art. 59 as the result of using 
these forms. 

We might have established these results thus: 
dx 


To find 


I; 


put x=a sinh u ; then 


c?a;=acoshudu and N/a:^+a‘'* = acoshi6. 

Hence, f ■ = f = w = sinh-^ -. 

J a 

Similarly, putting a: = a cosh w we have 

I dx fasinhwrfw f , , -a? 

= J asinh« =J^ = t.=cosh-i-. 
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78. Integrals of Ja^ ^x\ 

L To find put a?=asin0; then 

da;=acos 0 d 0 ; 

I Va® — a;® I cos^ cos 2 G) dO 
a® . oA , a** A 

sin 204-2® 

=-^asinO.acos 0+-2 6 

J 2 2a 

IL To find |Va^+a:^da;, put a;=asinh 2 :; then 
dx=acosh.z dz. 

Then, since 1 4 - sinh®i 2 J= coshes?, we have 

j* 4- a? da; = I cosh^ zdz^^j (cosh 2z+l) dz 

== -^sinh 2z -\ — ^ = 2 ^ ^ ® cosh 2!+ 


or 


i.e. jVa*+a?dx=^^::^5^+Jsinh-i? 


or 


a;x/a,2_^2j2 a;+\/a^ 4 -a;^ 

^+2 log ^ — ; 


and in the latter form, if the integral be indefinite, we may 
drop out the a in the denominator of the logarithm, as this will 
only add a constant to the whole. 

III. To find J dx, put a; = a cosh z ; then 

dx^ash:ih.zdz. 

Then, since cosh^a;— Isssinh^^;, 

I sj dx^^a?' | sinh^^; d2;=~ | (cosh 20—1) dz 

a* . - ^ a^z \ . , - a* 0 

Sinn 20 — ^=2asinh0.(xcosh0 — 
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jx/a;*— a*(ia;= 2 cosh 

or 2 ^log ^ , 

and the a in the denominator may be omitted, as before, if the 
integral be indefinite. 

[This last integral has already appeared in Art. 68 in 
finding the area of a portion of space bounded by a rect- 
angular hyperbola, an ordinate and the a-axis]. 


79. From Art. 78 we may deduce the integration of sec^oi 
For, putting tanir = ^, sec^xdx=dt, we have 


t\/ 1 ,1 • 1 . 


or 


le. 


or 


or 


I sec® X = J — 

I I 1 

sec® flj da? = 2 tan a? sec a?-f ^ log (sec a?-f- tan x) 

1 . , 1 , l+sina? 

= jr tan a? sec a? 4*7 log = = — 

2 ' 4 1— sma? 


sin a? 


* 2 cos* 


-+|logfcaiig+|) 


Just in the same way, putting cota? = c, cosec*a;da?= — dc, 
we have 

C r cj 1 -f- c® 1 ! 

lcosec®a?da;= —Jvl -bc®dc= — — g 2 ^og(c+\/l +6*®) 

= ~ 5 cot a? cosec x~ log (cosec a?+ cot a?) 

A A 

Icosa? 1, 1-fcosa? 

“"“2SS2S'"4 


cos a? 

X 


1 cos a? , 1 1 I •»/ 

80. We may now deduce from Art. 77 the integration of 

f da; 

where i2 is a quadratic function of a?, viz. 

JK = aa;*-{-26a?-fc. 
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Case I. a Positive. 

When a is positive we may write this integral as 
1 f dx 

Jx»+2ix+i 

J V a a 
which we may arrange as 

If dz 1 p dx 

1 // 1 h^—obc a/S I // , , aC’-h^ 

J V(“’+a) ^ J +-^ 

according as 6* is greater or less than ae, and the real form 
of the integral is therefore (Art. 77) 


or 


1 


1 V , m+h 
-7=cosh“^-=J= 

*Ja sjh^-ac 

according or Ci ac. 

In either case the integral may be written in the logarithmic 
form 


J- log (aa;4■6+^/a^/^24■26aJ4•c^^ ^ log {ax-\-h>\-sfaE\ 

the constant ^log^PT^ being omitted. 

Also, since 
and 

1 


cosh-^s; = sinh“ — 1 

sinh-i^; = cosh-^v/i^+i ^ 


^C08h->^g±L = 1 siph-I-^ 
Va V6*-oc Va Jb’^-ac 


(6*>-ac) 


which forms may therefore be taken when a is positive and 
0 !> or oc respectively. 

81. Case H. a Negative. 


dx 


o 

If in the integral f -= 

Then our integral may be written 


i“+ 26 a;+l’ “ negative, write 
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^JA I + 




1 . 1^03 — 6 . 1 

or -p= sin"“^- 7 ===, ^e, - 7 =s 2 n” 

JA s/Ac-^h^ —-a 


jh^^ac 


or, omitting a constant, 

1 - ax-Vh r- . - i '^1 

-p= COS“^- 7 === for - Sin“^2! = C0S“^2: - -s • 

J^a sjh^^ac L 


Also, since cos"^ 2 ! = sin“^^l — 2 ;® we have 

. a£C+6 . - J — aR 

COS“^ - 7^.;;^=.:= = Sm“^-~=. 

Jb^—ac Jb^ — ac 

82. To sum up then; it appears that when R = ax'^+2,hx'^c 
we have the results : 

[ ; - L:-L sin-^ y , a negative, 
v—a Jh^^ac 


f dx _ 


sja a positive, 

or -i cosh-^--^£=; A 2 ^ 


and the real form is to be chosen in each case. 


83. Ex. 1 . 


* dx 
\/2a;®+3^+4 


We may write this f-,— = \= sinh~^ 

or it may be written ^ cosh“^ V 2 ^?^ +3^+4 
or ( 4 :r+ 3 + 2 VW 2 ;i 7 ®+ 3 ^+ 4 X 

rejecting the constant^ log • 

Ex. 2 . Integrate f , f^.. ==. 

® jV4 + 3a7-2ica 

This may be written 4= f - 1 ===™* 


and therefore is 


1 . ,4c-3 

- 7 =rSin 7 =^, 
•/2 ^41 


which may be written as 


1 ,2^2 

^cos ’7UV4+3a-2^. 
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84. In exactly the same way, J N/a£c^+26a5+ccZx, when a is 

positive or when a is negative, can be deduced from the results 
of Art. 78. 

It appears then that the general rule in all cases of 

where jK is quadratic, will be, ** Divide out the coefficient of 
and then complete the square, and then make use of the suitable 
standard form.*’ 

85. Functions of the form may be integrated 

^aa^+2bx-hc 

by first putting Aa?+jB into the form X(ax-hb)'h/i, which may 
be done either by inspection or by equating the coefficients, 
and we obtain 

Ax+J3=^^ax+b)+(B-~). 


^ Ax+B A ax+h ,aB^Ah 1 

The integral of the first fraction is ^ sfR^ and that of the 

second has been discussed in Arts. 80, 81. 

More general forms, such as 

/(?) ^ 

\/aa^+26flp+c \lcia?-\-2bX'¥c 

where / and ^ are rational integral algebraic polynomials in oj, 
are to be discussed later. 

86. Before leaving the integration of student. 

should observe other forms into which the results may be 
thrown. 


For some purposes a ‘double angle* result is preferable to that given, e,g. 

a 



da: 




2 


i 


But we may throw this into the form 2 sin"^« by making ^ 
using 2 8in”i2=cos"^(l -22*). 


- and 
a 
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Then = 2 sin“i a/~ = 2 cos”i ^J = 2 tan”* 

(2) { -{ d{x^h) 

J ^{x+h){a-~x) J i^{{pi;^h)(a + h-x+h)} 

= 2 sin”* 2 cos”^ = 2- tan-*^-^-i^ 

» a+o ^a—x 

(a>x). 

(3) /' T T ' fw V ^ ^ coaT^'J — ^ r=r 2 tan~*^ 

J \/{x — b){a — x) ya — b ^a — b ^a-x 

(a>x> b). 

/A\ f ^ C dx ._.2a;+a+6 

W JV(^+a)(a;+6)-J ■■ «_i - 

the ordinary form ; but writing this =2sinh”*0, i,e, cosh"* (22^+1), 
a-b J a-h 


' ^{x+a){x+b) 


= 2 sinh”* \l^~ — 2 cosh”* £±5 = 2 tanh”* 

^ a^h y a-b ^ x+a 


if a > 6, 


2sinh-* J^«=2cosh-i J|±^=2tanh“i if a < 6, 

\6-a ^b~a Y^+6' 


and so for other cases. 


87. Of such the following forms are particularly useful : 


f dx _ 2 sinh”^ I ^ i others can be derived from 

J Jx(a~^x) y a* ( these forms as shown above. 

88. It will be noticed also in many cases, as, for instance, in 
the integral of Art. 81, viz. 

that the */S of the integrand reappears in the integral. It 
did not do so when the result was arrived at as 
1 ax-i-b 


and the others can be derived from 
these forms as shown above. 
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but was made to do so by the subsequent transformation 
cos“^ z = Examine the earlier integral (Art. 44) 

X 


This could be written 


f da? . 


•1 

a 


I 


dx 


= COS"^ 




t.e. 

So also 

could be written as 
i.e. 

Similarly 

could be written as 


J sJR a 

[ = sinh-^ - 
J voi^+a® a 

(^4^=cosh-^:^±^, 

J \/^+a^ a 

f^i^ = cosh-i* = sinh-:^^E"* 

f4l = smh-i^ (fi = a^-a®). 

isfR O' 


And though these forms are obviously not the siTnplest fovTns 
of the various integrals, it is frequently desirable to adopt 
them, as they exhibit a visible relation between the integrand 
and the result of integration. The simplest forms are those 
tabulated to be remembered in the two lists of standard forms, 
Arts 44 and 89. 

89. We are now in a position to make our list of 


Additional Standard Forms. 


1 . 

2 . 

3. 

4- 


J cosh X dx = sinh x and j* sinh x dx = cosh x. 

J sech® xdx=^ tanh x and J cosech^ a; da? = — coth x, 

f sinh a; , f 

secha5tanhajdaj= -sechaj. 

■f coseclia:cotlia!da5= -cosech®. 
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5. 


6 . 

7 

8 

9 


10 . 


11 . 

12 

13. 

14. 


15. 


ir> 


17. 

18. 


J va3^+c6^ ^ a a 

f dx , — . .X 

r=-s o = lOff = COsll-1 

J 2 2a 

{ — ~ cosh"^ -. 

J 2 2a 

is/x{a—x) ^ cc 

VI' 

, f da? 
cosec a? eta? = 


I sin a? 


= log tan 


J 

f secxdx = 1 =logtan ( J+^) = log (sec a?+tan a?) 

J cos a? -w/ 


1, l+sina? J , 

= 2^°Sr:iEi=g'^ 


J 


da? 1 , . a? 

— 7 ====;— — sech'-i — 
a?\/a^-^ a a 

r da? 1 . .X 

J xs/a^+x^ o, a 


x—a 1 , . 1 a? 

= — coth ^ 
a a 




a? 


It is customary to obtain 17 and 18 when wanted, rather 
than to commit them to memory. They will be discussed 
later (Art. 127). 


* See also Art. 1890, Vol. II, 
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EXAMPLES. 

Write down the integrals of 

1 ^ ^ _i_, I — , Jie - V3a®-5, V2 + 3it‘, 

1- 9_je 2> 9-4!e*’.a:2-4’ 9a:®-4’ 

1 1 1 1 1 
•Jx(x — 4)* '>y®(4 — ®) ■^*(4 + !!!) \/2 + 2a; — a’* V® 2® +2 

<y®* + 2a®. 

o ® ® _5l_. 

V'J-*’’ n/®^-9’ n/9 - 4®®’ n/ 1 - *y»^ + l 

(KC + ft 


4. x^x^ + a\ {x + h)>Ja?+ii\ 

5. a;(a;2 + a2)^, (a;+a) (a;2 + 2aa; + 6)^ (aa- 5) (aa;^ - 26a; + c)‘. 

a;2 + 2a; + 3 x^ + 2x + 3 a;2 + 2a; + 3 x^ + ax-\-b 

N/r=®2 ’ ’ 4/a;2 + a; + l* N/£c2 + ca; + d’ 


7. Va:2 + 4a; + 5, J-x^ + ^x-hb, s/i^+ixTS, n/ - 4:£c2 + 4:a;+5. 
Q lx -ha la^x ^ la + x + ^ 

,, 1 l+tan^ic 

9. cosec Tia, cosec (2a; 4* o), 3 5 » i — 

* '' ' 4 cos® a;- 3 cos a; l-tan^a; 

■|(cota;+tana;). 

IQ ^ 1 ajma+^^os^ 

tt sin a; + 6 cos a;’ sin 2a; + cos 2a;’ c sm a; + d cos a; 

11. Deduce | cosec x da; = log tan ^ by expressing cosec x as 

i(cot|+tan|) 

12. Deduce | sec xdx = log tan by 

(i) putting sina;=;?, 

(ii) putting sec a; + tan a; = z. 

Show that I sec a: da; *= cosb'^ (sec a;), 

cos 6dd 


1 3. Integrate I — 
Jsi: 


sindjl -sin®»^ 
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GENERAL EXAMPLES. 


1. If APB be a semicircle, centre 0, and PN an ordinate to the 
diameter AB, and P'N' a contiguous ordinate, show that 




= circular measure of the angle OPN^ 


the summation being from the centre to any point N between 0 
and R, and NN' being indefinitely diminished. 


2. Find the area in the first quadrant bounded by the axes of co- 

2,4 

ordinates, the ordinate £C = and the curve = 


If the range a; = 0toa; = aon the a^axis be divided into n equal 
portions of length h and rectangles be inscribed in the Newtonian 
manner, examine the limit of the area of the last of these rectangles 
when h is indefinitely diminished Find the whole area from a; = 0 


to x~a. 


3. Find the value of 


j* + ae® dx 


[R. P] 


4. Evaluate 



dx 

s/1 - 3a; - x^' 


[I. 0. S., 1884.] 


(a) f . (pu,..!.) 

' ' J a; s/a;2 + a; - 6 \ y / 

[Oxford Second Public Ex., 1880.] 



(1 +x)dx 
(2a;2 + 3a; + 4)^ 

a;- 1 

Xdx, 

(a;2 + 2a;-l)^ 

3a; + 4 

\dx, 

(a;* + 2a; + 6)^ 


[Colleges /5, 1891.] 

[Trinity, 1892.] 

[Math. Trip., 1887.] 


5. Show that the result of integrating 
hibited as 

(i) 2 cos-1 or as (u) 2 sin'i 

^ ^sja %sja 

or as (iii) 2tan~i where 


[ dz ^ 

I — — - may be ex- 
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6. If R = ax^-\- 2bx + c and K = ^ show that 




K 


or = --=.^tan“^ 

si - a 

according as a is positive or negative. 


R 

R + K' 


7. Evaluate (i) (Put a:S = tan ^.) [Qxt. I.. 1888.] 


(ii) f 


dx 


8. Show that (i) 


(*+ 1 ) 7 * 2- 1 

dx 


(Put a; = sec 0.) 

[OxF. 1 , 1888.] 


i) 

J 0 (1 + 


0 (1 + *2) (1 - *2)^ ^ ^ [Tmnitt, 1888.] 

{ dx 2.c^ “* 1 — — — 

«vr+^ "" 3ic3 [Tbinity, 1882.] 

9. Integrate | V 1 + e* + 


10. A sphere of given radius a consists of an infinite number of 
concentric shells of very small thickness, the density at the surface 
of any shell varying as the power of its radius. Find the mass 
of the sphere. i^^*] 

If any diameter AB cut one of the shells at P and the density of the 
shell varies inversely as (i) OPjAP. FB, (li) OP^jAP, PB, find the 
mass of the sphere in each case, 0 being the centre. 


11. A triangle ABC is divided into strips by lines parallel to BG; 
a point is taken in each strip, and the square of the perpendicular 
from this point to BC is multiplied by the area of the strip; the same 
is done with all the strips, and the sum of the products is formed. 
Express by a definite integral the limiting value of this sum when 
the breadths of all the stnps are diminished indefinitely, and 
evaluate the integral in terms of the base BC and the distance of J 
therefrom. [Ox. I. Pub., 1901.] 


12. Prove that if u^=^x^ + 2jxc-\- q, an integral of the form 
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can always be rationalized (provided / is a rational algebraic func- 
tion) by one of the substitutions 

w _ 2y w _ 1 -I- 

[Coii. o, 1890.] 

13. Find the relation connecting x and y, being given 


14. Show that T z^{z^ dz — - 
Jv3 


[Ox. L, 1888.] 


15. Integrate 

^mOdO I* cos^c?^ 

JVacos‘^^4-26cos6^-Hc’ J x/iTsin'-* -h 26 sin ^ 4- c* 

. . r ^ 

J cos 6\la cbs2 ^ + 26 sin d cos ^ + c sin“ 6^ 

r dO 

J sin dj a cos^ 6^ -i- 26 sin 6 ooa6 + c sin^ 

(V) f - ^ 

J sin 008 ^ 6 ^ - 1-6 sin2^ + c [Trin., 1888.] 


« (- 

J Sir 


16. Integrate 


(i) f — (li) f. 

J(a2-!D2)i ' J< 


’ x^dx 

(a H- 60 / 2 ) -s/c 2 - [Trin . , 1888 ] 


17. (a) Evaluate || (o;^ - 6a; -f- 13) c/a:, first directly, second by 
putting a:2 - 6a; 4- 13 — y. (Draw a graph and explain fully.) 

(6) Evaluate J (cix^ - 26a; 4- c) dxj 

and explain by a graph the result when 26^ = Sac. 

Obtain the same result by substituting 

ax^ - 26a; 4- c = y, taking 6^ < ac. 

B. 

Also obtain J (aa;^ -2hx + c) dx by this substitution, explaining 
your limits for y by .means of the graph. 

18 Point out the fallacy in the following argument : 
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But putting « = 


dx^ 

y- 


When - 1, - l.\ 

When X— y- I*-' 
dx 


r ~ r = - r — 

J_ll +^2 J-i1+2^2 J-i1 + 

for, as the result is numerical, the letter used in integration cannot 
affect the result. 

19. Point out the fallacy in the following reasoning: 

We have, if we put 2 c = fi*, 

But when a=s — 1, we have 




and these two results do not agree. 
20. Prove that i/l- 


[KP.] 
[Catley, E.F,'] 


and show that if . . 

then will gd^^w =» - . . . 


21. If 
show that 
that 
and 

and that 


sec a; + tan a; = 1 + /Sf, ^ + 5^2 1] + • 

gi-hc=x+S^^+S,f.^ + ..., 


‘ 6 ! 


s^.=s,+g)s,.A+g)s.-4S.+ ... 




'^\ c nv . nir 

j5„_4 ~ . . . + cos -^ = sm -y , 


^ 3 - 2 , 53=16, 5, = 272, 58 = 7936, etc. 

[Diff. Oalc.i Art. 673, etc.] 
dx 


[— 

J(a+i 


22. Integrate 

J(a + a;)(c + a;)^ 

by putting c + a;=(a-c)j 52 or (c~£ 

according as a > or < c. 

Taking the case a>c, consider the same integral with a + da replac- 
ing a, subtract the original integral, divide by da, and take the 
limit when da is indefinitely diminished. 
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Hence obtain 


Deduce also 


23. Evaluate 


r dx 

J (a + a;)2(c-i-a;)^ 

J dx 
(a + a;)(c+a;)^ 


1 (x^ - a!‘ 


i(x^-d?){x^-cy 

(i) ifa>c, 

(ii) ii a <c. a: - c sec <#>). ^ 13^3 ^ 


24r. Show that 


{x 


„+l dx - ^^2 ^ ^jn+i j (y^ - ^3'* 


J (ax^^ 2hx + cr^ (0--acr-j - - 

here = ap^ + 2hp + c 

id y \/®T25»Tc = (ap 4- b)x + bp + c. [Colleges, 1901. ] 

25. If F{x)-=‘a^f(x)+a^f(2x)-^a^f(Sx) + .,.^ 


prove that 


?j+5!?+?s + ...== 

1^* ^ 2* ^ 3* ' 


Jo 


[Ox. J. M. SoH., 1904.] 


_ _ T i. i. /-x f 1 

26. Integrate (i) J 

.... C \ - x^ dx 

J 1 +x^ n/ 1 +a^ ^ 

27. Show that if F{x, y) be a rational function of x and y, 

can be thrown into rational form by the substitution 


[Euler.] 


Hence show that 


f ^ 3 ^ I j l-Sx _ 2 /Iji?? 

JVl+2a;/“ Vl+2a •Vl + 2* 


- 2a; _ \/ 1 - 4a;® 
__ « , 


28. Show that if F{Xj y) be any rational integral function of x and y, 
J F (a;, \lax^ 4 - 2bx + c) dx 
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can be thrown into rational form by any of the substitutions 

(1) sjaa? + 2hx + c = n/u (a; + z), 

(2) + 2&j; + c= i&ar + s/c, 

(3) 

where ajj, x ^ are the roots of aa;- + 2&C + c = 0. [Bertrand, C/./., p 39.] 

Apply each of these methods to the integration of 

f 

J is/a^- 6a; +8* 

showing that the result in each case reduces to 
tjx^ - 6a; + 8 + 3 cosh“^ (a; - 3), 
as derived by the method of Art. 85. 

29. If a:8-3a2a;-aY 

show that , ^ - \ , /y 

* Jx * — 4^2 ^ s/y* - 4a2 

and hence obtain Cardan’s formula for the solution of a cubic. 

[J. M. Scu. Ox.] 


30. Evaluate 


and deduce the expansion 


p cos X d, 
Jo 1 - sin^a ( 


— = 1 + Q sin^a + sin^a + where rt>a>0. 


[OxT. I. P., 1915.] 


31, Show that 


^ tan”^ - 

(l+a:*){(l+a;‘)4-a:2}i" {(1 +2^)4 

[Euler, O.L, iv.] 

Integrate f ^ 

J(l+a?‘){(l + !I?")«-!82}4- 

32. Show that the integrals 

r dx (• nT-^dx 

I ' T and I j- 

J(1 -af")(2a;’"-l)^ J(1 -a;”‘)(2a;”* - 1)^“^ 

arc reduced to the integration of rational fractions by the respective 
substitutions and 2a;"* - 1 = w®’”. 

[Lexell, Acies de Piterahourg, 1781, ii. ; Lacroix, C 7 .i)., ii., p. Q 5 ] 



CHAPTEE IV 


INTEGEATION BY PARTS POWERS OF SINES 
AND COSINES. 


Integration by Parts 

90 Let u and be functions of x, and let accents denote 
differentiations, and suffixes integrations, with respect to cc. 

Thus u" stands for and for [ T cZa?! dx, and so 
on with u'", tt; 3 , etc. J LJ J 

rp, d f . dw . dv> 

Then = 

which we may write as 

{vAJo)' = uuf -h wv!. 


It follows that 


u^t^ = | uw' dx+^ w 
J uw' dx = — j* wu' dx 


wv ' dx 


This may be put into another form 


Let u=<p{x) and tv' (^ie 

ty = J dx=v^. 

Then the above rule may be written 

I ^{x) \/r(£c) da; = 0 (a;) II \}r(x) rZa;|— | (a;) | |>/r(a;) da;| dx, 

Le. j wv da; = uv^ — | u\ dx. 
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or the two functions <j> and may be interchanged, and then 
I <f>(x)\lr(x)dx = ylr{x) I J <l>(x) — dx] 

i.e. ^uvdx= vuj — I v'u^ dx 

Thus, in integrating the product of two functions, if the 
integral be not at once obtainable, it is possible to connect 
the integral 

I (p (x) \lr{x) dx 

with either of two new integrals, viz. those of 


I </>{x) II V^(cc) dc^ dx, I yf/'Xx) 1 1 0 (a;) dx^ dx, 

and supposing that the integral of one of the two factors 
ip{x), ylf{x) is known, one of these new integrals may he more 
easily obtainable than that of the original product. 


91. The rule may be put into words thus : 

Int. of Prod. \/r=l®^ function x Integral of 2*^^^ 

— Integral of [Diff Co. of 1®‘ x Int. of 2'“'*], 


92. Ex. J aBinnxda;. 

Here it is important to connect if possible Ja? sin me dx with another 
in which the factor x has been rermyved. There is a choice as to whether 
we put u—x and v—Bmnx 

or u^smnx and v=x’, 

but it will be observed that in the connected integral j u^v^dx, u has 

been differentiated, v integrated. Hence the removal of x will be effected 
if we take the first alternative. 

/ 1 • COSTta? 

inen u^x, w =1, v^soxtix, v-i— . 

n 

Thus, by the rule, 

XCOBtlX 1 f _ 

— + - / COS nx dx 

n 71 J 

xcosnx , sill nx 
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93. It is to be noted that unity may be regarded as one of 
the factors to aid an integration. 


Thus 


~^log^- ja:^(loga;)da! 
=.rloga7- 
=^loga7- J 1 


llda; 


= ^ log a; - ^ ^ (loga^? - IX 
or as it may be written =ar log* 


94. Repetition of the Operation. 

The operation of integration by parts may be repeated as 
often as may be considered necessary for the evaluation of the 
original integral. 

Thus - j (40^) ^ ^ dir, 

/(4.3.4..)(4.S!^)*-(4.»....)(!^)-/(4.3.>.I)(!i^)i., 

/(4 J.».l)(^)*.<4 3.!.1)(-5^). 

Then adding and subtracting alternately, 

4.<4.»4,(45^)-<..3.34)(!!|fi) 


The student will note that no arithmetical simplification is attempted 
until the whole operation is complete. The total operation is much less 
liable to error if simplification be postponed to the end. 

*We now obviously have 


Js*8inna! da?— P cos na7-h Q sin Tia:, 


P=- 




4 3 . 2.1 


where 
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95. The General Rule. 

It is obviously possible to formulate a general rule for the 
repeated operation. And such a method is most serviceable in 
practice. 

The rule is 

^uvdx= — u'v^-^ v/\ — v/'\ +...+( — 1 )”" 

where is written for with \ accents, Le. the (ti— 1)*^ 
differential coefficient of u. 

For juvdx = tf — I u\ dx, 

I u\ dx = u'-Ug — I 

I ~ ”* I '^3 

I u'"v^ dx = - 1 dx, 

etc. = etc., 

I “ I da:, 

dx=u^'*‘'^hn— I dx. 

Hence, adding and subtracting alternately, 

dct? = ut\ — u\ + vf'v ^ — +...+( — 1 

+( — 

Ex. 1. Thus applying this to the last example (Art. 94), 
+<..3^(h.5^)-(4 


+(4.i...l)(-!5^). 

each tei*m being derived from the preceding by the simple rule of 
“diff. 1“^ factor and Integ. 2“*^” and connecting by alternate signs. When 
one of the factors is a rational integral algebraic polynomial, it is ulti- 
mately destroyed by the successive differentiations. 
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Ex. 2. 


f 


x^er*dx = ^ 

a a? 




96. If one of the subsidiary integrals returns to the original 
form, this fact may be utilized to infer the result of the 
integration 


Ex. 

and 


/• 


e“*8iii bx dv sin bx - ~ f e‘ 

a aj 


e^cosbxdx . 

I e“cos bxdx=: — cos &^7^ — lei ^ sm bx dx. . . 
J a aj 

Hence, if F= j'e^Biiibxdx and Q ^ jef^cosbxdx, 

„ , brd^ , bJl 

Fss — smo.r — — cos 0.37 + —P 
a a\_a a J 

«=frco8 6:.+ -T^8in6.--^e1, 

a aLa a^J 

P^e 


(i) 

(u) 


and 

whence 




^asin bx—bcosbx 
.bambx+acosbx 


and then solve for P and Q, 


a2+62 

Or we might have written equations (i) and (ii) as 
aP+6§=e“* sin Z>.a7,'| 

— bP+aQ=e*** cos bx, j 
We may write P and Q as follows : 

P= (a2 + 62)"ie“ sin (bsc - tan-> ^ y'i 

§=(!1® + 6®)~^«“cos ^6^- fcan~*^^ »J 

forms which are frequently useful and which are derivable at once from 
the formula for the m** differential coefficient, viz. 

djif^ cos ' ^ cos \ aj 

by putting — 1. [Pff Cede., Art. 93 ] 

And this is what we should be led to expect. Eor if to differentiate 

^ to multiply it by and to increase 

the angle by tan”^ the effect of integration, which is the inverse opera- 
tion, must be to divide out by the factor n/o^+P and to diminish the 
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And it is in this form, viz. 

e®* sin 




-1-2)3 cog \ 

that the integration of j iamost easily remembered 


97. In cases of the form 

e®* sin 6a; sin cx sin dx, e®* sin^ x cos^a;, e®* sin^a; cos wa?, etc., 

p and q being positive integers, the trigonometrical factor must 
first be expressed as the sum of a series of sines or cosines of 
multiples of x by trigonometrical means, and then each term 

being of form e®® mx can be integrated. 

* cos ^ 


98. Ex. 1. 
Now 


7= Je*am2jt; cos x dx. 
sin 2ar cos ic = J (sin 3a? + sin :r) ; 

.. /= 


Ex. % 
Now 


jje* (sin 3a?+ sin x) dx 

“ ~ ®*“ (* - i)] ■ 

/= J" sin2 X Oos® x dx, 

sin^ cos® .a; = J sin® 2x cos ^ = J ( 1 ~ cos Ax) cos x 
= ^(2 cos a: - cos 3a? — cos Sa?) ; 

. jd* sin® a? cos® xdx— j cos a? — cos 3a? - cos 5a?) dx 

|j^ I) "5^1 "is (s^- tan-^ I)] 

Ex. 3. Integrate J" s/a® — a?® dx by “ Parts.” 

^ \/a®-a7®da7=a7N/a®~a?®— Ja?^>/a®— a?®da? 


/ r® 
■7== 


sdx 


[Note this step. Some such rearrangement is frequently necessary.] 

=a?Va®-a;®+a®sin”^“ — j \la^ dx^ 
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Ill 


whence, transposing and dividing by 2, 

J 2 2a 

which agrees with the result of Art. 78 obtained by the method of sub- 
stitution of a sin $ for x. 

99. The method of Integration by Parts ” shows immedi- 
ately that whenever a direct function <p(x) can be integrated, 
so also can the corresponding inverse function i-e. if 

I <l>(x) dx can be found, so also can J dx be found. 
For, putting <p-'^{x)=^z, 

x=<p{ 2 ;) and dx= dz. 

I {x)dx=^ z^'(z) dz 


Hence 


which establishes the rule. 


= z<p (z) dz. 


100. Geometrical Consideration. 

This is no more than might have been anticipated from 
geometrical considerations. 

Let PQ be any arc of a curve referred to rectangular axes 
Ox, Oy, and let the coordinates of jP be {Xq, y^) and of Q (Xj^, y^). 
Let the equation of the curve be y = ^{x); or if x, y be ex- 
pressed in terms of a single variable t, let the equations of the 
curve be 

say; 

and let and be the values of t corresponding to the values 
x^, 2/o and x^,y^,oix and y respectively. 

Let PN, QM be the ordinates and PN-^, the abscissae 
of the points P, Q. Then plainly 

area PJV’ifQ = rect. OQ— rect. OP — area PQM^N^, 


But 


area 


PNMQ =:{^ydx=\<l>{x) dx, 

Jxq Jxq 

PQM^Ni = p xdy=: T' dy. 

rect. 0 Q = Xjy^ and rect. OP = Xf^ 0 . 


area 


Also 
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Thus \ydx = {x{y^ - - [ xdy, (1 ) 

J aro •'2/0 

(*•'^1 1 * 2/1 

i.e I <j,(x)dx={x^'yi-Xf^^-\ <l>-^{y)dy. 

Jx(, Jyo 



Hence the dependence of the one integral upon the other is 
obvious, and to establish the possibility of calculating the area 
PNMQ is to establish incidentally the possibility of obtaining 
the area of PQM^h\. 


Further, 

and 

and 


dx= '\du==\^v^dt 

fa/i r/3(ii) r«i 

I xdy^\ udv=\ 
ha Jfiih) 

“i2/i-a:oyo= [««]'• ' 


u ^Tdt 

dt 


So that the equation (1) may be written 


and thus the general rule of integration by parts is established 
geometrically. 

The meaning of the process is therefore this : In cases where 
there is a difficulty in finding the area FNMQ, we may find 
instead the area PQMj^N^ and deduce the former result from 
the latter. 
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Examples. 

Integrate by parts 

1 . 57 ®e"* .t? cosh 57 , 5 .’®Smh 57 . 

2 . 57 cos 57 , 57 ® cos 2 ^, 57 ^ 008 *^ 57 , 57 ^ ^qs 357 Sill 57 , 57 Sill 57 SlU 257 sin 357 . 

3. 6® sin 257, e®sin2 57, e®* sin® 57 cos 57, 6“®* cos 5 ? sin® 5? cos 3.'r. 

4. 57® log 57, 5^ log 57, 5?" (log 57)®, 57“ (log 57)®. 

5. e“® sin px sin qx sin tx^ e®* sin px sin qx cos rx. 

6. e"* sm px sin qx cos® rx^ e®* cos px cos qx cos® {p+q)x, 

7. Evaluate 

J 57Sm5?<i5?, 57®C0S576fo7, 57® COS 25? C?57. 


8. Integrate 

j&irr^xdx, JxQm~'^xdXj jx^QiiT^xdx^ jxi[&ir^xdx. 


101. Reduction Formulae. 

It not infrequently occurs that a function which it is 
desired to integrate is not immediately integrable or reducible 
by substitution to one or other of the standard forms 
whose integrals have been committed to memory. But 
it may happen in such a case that the integral may be 
connected in a linear manner with the integral of another 
function, or with the integrals of other functions, which are 
simpler or easier to integrate than the original function. 

Such a connecting formula is called a Reduction Formula. 
Thus an integration by parts makes one integral depend upon 
a second integral, and is a Reduction Formula. 

Many Formulae of this type will be found and used in 
subsequent chapters. 


102 We have seen how a repetition of the process of 
integration by parts will enable us to calculate the integrals 

sin nx dx, 0^= | a*" cos nx dx. 

We propose to construct “Reduction Formulae” for these 
integrals, giving Sm, Cm in terms of 8 ^- 2 ^ Gmr -2 respectively. 
Integrating by parts, we have at once 


^^cosm; , 


and 


^ ^smnx m ci 
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Thus, 




mf 

wL 


, sinna? m—X 




j. 


and C„= A 

n m L n n ’”'® J 

n 

and C»= 

n Vf 

Thus, when the four integrals for the cases m—0 and w=l 
are found, viz. 


— f oi‘r. cos Tw; ^ f , sin nx 

Oq— I sm7ia:da;= — , 0o= coswa?da;= , 

J n j n 

of- 7 cos M£C sin nx 

/Si= £csinm;da;= 

J nn^ 

r — f nx , eosnx 

i^i = I xcosnxdx—x 5 — , 

J nn^ 

all others can be deduced by successive applications of the 
above formulae. 

This illustrates the use of a reduction formula. But for 
expressions like af^sinnaj, aj’^coswa; it is ordinarily better in 
practice to apply the method of Art. 95 at once and avoid the 
successive substitutions. 


Examples. 

Write down the integrals of 

1. j':c*e*£te, Ja?fisinh^cZa;, Jx^coBhJ^xdx. 

^ j^^sin^xdx^ a^sinajcoaajcZ®. 

Z. Ix^Binxdx, JJx^coB^xdx, jycoBhxdx, 

^ X ®®(®*co8®»+^sixi2a?)<£c, j^a^logxdic, j^xtanT^xdx. 
6. ^ if^BmxcoB^xdx, J^XBmxainSxBinSx dx. 
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103. The Determination of the Integrals 

I sin 6a? dx, | a?” cos 6a? da?, 

may be at once effected 

For remembering 

r^sin, , . 

I e®* hxdx == — (bx--d>\ 

J cos r cos^ 

where r=Ja^+b^ and tan <* = -, we have 

^ a 

a?" e®® sin 6a; da; = y e*® sin (bx — ^) — e®* sin (bx — 2^) 


4- sin (6a;— 3^) — . 


+ (~l)"jls«“sin(6a!-w+l 

or = e®* (P sin bx—Q cos 6aj), 

where 

a;” aj””^ 

Ps— cos^— w-^cos 2^4-w(n— l)-^cos 3^— ... , 

Qsysin^— n-^sin2^+n(w— l)-^sin 30— .... 
Similarly, 

I a;** 6®® cos 6a; (faj = 6®* { P cos 6a; + Q sin 6a; } . 


104. Integration of 

0^ = |e®® cos® bx dx, 8^ == Je®® sin® 6a? dx. 

We may now express cos® 6a; and sin® 6a; in a series of 
cosines or sines of multiples of bx and then integrate each 
term by Art. 96; or we may obtain formulae connecting (?„ 
with with 8^^, thus : 

r 6®® 

0„= I e®® cos® bxdx^ — cos” 6a;+ 1 — . w6 cos®”^6a; sin bxdx 
J a j a 



6a;+ — cos®”^ bx sin bx 
a La 

— I ~ e®®{cos® 6a;— (n — 1) co8®"^6a; 
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goa; 

= — cos^ hx -\ — — cos**"^ bxsin hx 
Cl a La 

~ I ~ e^{n cos” 6a;-- (?^ — 1 ) cos”"^6a;} dx ^ ; 
(^1 4- ~ cos” 6a3 4--^ e*** cos”“^ 6a; sin hx 


Hence 






0?-\‘7W‘ 


Similarly 

,Sf _ sill cos , n{7i-l)b^ „ 

And as |e*®d!B, J ef^smbxdx, |e“coa6a!da:(that is, /S#, Oj, 
Sj and C^) can be written down (Art. 96), the integration of 
I e" cos” bx dx and | eP^ sin” bx dx can be completed, in any case 
where is a positive integer, by successive reduction. 

105. Ex. Integrate j^sin^xdse (i) by the “multiple angle” method, 

(ii) by “ reduction ” 

(i) Let cos 07+ L sin o;=y ; then 2i sin a7=y -i (see Art. 112). 
2«.«8in=^=(y-l)‘=(y6-^)_5(2^-^) + 10(y-l) 

= 2t sin 5 o 7 - lOi sin So? + 20t sin x ; 


sin<^07=i(sin5o7-5sin3o7+10smo7). 


I e* sin® 0? dr 


j (sin 5o ?— 6 sin 3r + 10 sin x) dx 

=i 3)+^«n (^-31 

(ii) Proceeding with the reduction formula, a^l, 6 = 1 , 71 = 6 , 


ain^ r !E£zi^ , .Ail o 
^ P + 52 ^12 + 52 " 3 * 
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Similarly sin^ ^ sin ^-3 cos 3.2 ^ 

f «*sm(^-^) 

A^i= / e*sma7 €i[a?=— — ; 

J s/12+12 
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and 


.-. ^6=^[^sin*^(sin^-6coaa7) 

-Liii/-,V2 *.sm^-3cosa? . 3.2 / ttMI- 

+ 26 i““ * lO +I(Vi“n^-4)}] 

106. Integrals of form /„= I aj^aog «)»<*», n being a positive 

integer and m not equal to — 1. 

Integrating by parts, we have 

35^"^^ Vi C I 

^^^-{iogxy<-^dx 

/I \ H f 

= ^ *)" - ^ J «!»* (log dx, 

^Wl+1 ^ 

i.e, ln= rfloffa;!” —7 /i\ 

jn+l'' ® ^ m+1 (1) 

Writing I for logo:, 


In =: 




m+lLm+l m+1 


w+1 m+ll 

and proceeding in this way, we ultimately get down to 
which is 

fir” log a: da;, ia 

J ® wi+l (to+ 1)2 

Hence 

7 . = £!!!!. r^n — m-i , w(« - 1 )(w - 2) 

w+lL' m+V +(m+l)*^ (^inTlT — 

^(mH-l)"-i‘+(m+l)»J 

107, If the dcJiTbitB integral f dx be required 

(m>- — l), note that 

xl^+^(logxY = 0 when »=! and r>0, 
and that xy = 0. 

[JDiff. Calc., Art, 474, Ex. 3.J 
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Hence 


»a6™ur, Wrcs?^' 

Henc [l.J.(_X)._^, 



which is also directly obvious from result (2). 

When m = — 1, 


( 3 ) 



(log a;)"+^ 

w+1 


108. The reduction formula established by integration by parts was 


/n=g;aog.r-;^/. 


W e may point out that this could be obtained by the rule of “ the 
smaller index+1” of Art. 217 by putting P=a^+^(logd;)** and differen- 
tiating, but in this case there is no advantage in using this method, as 
the same formula is immediately written down by “ parts as above. 


109. We may add, in passing, that f — ciJa? cannot be integrated in 

J logo; 

finite terms except when wi= — 1. In that case, we have 
In other cases put 

and expanding the exponential, we have 
=logy+(m+%+(!^^* 

=log(log»)+(m+l)log»+^?!lli? (loga-y ■ (m+l^ (log 
[2 2 ^ |_3 3 

ajid the integration is expressed as an infinite series. 
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110. Integrals of the form jx^(\oga!ydx, where n is a negative 
integer, may be reduced to the above form by using the reduction formula 
in the reversed form, and writing n forn- 1, 




Thus 


J (logay logJP Jlog^t? 


log^ 


+3 


[^log(loga7)+3log 


, 3®(log.ji?P , 


...} 


But as these expansions are not finite in expression, they are of but 
little practical importance. 


111. Integrals, however, where m is negative and n is 
positive, can be expressed in finite terms by the reduction 
formulae, and present no diflSiculty. 


/s=^(log ^“‘^Oog^l^cKa? 

= “5^"®0og^)®+||^^(log.r)2+| j ^-10 logd?fl2a?] 

_ 1 (logo;)’ 3 (logjr)® 3.2 log^ 3.2.1 

9 P ^ ’ 


«)’ + 1 (log *)’ (log x) + 


Notb on a Tbigonombtbioal Pbocbss. 

112, We return to the Method of Multiple Angles already 
introduced in Arts. 97, 105, 

The process of expressing sin^acos® a; in multiple angles is 
a matter of Trigonometry. But for the convenience of the 
student it is briefly indicated here, as it will be extensively 
required in what follows. 

Kemembering that 

(cos a ; + 1 sin a;)” = cos 7ix-\-i sin tix (Demoivre), 
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let oosx-\-Lfi>inx^y; then cos a?—/ sina;=s~, 

y 

cos-ftK+t sin'n.a!=M" and cos'n.a;— <sin«.!r=-i . 

1 1 
Thus 2 00855=7+-, 2isinx=7--, 

y ^ y 

2cosnx—y^-\-\, 24sinna?=7” — 

y y 

Thus, if we require, say, sin^^r in a aeries of sines or cosines of multiples 
of a, we proceed thus : 

2V3i„«^=(y-iy=^+^_8(/+i^) + 28(3/*+i)-5e(/+^)+70 
= 2 cos 8^7 - 16 cos 6^ + 56 COS 4r - 1 12 cos 2.a7 + 70 
and sin®.i;= ~ (cos - 8 cos 6a?+ 28 cos 4» - 66 cos 2a7+ 35). 


sin* a: thus expressed is then ready either for finding the differential 
coefficient^ or for integration^ or for expansion in powers of x^ as may be 
required. 

If we required sin*a?cos^a7, say, in a series of sines or cosines of 
multiples of a?, then 

2*t® sin* X . 2® cos^ ^ ^ ^ ^ggg next article. ) 

=3^+p-4 (y>+i)+4 (y^ + i) + 4 (y +i,) -10 
=2 cos 8a7— 8 cos6.r+8 cos 4a7+8 cos 2a7— 10, 
and ^ — cos8a;+4co8 6ar-4coa4^— 4coa 2ar+5j- , 

and is ready for integration, etc. 


113. It is convenient for such examples to remember that 
the several sets of binomial coefficients may be quickly 
reproduced in the following scheme : 

1 


1 1 
1 2 1 

13 3 1 

1 4 6 4 1 

1 5 10 10 5 1 

1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 

I 8 28 56 70 56 28 8 1 

etc., 
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each number being formed at once as the sum of the one immediately 
above it and the preceding one. Thus, in forming the seventh row, 

0+1 = 1, 1+5=6, 6+10=16, 10+10=20, etc., 

and in multiplying out such a product as the one in Art. 112, we 
only need the coefficients of (1 — 0®(l+0^ and all the work appearing 
will be 

Coefficients of (1-0® are 1-6+15-20+15-6+1, 

Coefficients of (l-0®(l+0 are 1-6+ 9- 5- 5+9-6+1, 
Coefficients of (l-0®(l+0*'* are 1-4+ 4+ 4-10+4+4-4+1, 

each row of figures being formed according to the same law as before. 

The student will discover the reason of this by performing the actual 
multiplication of 

a+ht+cfi-{-dt^+,., by 1 + ^, 
in which the several coefficients in the result are 

O+flt, a+6, 5+c, c+d, ... . 

Similarly, if the coefficients in (1+0* (1-0* were required, the work 
appearing would be 

1+4+6+4+1 
1+3+2-2-3-1 
1 + 2-1-4-1 + 2+1, 

and the last row gives the coefficients required. 

The coefficients here are formed thus : 

1-0=1, 4-1 = 3, 6-4=2, 4-6=-2, etc. 

Powers and Products of Sines and Cosines. 

114. Sine or Cosine with Positive Odd Integral Index. 

Any odd positive power of a sine or cosine can be 
integrated immediately thus : 

To integrate 

|sin2"+^ajdaj, letcosa;=c; Bmxdx= —dc. 

Hence 

I sin^+^x dx = — I ( I — dc 
= — I j^l— + c* — ... + ( — l)^c^"j dc 
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^ nc» «(w-l)c5 

3 0^5 + -" ^ ^ 


^2n+l 

2w+l 


cos®aj 


cos® 33 




. wo M/ CUES’ a/ . / 

= -co3a:+"ai-3 "^'2— ^+--(-1) 

Similarly, putting sma!=s, and therefore c,oaxdx=ds, we 
have 


I cos*^i a; dsc = I (1 — s^Y ds 


sin® a; . sin® sc . . sin®"+^ 

=sma5-»0i— +»C,-g -+(-1) 


115. Products of form sin^ a? . cos« a?, p or q being an odd 
positive integer. 

In the same way as before, any product of the form 
sin^a; cos® a? admits of immediate integration by the same 
method whenever either p or is a positive odd integer, 
whatever the other may be. 

Thus, to integrate fsin^a; cos®”+^a;da^ Let sina?=s; then 


Qosxdx^ds and |8in^aj co8®"+^ajda;=|s*’ (1 

and expanding as before, 

sin^+^a; ^ sin**+®a; , ~ sin^+®a3 




lin^+ia; sinP+®a; , sin^+®a3 , , sin^^+^^+^aJ 

7+r- 

116. When p+q is a negative even integer, the expression 
sm?a5 cos® a; admits of immediate integration in terms of 
tan X or cot x. 

For, put tan x=t, and therefore sec® a? da? = (ft, and let 


p+g=-2n, 

n being positive and integral 
Thus 


sini’aJcos®a;da3=:J tan^'a;cosP+3+®a;(?«= j fP(l + <®)"-i(ft 


tan^+^-a; 

P+1 


+“-Kli 


taik>’+®a: 

p+3 


+“-n 


tan?+^a! 

p+5 


+ ... + »-iC„_i 


^+2»— 1' 
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Similarly, if we put 

cot a; = c, then — cosec^ xdx=dc, 

and 

sinPajcos<*a;da;= ■-|cots'a;sin^-w+2a5^= — + 

cot^+^a? cot*^+^ X cot^+^a; _n-ir» cot^+^”-"^a ; 

“ ?+l ^ ^+^1 * 5+5 ""^2^+2%— 1' 

This result is the same as the former, arranged in the 
opposite order. 


117. Use of Multiple Angles, sin^a?, cos'' a?, sin^ a? . cos'' a?, 
where 59 and q a.Te positive integerSy either odd or even. 

To sum up then, when in sin^aj, p is odd, or in cos^a;, q is 
odd, or in sin'^ojcos^a? one of the two p, q is odd, the best 
method of procedure is that of Arts. 114, 115. 

But when both p and q are positive even indices, this 
method cannot be adopted, for the series used are not 
terminating series. 

We then express the function to be integrated as the 
sum of a series of sines or cosines of multiples of x, which 
can be done in all cases by the method of Art. 112, or in 
simple cases without having recourse to that method. We 
then have 

sin^ Xy cos'* X or sin'" x cos® x 


expressed in the form 

EAnSin nx or 2 A„cos nXy 
and each term may be integrated at once, giving 


-24, 


cosnx 


or 2 An 


sin waj 


as the integral. 


118. Ex. 1. f 

( A BnuUl eT«n\ J 
Index. / 


Ex. 2. 

( A email odd 
index. 


) 


/ 


or otherwise 


„ , r 1 +COS 2a? , a? , sin 2a7 

J 2 CM7=-H ^ — . 

, - /■3cosa?+co8 3a7 , 3 . ,1 * 

cos® aroSa?— J ^ da?— -sma"+j^sin 3a; 

A . g, , sin® a? 

1 - 5-*) <xs =sni a? ^ — 
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Ex. 3. 

/ A amall evenN 
V ind«x. ) 


J coB*^<fe= j JL 


+ 2cos2^+ 


l+cos4a? 
2 


• dx 


Jd'^i 2^?+ J cos 421?) dx 
=1^+ J sin 2^+^ sin 4a;. 


119. But for higher powers we adopt the method of Art. 112. 


Ex. 4. f sin^jifda;. 

/A large evenN J 
V index. ; 

Let COS .117 + i sin ?/, etc 


= 2 cos 8ar — 16 cos 6;2?+ 56 cos 43? — 1 12 cos 2a?+ 70 ; 


/ sin®:r(ia7=-i 

"sin 8x 

8 sin 6.27 . 28 sin 4x 56 sin 2a; , 

J 2 ^ 

. 8 

6+4 2 +®'^i 


/ (l-4c!>+6o«-4c«+c8)* 

= /.rtc, 6 cos® ;i7 , 4 cos^ ^ cos® a? 

■^3 5 "^“"T 9~- 

Ex. 6. Find f bux^ x coa^ x da;. 

(Both lodieee even.) J 

Then, as in Art. 112, 

2®i*8m*a7. 2*co3“4?=^y— iy ^y+iy 
[and the working of the mnltiplioation is 

Coefaoients in (!-{)» 1-8 +28 - 66 + 70 - 66 + 28 - 8 + 1 

Coefficients in (l-<)«(l + j) 1-7 + 20 - 28+14+14 - 28 + 20 - 7+1 
Coeffieientsin(l-t)8(l+t)a 1-6+13- 8-14+28-14- 8 + 13-6 + 1] 

28i®sin®a7.2®cos2ar 


6 (i^+i) +i3(/+i) _8 (/+^) _ 14 +28 

=2 cos 10a;- 12 oosar+26 cos 6»- 16 cos 4a:- 28 cos 2a;+28 ; 

.*. ^sin*a;coB^a?da; 

^1 rau^_6ra^ 13Binea: 8sin4® 14sin2a: ,, 

2®L 10 8 + 6 4 2 

r ein 10® 3 sin 8a; . 13 sin 6® -i 

2*L 10 4 + — e 2sin4a;-7sin2a:+14a:J 
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Ex 7. Find I sin® a? cos® ^ cZa: 

(One index odd ) J 

j Sin® X cos® xdx= j sin® a? ( 1 - sin® a?) c? (sin x). 


sin® X sin^^ x 


n • 


Ex. 8. f ^Bm^xeoa^xdx 

(An exponential J 
factor ) 


= j «*“*[coaaa: — 4 co 8 6 a!+ 4 cos 4 a:+ 4 coB 2 a:- 5 ]rf.i; 

(Art. 112) 


_ e®'rcos(&B-tan“^ 4 ) „ coa( 6 i!— tan"’ 3 ) 

“ 2^1 JM ^ JTo 


^ „ cos( 4 a!-tan ‘ 2 ) ^ „ 
fjb 


5-1 

^^2 sJ' 


Ex. 9. Consider /=/ <*8m)i^cos’«sin‘:r(£K. 

( An exponential factor aiid\ J 
a trigonometrical factor \ 
sin rue. in which n la not ) 
necessarily integral / 

As before, 2® cos® x 2®t® sin^a? = ^ j ” y ) * 

Coefficients of (1 + ^)® 1 + 3 + 3 + 1 , 

Coefficients of (l + if)®(l -^) 1 +2 + 0-2-1, 

Coefficients of (I + ^)®(1 — 1 + 1 -2-2 + 1 + 1 ; 

cos® X sin® a; = - ~ (cos 5a? + cos Sa? - 2 cos a?) ; 

. sin nx cos® x sin® a?= “ ^ [2 siii cos 5a7+ 2 sm nx cos 3a? - 4 sin nx cos x] 
= - i [sin (ti + 6)a; + sin (n - 5)a7 + sin {n + 3)a? + sin {n - 3)a7 


-2sin(w+l)a?“2sin(7i- l)a?] ; 


whence Jef^ Bin nx cos® x sin® x dx 

^ ^ rsin{(?i+5)a?— tan~^(7i+5)} ^ sin{(7t-"5)a7— tan~'^(yi— 5)> 

"" 2® L \/(7i+5)®+l Ay(w-5)® + l 

^ sm{(9t+3)a7-tan'~M^+3)} , sin {(ti - 3)a7 - tan~® (?i - 3)} 
^ \/(71+3)® + 1 n/(w“3)® + 1 

_ ^ sin{(7i+l)a7-tan''~^(?i+l)} _ ^ sin{(?i- l)a?- tan~^(n-" l)} ~j 

\/(w+ 1)®+1 n/(w- 1)®+1 j 
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120. Integral Powers of a Secant or Cosecant. 

Even positive powers of a secant or cosecant are even 
negative powers of a cosine or a sine, and come under the 
head discussed in Art. 116. 


Thus, j tanj?, 

j sec* a? ctr— J* (1 + tan*^?) d tan x 


=tan^+ 


3 ’ 


j 8ec®a? flJa7= j ^ tan^^+tan*^) d tan ^ 
and generally 

j sec2"+2a?o^= j(l+t^ydt, where ^=tana?, 


Similarly, 


-tan r +-<^ <»n»:r tafiS-+i* 

-tana+ Oi— + C7j-^ + ... 


jcoae<^xdx= —cotar, 

Joosec*a;efo= - J(l+ cot*®) rf cotar 


as —COt^ — 

etc., 


cot^^ 


and generally 

fco8ec*-+s®dar=-oot®-"C',5?^--C.— - --(? 52^^ 


121. Exactly in the same way 

J sec^'a? cosec® x dx 

can be integrated when^-fg^ is a positive even integer, either 
in terms of tan x or of cot x. 

This has been done already in Art. 116, for it may be 
written 

|cos-^a;sin-®a;da;, 

where -jp — ^ is a negative even integer. 
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122. Odd Powers. 

But for odd positive powers of a secant or a cosecant, we 
have to adopt another method, because the Binomial Series used 
would be non-terminating. 

We now proceed as follows : 

By differentiation, 

d 

(?i-l-l)sec”‘^^ — 'n.sec^aj = ^ (tan® sec**®) 


and (^ + 1 ) cosec"+2® - n cosec**® = “ ^ ^ cosec”®) ; 


whence 


(n+l)|sec”+ 2 /c = tan® sec”® +w|sec”®d® 

and (w+l)|cosec”+^ d®= —cot® cosec”® +w|cosec”®cZ®. 


Hence, changing n to n— 2, 

( ^ n tan®sec”"®® , n— 2f „ , , 

lsec”®a® = = 4 r|sec”"2®a®, 

J 71 — 1 n— IJ 


71 — 1 


Now Jsec ® <i® = log 

I cosec xdx = log tan - . 


Hence 


8ec?afch=: 


tan J7 sec 417 , 1 


sec®4i7 cLc = 


4 


+4 


log tan -I- 1) (see Art. VS), 
||logtan(f+|), 


tan4Faec^4P . 3 tan4t7sec4i7 . 3 1 


etc.. 


and generally 

f ^ , tan®sec”"®® , «— 2 tan® sec" 

J n-l -T=W 


(A) 


f ^ ^ cot® cosec”'*® . ri.— 2 f * * 7 

1 cosec”® a® = = = | cosec”-*® a®. 

J 71—1 71 — IJ 


(w— 2)(n— 4) tan®sec”''^® , 

(n— l)(n— 3) n— 6 

, (n— 2)(7J— 4) ... 3.1, . /7r,®\ 

+(^i=iMi=3h.-4:5^°s ( 4 + 2 ) 

(n odd). 
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The same formula would equally apply if n be even, except 
that it would terminate differently, viz. the last term would be 

(i ^ T Xn-3)...S.3 ^^ (weren). 

In the same way 
fcosec®a7d[r= -- 


h 

j C03ec®j7dj7s= — 

and generally, 

f cosec”® Ac = 


1 +2logtan^, 


cotipcosec^jp 3 cot ^ cosec .31, , a: 

4 4 2 +4 2l°S*““3> 

cot X cosee”-^® n -—2 cot ® cosec ”~^® 
1 n~l n—3 
_ (n— 2) (n~4 ) cot ® cosec”~^® _ 

3) w— 5 

® 

2 


or 


+(im )(n-3)...4.2 ^°g^^^ 
(m— 2)(n— 4)...4.2 , 

(n-l)(M-3)...5.3 


(n odd) 
(n even.) 


But as explained above, if n be even we should not in 
general employ this method, but that of Art. 120. 

123. Since positive or negative powers of secants and co- 
secants are negative or positive powers respectively of cosines 
and sines, it will appear that so long as p is an integer, whether 
positive or negative, 

Jsin?’®<fa^ Jcos*’®(i®, Jse(^®d®, Jcosec^®A® 


can be integrated. Also it appears that Jsin^®cos®® A® can 

always be integrated directly if p and q are positive integers; 
also that, even if one of the two ^ or be negative or 
fractional, the integration can still be directly effected if the 
other be a positive odd integer. And further, this integration 
can be directly effected if p+g be a negative even integer, 
even though both p and g may be fractional. 

For other cases of Jsin^® cos^"® dx, where p, q are negative 

integers, a reduction formula is in general required (see 
Art. 228^ 
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124. If the student has any difficulty in reproducing the 
formulae of connection marked (A), they may be obtained at 
once by integration by parts thus : 

I sec”"*"® 05 do; = I sec”a;- "^^ — dx 


dx 


— sec" 05 tan 05 — see"fl5 tan^a; dx 
= sec" X tan x — (sec"‘*"2a5 — sec"fl5) dx, 

i,e. (?^+l)|sec"■‘■2a5 da5= sec"aj tana;+w Jsec"a5 dx. 

And similarly for j'cosec”'*'^a5 dXy 

(n + l)|cosec"'*'^fl5rfa; = —cosec"® cot ® + wjcosec"® dx. 

125. Integral Powers of tangents or cotangents. 

Any integral powers of tangents or cotangents may be 
readily integrated. 

For I tan"® dx = |tan"-2® (sec^® — 1) d® 

= |tan"‘ ^a; d tan ® — Jtan"" ^a; d® 

= ^55— -? — [ tan”“ 2 x dx. 
w— 1 J 

And since | tan xdx = log sec x 

an I tan2®d® = |(sec2®— 1) d® = tan®— ®, 


we may integrate successively tan®®, tan^, tan®®, etc. 
Thus we have 

tan^^p 


j tan3.r dv— - log sec x, 

C tiau^ tV 

J tSLn*a dx = — g tan . 2 ? + a?, 

L taii^.r tan*^ . , 

I tan®^ d.x— ^ + log sec x, 

Jtan®.r o2.r= 


tan®.r tan® v 


+ tan X — X, 


etc, 
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and genetallj 

« j tan*-ia7 tan'-Sa; , tan”"** ,,a^I tan^a; 

I tan"j:c2ar= s-H £ •••+(“1) — ST” 

J 71-1 71-3 71 — 5 2 

n-l 

+(-l) ® log sec a? (ti odd) 

or ~ - 3 - + «». + (-"l) tanar + (-l)»^ 

(7^ even). 

126. Similarly for cotangents, 

I cot" 2 C da; = I cot"”^ a;(cosec®a;— 1 ) da; 

= f cot"”*a;da;, 

whilst I cota; da; = log sin a;, 

I cot^a; da; = I (cosec^a; — 1) da; = — cot x—x. 

Thus we have successively 

j cot^a da?== - — ^ ^ - log sin :i?, 

/cot‘x<fa=-2^+^+:r, 
j<xAfixdx= — + logaina;, 

and generally 

fcofj^dr , <=ot’~^^ cot-«a; 

J 71-1 ^ n-3 71-6 

*±1 cot ® ^ £±1 

“(~1) * — I (“1) ’* log sin ic (nodd) 

or cot-ix . cot-»a- cot-** Jcot*., ,.5 

«-i +T=F"irr5-+-+(-^^— +(-^) 

(?i, even). 

Hence any odd or even positive or negative power of a 
tangent or cotangent can be integrated readily. 

EXAMPLES. 

1. Integrate sin*a, ain»!i^ sin**, 8in»a^ sin**, sin**, sin*”*, sin"+‘*, 
doing those with odd indices in two ways. 

*in**cos«^ ain**cos**. sin** cos**. 



INTEGRATION BY PARTS. 


131 


3. Integrate cos^rrcosec^o;, sec^a: cosec^ a*, 4 - ■ 

^ cosV sm^a; cos‘*£c 

4. Evaluate f sin^cc^^a;, f cos^xdx^ [ (ios^xdx. 

Jo Jo Jo 

5. Integrate sin aaj cos^Jic, sin 3a; cos®a;, sin Tia; cos^a;. 

6. Show that 

r 111 

1 sin X sin 2a; sin Zxdx— - g cos 2 a; - cos 4a; + ^ cos 6a;. 

7. Show that 

cos (w + w)a; cos (m - ii)x 


(i) I si 


sin 7wa;cos7ia;t2a;- - 


2(m + 7i) 2(m-7i) 

>... r . . , sin (w-n)a; sin (m + n)a; 

^ J 2{m-n) 2(m + 7i) 

..... f , sin(m-7i)a; sin(?7i + 7i)a; 

(lu) = 

Deduce from (ii) and (lii) the values of 

I sin%ia; da; and | oos^mx da;, 

and verify the results by independent integration. 

8. Prove that | sin 7?ia; sin Tia; da; and | cos mx cos nxdx are both 
zero so long as m and n are integral and unequal. But if m and n 

TT 

are equal integers their values are each equal to -g. 


GENERAL EXAMPLES. 

1. Prove that ) « + J 

2. Perform the following integrations : 

(i) |cos"ia;da; 

(hi) I a;® tan“^ da;, 

(v) f a; sec a; tan a; da;. 

(vh) 


cos"^- da;. 

X 

xsec^xdx. 


tan”"^ Jl - a;2 dar. 

[St. John’s, 1886. J 


(«)j 

(iv) J 

(vi) I (aa; + J) log (ac + d) da;. 

Ira 


tan-^a; da;. 

[Ox. II. P., 1889.] 
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(k) (X) 


dx. 


(xi) I cos (xii) J a?" log x dx. 


3. Integrate 

(i) 


fa:sin~i!C , ,. . fa*sin“i 

(ii) 3-rfa. (ill) 


(1 -a?)^ 


dx. 


4. Integrate 

•«wt»n“lx 


(.)J= 


+ X^ 




(ii) 


,»ntan“^* 


..... fe"*- 

Jot 


a?) 


I 2 ax. 

J(l+a;2)^ 
f. ^ fe”***®-^* ^ , V r g«**““^* 

i/i’ . (ws a positive integer) 

6. Integrate (i) j'®6‘'cosaa;iia. 

(ii) |a!2e«*sini!t<&:. [o 1888.] 

(iii) |!ce*sin*a(&i. 

6. Integrate 

(i) je“ (sin bx + eos bx)(h. (v) J** 3* sin 4a! dx. 

(u) |e“ (sinh bx + cosh bx) dx. (vi) Jcos (b log (fo. 

(ill) |e“ sinh Ja: cosh os dx. (vii) jcosh (b log dx. 

(iv) |e“ cosh oa: sin bx dx. (viii) T 0 gin 0 cosh (cos 6) dd. 

^ [o 1891.] 


7. Integrate 
a»* 


(1) ji 

(i’') p 

(^) p 


/•V f cosh X + sin h x sin x 

^ ^ J 1 + c 


L + cosa; 

T^dx. 


dx. 


") ( to - 


a;)' 


[Mbch. So. Trip.] 
rdx. 

[Ox. I. P., 1890.] 
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8. Integrate 


(i) j(loga!)*rfa!. 

[Ox. I. P., 1888.] 


[Ox. I. P., 1889 ] 

(iii) 1 ar* tan“^ a: 

[Ox. n. P., 1887.] 

(i v) j* log (x + ^/a^ + x^) dx. 

[Math Trip., 1882] 

(v) 1 a: log (a; + Va* + a^) dx. 

[St. John’s, 1884.] 

(vi) 1 (a + «) + x^dx. 

[St. John’s, 1888 ] 

(vii) ^{a? + x^)sla + xdx. 

[St. John’s, 1888.] 

(viii) 1 sin (hx + c) dx. 

[Coll., 1892 ] 

(ix) ^x^)^dx 

[Ox. I. P., 1890.] 

9. Integrate 


(i) 1 a; sin &a; sin cajrfa;. 


(ii) 1 a; 6“* sin hx sin^ca; dx. 


10. Show that if w be a rational integral function of a;, 

J rta; dx^ 

dH \ 

d3?'^- ]’ 

where the series within the brackets is necessarily finite. 


[Trin Coll., 1881 ] 

11. If w = J e"* cos hx dx^ ^ = J prove that 

V h 

tan”^ - + taii”^- = hx, 
u a ’ 


and that (a^ + h^) {u^ + = e^. 


12. Evaluate f ai^log (1 - x^) dx, and deduce that 


1 , 1,1 8 2 
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13. Integrate |seo^^ cosec^^c^^, |sec^^sin^<i^. 
j of 

f r d^ufdv dw\ dH /dw _ du _ , 

j L^^VdZa: ldx)^da^\dx dx) d3?\dx ^/J 


14. Find the value of 


15. Evaluate 


[7. 1890.] 


[ 7 , 1890.] 


16. Establish the following formulae for integration by parts, 
u and V being functions of x, and accents denoting differentiations 
and sufl&xes integrations with respect to a, and denoting u with 
n accents : 


(i) j MV daj = - u\ + - u'\ +... + (- 

(ii) 1 1 (w>) (dxy = uoj - 2«'», + 3tt'\ - iv!'\ +...+(- 

+ ( - l)*ji j + l )”!<?» I ^■ 

[a, 1888.] 

17. If M be a function of Xy and differentiations and integrations 
are respectively denoted by accents and suffixes, and (n) means 
n accents, show that 

[St. John’s, 1889.] 


18. If M, V, w be functions of x, and accents and suffixes denote 
differentiations and integrations respectively, show that 

2tm) = (vw)\ - {vwyu^ + (vw)"\ 1 | 

+ (Mm)"v2 + (tVM)'"v3*- ... +( - 1)”-^| {wuf^^dv^ 

+ - (w)"M5 + - . . . + ( - 1 )»-' I . 

[St. John’s, 1889.] 
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19. Prove that 


i: 


+ .etc. 


21, Prove that 


[Math. Tbip., 1878.] 

3cimal places. 

[J. M. ScH. Ox., 1904.] 


20, Find the value of | ixfdx correct to five decimal places, 
lat 

1: 


22a4 


e-“^da; = a; + JaV + ^a^+ . 

3 . 0 




3.6....(2«-l) 


■f 


x^^e-^dx. 


[Ox I Pub., 1899.] 


22. Find the sum of the series, supposed convergent, 


iK® 


xf 


x^ 


1.3.5 3. 5. 7^5. 7. 9 


- etc. to 00 , 


[Coll., 1881.] 


23. K y and z be functions of a;, and u^ yz' -zy\ prove the 
following : 


(i) -iif)dx= -jri(l+y'*«ri), 


(ii) the integration of zy^'^'ir^{ys^' - zf/') can be reduced to that 
of y-K [St. John’s, 1886.] 

24. Show how the method of integration by parts may be applied 
to find 


{/(.) 




dx, 


where /(a;) is a rational algebraical expression of the degree. 
Prove that f{x) ^ ^ dx =0. 

[Coll., 1876.] 

25, Prove that j* (cos xj^dx may be expressed by the series, 

,. 7 . sin®a; sin®a; 3 .,sin^a; 
sma;-iV^i--^ + iV;--^-jVg--^ + . . , etc , 

ti— 2 

iVj, iVg, ... being the coefficients of the expansion (1 + a)"^, and 
n having any real value positive or negative [Smith’s Pbizb, 1876.] 

26. Prove that 

ja:“e* sina:ia! = e*^( - 2 ~'^ sin ja - 
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27. Express the infinite series 

1 1.3 1 1.3.5 1 

2'^2.4:* 2^2.4.6’ 3'^‘“ 

as a definite integral, and find its value. 

28. Show that 


[Ox. II. P., 1902.] 


«« f « j A sin 2a; m (m - 1 ) sin 4a; 

2”‘j cos77ia;cos”*a;fla; = .4+a;+m — ^ — H ^ j — + ... 


[Coll, a, 1886.] 


sin 2771a;. 

^ 2771 

where tti is an integer and A is independent of a:. 

29. Evaluate the integral 

. 27r. ... 

j sm -y- • ^2 "*■ 

and draw curves showing how its value depends on that of A.. 

[Mech. So. Trip., 1899.] 

30. Prove that if and x=^<j>(y) are equivalent relations, 

then, between any corresponding limits. 


|n//'(x) dx = dy. 


Hence, or otherwise, prove that if tan /? = \/l - c tan a, 

{ “ dx _ dx 

0 Vl -csin^a; Jo Vl ~ ccos^a;’ II- 1886.] 

31. Prove that the remainder E in the series 

^-tan ^tan®^+ ... + “-^tan®”+^^ + i2 

may be written as a definite integral, 

^ ^ Jo [Coll., 1881.] 

32. Show that the integrals | /(«) dz, J dz are connected 


thus 


I 


f(^)dz=xf(x) -f/(*)+ J/"(a:) - 


+ ( - /i"-ii(s) + ( _ i)»|' 2 »/»)(a) dz, 

and that if one can be integrated the other can also be integrated. 


[Bbrnoulli- J 
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33. Integrate 

I {(2^H-l)cos(27i + -^)0 + (2n-2) cos(2?i-f) d}(cos d$, 
and prove that when is a positive integer, 

j cos (2n + J) ^ (cos dO = 0. 

[OxFOBD II Pub., 1913.] 

34. Find the sum of the areas included between the axis of x and 
the arc of the curve = cc sin (iu/a) from the ordinate a = 0 to the 
ordinate a;=7i7rtt, n being any positive integer, odd or even. 

[Oo. I. P., 1911.] 


36. Evaluate 


36. 


Jo J2ax-x^ 


dx when % is any positive integer. 


[OxF. L P., 1916.] 


Show that j a;log(l+-|a:)da;=f (1-2 log-1), and prove that 
this IS less than j dx. 


[Math. Trip., Part I., 1913.] 


37. If = j tan^ic dx, show that (7i-l){T„ + * tan”“V. 

Griven that tt = 3’141592..., loge2 = 0*693 147..., show that 

|^tan*a! dx = 0-09 657 j^tan^ & = 0-11873 .. . 

[Math. Trip. I., 1915.] 

J -L. sin“^a; , ^ 1 i 

'"^(1 2 

[Math Trip. I., 1917.] 

39. Find the area A between the curve 

y = a(sina;-h J-sin 3a; + -|- sin 5x) 

and the axis of x between the limits 0 and ir ; and the volume F 
obtained by rotating this area about the axis of x. 

Prove that iV^irHA. [Math. Trip. I, 1913.] 


40. Show that 

[Math. Trip., Pt. I., 1916.] 
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RATIONAL ALGEBRAIC ERACTIONAL FORMS. 

127. Integration of 

(x<a) end (x>a). 

Either of these forms should be thrown into Partial 
Fractions, which can be done by inspection. 

= 4P°S(«+®)-log(a-®)] = ^log^ 

or =1 tanh“i - (aj< a). 

a a ' ' 

—)dx 

2aJ\a;— a a+a/ 

=— ^coth”^- or — ^tanh-i- (aj>a). 
a a a 

The Partial Fractions are so simple that the results are not 
usually committed to memory. 

128. These inverse hyperbolic forms should be compared 
with 


" dx 1 j. a; 1 , ( 

■Ti-; — 9=— tan”^ - — - 
\a^+a^ a a a a 

138 


1 + 

= -sec-i 


a 
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The three results are 
dx 


f aa; _ 
Jo2+ai®~ 

( dx _ 

1 




or 


1 , .X 1 , - aj 

- tan-^ - or cot“^ - . 

a Ob a a 

“tanh-i- (x<C.a), 
a a ^ ^ 

— -coth-^- (a;>a), 
a a ^ ' 

— itanh.-^ 
a X 


129. Eztensiou of above rule. 

In the same way, a and /3 being real, 


dx 


= =: itan-^^i^, 


or 


(x+a<^ 

I dx 1 ,, lOS+a 

(5+3^=-?““‘ T 

— itanh-^— i.e. ^ 

fi a+a ^a; + a4-p 

(a;+a>j8). 


130. Integration of 






dx 


Since ac(?~{-hx-\-c can always be written as 


or as 




taking the first or the second according as 62<4ac or h^';:>4ac 
the rules of the former article apply. 
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Thus 

131. Case I. 


6^<4ac. 




dx 


ax^'\-bx-\‘C a 


dx 

b 4ac— 


2a/ 


(x+^ + 


4a^ 


2a£c+& 


or 


or 


2 , 2aaj+6 

= — — ! 

\/4ac — 6^ V4ac — 6* 


2 - \/ 4ci» \/ dx ^ + hx -f* c , 

-7-- ^^ ,., sec~^- , etc. 

V 4ac — 6^ >/ 4ac — 


132. Case II. 


6^>4ac. 


7-_ f 1 

— 1 T o . 7 : — 


~]a(x?+bx+c a I / 6 Y 4ac 


2a 


da; 

p 


4a^ 


_ 1 ^^^2ax+b—\/b'^~- 4sac 

\/b ^ — ^4ac ^2a£C+6+^^2 — 


or 


or 


2 


-^=_coth-i 
VO- — 4ac v6^ — 4 c6c 

s/6®— 4ac s/6®— 4ac 


which is a real form if 2aa;-|-6> 4ac, 


or 


Js- 


1 r dx 

a 6^-“4ac / 6 

•/ 4a® ~r+2^) 

= - - TT,^ , log :^-4 ac+(2aa!+6) 
V6®-4ac ^ .J¥^ac-(2ax+by 


/i,» -Tfg 

V6-— 4ac 

whicli is areal form if 2aa!+6< s/6®— 4ac. 
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133. Of these several forms the real one is to be chosen in 
each numerical case. The general forms are equivalent, except 
that they differ by a constant which may be unreal. 


134. Another Method. 

As the factors in the second case are real, say 
a{x—x^{x—x^, 

the usual proceeding is to write the work as follows without 
the formal completing of the square in the denominator : 


f dx _ 1 j* 

J ax^’\’hx-^c~' a] (x—x^{x—x^ 


_ 1 ^ dx 1 ^ dx 

a{x^—X2) J x—x^'^a{x2—x^)J x—x^ 


1 


~a{x^—x^) 

1 


-xl'^a{x^' 
log (a:— + 


a{x^-x^) 


log (x-^x^) 


'a((c^—X2) ^x—x^ 


log 


x—x^ 


135. Other forms of the above results. 

Other forms of these results may be exhibited. For instance, 
takinrg R = ax^ + 6aj + c, and 4ac — 6^ = 4a = — 4a ; 
then 


2 tan“^ 


^Cbx^h 



2ax+ h \ 


and 



2aa;+6 


2 tanh-i = sinh-^ (-k ^ , 

s/b^ — 4>ac \ ax^’^bx-\-c. 

whence I — sin“^ ^ ■^) 




or , 1 ^— , sinh-i ^ log Rj 


2aK' 


the real form to be chosen. 


136. Integrals of expressions of the form 

A. PJ£±B 

R 

can be obtained at once by throwing joccH- j into the form 
'px-{‘q^\K-\-fx, ie sX(2aa:+5)4-M, 
where /x are constants to be found , 
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= Xlogfi+M|^. 

and the second member of the right side has been discussed. 

137. This transformation is one very frequently required. 

It may be performed either by inspection, or by comparing 
coefficients. 


(i) By inspection, 


(ii) By comparing coefficients, 


2aX=p, I 

6X+/t= g', / 


giving X=|^ and M = 


Thus 


ya!+g p f ^x+h 

a7?+bx-\-<i 2ajaa!2+6a:+c 



dx 

«a5^+6a5+c 


= |log(aa;^+6a,+c) + (g-g){^^^^. 

It is essential that the numerator of the first partial fraction 
shall be the differential coefficient of the denominator, and 
that the o^s of the numerator of the given fraction are thereby 
exhausted, 

m Ex.l. r51-?(2^+12) 

ja7*+12a7+38 dx 

^ (^+6)^+2 

C dx 1 [ 2 j 7+12 j 

j2+(x+6)^ ^Jx^ + Ux+Ss"^ 

^ /w+2^ 

= y iog (7 - ^) + ~ log (5 4* A’). 
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This difference is to he noted in such examples as the two preceding ; 
in the first the form of the result is real for all real values of x 
in the second the form given is only real if .v lies between -6 Md +7. 
For values of :» > 7 we should write it 

Y log (.r - 7) + ^ log (.r +6), 
and for values of ^ - 5, 

Ylog(7-.r)+^log(-5-ir). 

These three forms differ by unreal constants. 


'h 

>■/: 


xdx 


xdx 
x^+2x+V 
x+l 


■®+4.r+5 


3. U. 

Jx‘ 

J S + ^x-'X^' 


dx 


II 


( x-l)^dx 
+ 2jr+2‘ 


■2a:* + 3^ +4 
a7*+6.r+10 


cfr. 


Examples. 

dv 


dx 


9. 

10, 


'/i 


(CM7 + 6)*-(C.3? + fl?)*’ 
xdx 

(ax^+bf+(cx^+df‘ 
xdx 

(or* + Z>)* + (ca;^ ^)2 * 

dx 


•■I 

r dx 

12 ( 

je**+2di*+3 


Note on Partial Fractions. 


139. In the author’s Differential Calculus (p. 72) a Note 
was inserted on the methods to be pursued in the case of 
finding the Differential Coefficient of an algebraical fraction 
when it was necessary to resolve the fraction into its simple 
or partial fractions It is now necessary to repeat this Note, 
with some additions and alterations, as success in the integra- 
tion of complicated rational algebraic fractions will depend 
upon the ability of the student to obtain the equivalent partial 
fractions with facility. Moreover, many subsequent articles 
will depend upon the general theory. 


140. Let *^77-4 be the fraction in its lowest terms which is 

to be resolved into its simple component or partial fractions, 
f{x) and <f>(x) being supposed rational integral algebraic 
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functions of the coeflScients being real and, unless the 
contrary be stated, rational. 

Then if the degree of /(a;) be not already less than the degree 
of ^(x), we can, by ordinary division, express in the form 

aoa;«+aia;»-i+ + 

where aoX"+aiX"“i+...+<x,, is the quotient, and is the 
remainder, of lower degree than ^(x). 

Hence the integration of 


is 


W + 1 


J^(x) 

and we only have to attend to 


+ a,^+. +a„a:+j|^jda:. 


Hence we may confine our attention to the case when /(x) 
is of lower degree than ^(x). 

Also we may, without loss of generality, consider the co- 
eflBcient of the highest power of x in ^(x) to be unity. 

141. It is proved in Theory of Equations that if 0(x) = O 
be a rational algebraical equation of degree n, 

(1) there are n roots, real or imaginary, 

(2) that imaginary roots occur in pairs, a±.L^, ydsziS, 

etc. 


Any of these roots may be repeated. 

Then the general form of (p is of the nature 

0 = (x-a)(x-&)^>{(x-a)2+i82}{(x-y)2+^2}ff 
where we have taken the case of 

(1) a real linear factor occurring once only ; 

(2) a real linear factor occurring p times ; 

(3) a of unreal factors^ each occurring once ; 

(4) a pair of unreal factors, each occurr%ng q times. 
Any other factors which there may be in 0 must be of one 

or other of these categories 
We consider these four cases separately. 

And as we are going to suppose that is a fraction in 

its lowest terms, none of the factors described above will be 
factors of f{x) also. 
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142. I. To obtain tbe partial fraction corresponding to tbe 
factor a occurring once only. 

Let ^(x) = (x-~a)\fr(x) for short Then \lr(x) does not con- 
tain £C— a as a factor, and ^/^(a) does not vanish. 

/(<»). _ . x(®> 


Let 


r, an assumption justifiable if 


{x—a)yp'(x) x—a ^{x)' 
we succeed in finding supposed independent of x. 

Then .4 -f- a) is an identity and true for 

all values of x. 

Hence putting a; = a, = 


Therefore 


f{x) _ f(a) 


x(^) 


{x—a)\j/{x)^ {X’—a)\}r{a) yjr(x) 
Hence our rule to find A is, 

Write a for x in every portion of the fraction 
except in the factor {x—a) itself*' 


f(^) 


{x — a)\[r(x) 


And this process may be applied to every partial fraction 
corresponding to a factor of <f>(x), which only occurs once. 
Moreover, since 

(ji{x) = {x—a)\lr{xl <p'(x) = (a — a) \lr'(x) 4- \lr (x\ 
and ylr'{a) is finite, <!> {a)^yjr{a). 

Hence we may also write A in the form * 


143. Ex. 1. 


(.r- l)(^-2)(.‘r-3) 


"(a?- 1)(1 -2X1 -3)^(2- l)(a7- 2)(2-3) 

. 3 - 

^(3-l)(3-2)(^-3) 


1 2 3 

2(;t?-l) 

Thus, here, three partial fractions must occur. No others can occur. 

For if there were a fourth fraction say* l^he denominator of their 

sum must be (:i7 - 1) (^ - 2) (^ - 3) (x - 8), which is not so. 

Hence we have obtained the whole expression. 
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Ex 2 — r>- Here the numerator not being of lower degree 

(x-a)(x-o) 

than the denominator, we must divide by the denominator. The result 
Will then be expressible as 

where A and B are to be found. 

Since -^s{x-a)[x+a+b]+A+-:A{x-a), putting x=a we get 

jd — 0 sc o 

A similarly 

We may here stop to remark that A and B can be written down by the 
rule “Put x^a everywhere except in 4 ?— a itself” just as well i'nv the 

anginal expression ^ 

This remark is general^ and will usually save much trouble. 

^ a® 1 1 

Ei. 3. Let the roots of 1 be a, /3, y, ... and F(x) a rational integral 
algebraic expression of degree lower than n ; then, by the second rule 
of Art. 142, 

m m A_.Fm i +... 

sc - a x-fi 

l(aF{a) mH) , yi 25^ 

n\x—a ^ x— p J n x — a 

where the summation is for all the roots. 

This may be also further expressed as 


If F(x) be written as Axi^-{‘Bsif^^ + .,.+K{m<n), then, since the 
sum of the powers of the 71 ^ roots of unity is zero when 0 
we have 

'2F{a)^nK=nF(0 ) ; 

S— J’(o )-5 F(0). 

sf^-1 n x-a 2n x-a ^ ^ 2 

By taking F(x)=^x and putting j?=e 2 ta deduce that 

ain(%-2)a; 1 r=(n-i) . 2nr tvtX 

sin 'hx n t^i n \ n J 

TMath. Tbip.. Pabt II., 1919*3 


144. 11. Next suppose the factor (aj— a) in the denominator to 
he repeated r times and no more, so that we may write 
^{x)={x~-ayylr(x) where ^(a) does not vanish. 

Put X'-a^y, 



RATIONAL ALGEBRAIC ERACTIONAL FORMS 


147 


Then {^(a+yY ^^panding each function by 

any means in ascending powers of y, 

__ 1 

y^ 5o+A2/+^22/H... ■ 

Divide out thus : 

•®o+-^i 2/ + -®22/^+ •••)-do+-diy+^22/^+ •••( 

etc., 

and let the division be continued until y^ is a factor of the 
remainder. 

Let the remainder be y^xiv)- 
Hence 

M=^+-^+A 4 . x(y) 

4 >{x) y ^i^ia+y) 

C'o I I I , y(a!-a) 

{x—aY (x—aY~^~ (?>—o>Y~^ "‘^x—a^ V'C®) 
Hence the partial fractions corresponding to (»— a)’’ are 
determined by a " long division ” sum. 

146. Ex. (i). Take P"* ^-1 =y. 

1 (l+l/)* 

Then the fraction = • •~ o ~ x: 'r • 

2+y)l+2y+y»( J+fc,+jy-5 gf- 

i+jy ^ 

ly+y* 

S.y+3y* 

ly* 

ly*+iy * 

13 1 1 

Therefore the fraction=^+;^+^-g^^ 

1 , L_+^^ i 

“2(a!-l)’ 4(a;-l)» 8(a?-l) 8 (ji;+1) 

146. Remarks. 

(1) In practice it is desirable to perform the division by the “detached 
coefficients’’ method} and the above work appears as 
2 + l)l4-2+l(J+J+J 

l±i 

S+1 

i±l 

i 

i±i 

-4 
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(2) In cases where there is hut one other linear or quadratic factor in the 
denominator and that not a repeated one, this process willj^wA th^ 
whole operation 

The fraction = \ o ^ • 

/2+2j'+2/* 

2+2+1) 3+4+1 (l+if-H-i-i 
3+3+f 

1-i 
1+1 + ^ 

-i-i 

1+i 

1+1+^ 


-i-i 


t+i 

Hence the fraction ^ ~ ^ o jo 

2/ 2^ 2y- 8y 2+2^+y’* 


3 


and is then ready for integration. 


1 , 1 ^ -3 


Ex. (iii). 


In such a case we find the three partial 


(^-1)3(0?- 2)** 

fractions corresponding to a? — 1, and then, either /rom the remaindet* or 
hegimvmg over again^ the two corresponding to {x — ^Y 

147. Instead of expanding out /(ct + ^) and y}r{cL-\-y) 
separately, as shown above (which is however usually best in 

practical cases), we may expand ^ though it were 

by Taylor’s theorem, or otherwise, which shows a 
compact theoretical form for the several coefficients, Gy,' 

a 


g, ... , of Art. 144.. 

Thus 

M±y)^m . ,d(fa\^ 

yjr{a+y) yjr^a) ^ daXyjra)'^' 
So that 


*^[r da^KyJraJ 


+ •• 


G =4^5) r - n _ 1 l'f^\ 

* iria)' 

a-r=r 


d”- 


L2< 


r— 1 chr-^\\j^aJ 
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148, Nothing has been assumed so far as to the reality of 
the several roots, a, 6, etc., of 0(a;)=O. Hence the rules 
obtained equally apply for unreal or for real roots. 

If then ^(a;)s(a;— a)P(a 5 — , 

whether a, I, c be real or unreal, so that 

the degree of ^(x), we obtain, by methods explained above, 

a result of form 

J(x) _ Aq a I A2 . . 

^(x) (x—af (05— {x—ay'~^ 


£0 


; + 




B, 


(a;— by ( 05 — (05—6)' 




+ ; 


0. 




Or 


0, 


{x-c) 




+ 



05— a 



+ 

x—b 

+ 

Or-, 


05—0 


(05— Cy ' (05— 

+ ... ; 

and imagining these fractions to be reduced to a common 
denominator and added up to get back to the form the 

^ ^ <(>{xy 

coefficient of is obviously .... 

The integral will be 


^0 

A 



1 

1 

1 

-a)”-* 

A 

B, 



(q-2)(p- 

-fe)®-* 

c, 

G, 



flj— a 


4'-4y^ilog(a5— a) 


05 

X—C 


(r— l)(o;— c)**"^ (r— 2)(a5— 

etc., 

ie. in general partly algebraic and partly logarithmic. 


■+0r.tl0g(x — c'), 


149. The conditions necessary that the integral should be 
purely algebraic are clearly 

and in number the same as the number of different roots of 
<j> (x) = 0. But the coefficient of in f(x)l<p(x) has been seen 
to be 

Ap-.i > 

and this must vanish when the above conditions are satisfied. 
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Hence the index of the highest power of x in the numerator 
must be at least 2 less than that of the highest power of x 
in the denominator. 

If then the number of different roots of <j>{x)=^0, viz. 
a, 6, c, , be ik, say ; and if the degree of f{x) be lower by 2 
than the degree of (p{x)y we must necessarily have 

+ -^4-1 + + • • • = 0, 

and one of the k conditions, Ap^i = Bg,^i = ... =0, must be in- 
cluded in the others, and there are then only k—1 independent 

= 0 to be entirely algebraic 


conditions to be satisfied for J 


160. III. Consider next the case of an irreducible qtuadratic 
(x^ay^^^ 

not repeated, occurring in the denominator, ^(aj),and let 
^(x) s iiX’--af+^^]y}r{xy 

Then the partial fractions of 

/^) 

(a; — a — £j8)(a;— a 4- 

corresponding to these unreal factors, are 

/(«+Xj6) 1 L_-_ 

(2i^)^(a4-ti8) cr--a-ii8‘^(-2t^)Vr(a-£/3) + 

I ) 

or, separating out the real and unreal parts of ^2 ij8)>/r(a 4- 
as P + iQy these partial fractions are 


X — a — ijS X — a + iP* 


2P(x-a)-2Q/3 


which is of form ■ 

where P= + ~| 

and 0- 4 + 1 /(«-»^) 1 

and X = 2P, M=-2Pa-2Q^. 


■which are botli 
real. 
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151. IV. Case of the factoi (x — a)® + j8^ repeated r times. 

Let <p(x) s [(a;— a)2 4 - ^^'yy}r(x). 

Then it -will be possible to write 

/(g) _ /(g) PrX+Q, 

<j>{x) [{x—af+^y^j/^ix) [(x— a)*+j8®]*' 

I Xr(g) 

^[(x-a)Hi8“r^^(x) 

Tor this is equivalent to determining Pr and Q^, so that 
f(x)-(PrX + Qr)^{x) 3 x,(a:)[(a!-a)H/32], 
i.e. so that /(a?)— 

contains and a; — a+/j8 as factors, and this will be 

effected by taking P^ and Qr such that 

and if j -v, when separated into real and unreal parts, 

becomes then Pya+Q^=-d and PrP=^B, 

• T> ^ j n A A^—Ba 

a.e. 

Thus Pfy Qr) and therefore are debeiminate. 

This being so, it is obvious that 

Xr(g^) 


can itself be expressed as 

Pr-l^H~ Qr~l j Xr~l(^) 

[(05- af + i8T-^ ^[(x-aY 4- ^r'^yj^ixY 
and by continued repetition of the argument we get finally that 
f(x) _ Pr^ + Qr . Pr~ia?--H Qr.l , J'r- 2 g + Qr -2 , 

. Pia;-fQi ■ Xi(^) 

and the values of the r pairs of quantities, 

Pr and Qr, Pr-i a.nd ... , P^ and Q^, 
are successively obtainable as described. 

The general form of the result is thus established. But this 
mode of finding the numerical value of the P’s and Q’s is 
laborious, except when r is small. 
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152. It now appears that the general result of putting 

4^ into partial fractions, where <l> (ic) is, say, 

(x— a) (x— bf (a?-^px+q) (x^ +rX’i-s)^> 
the last two factors being irreducible to real linear factors, 
and /(x) is any rational integral function of x of any degree, 
will be of the form 

^^ = an integral algebraic quotient 

+A 


^x—h^{x—hY^ {x— (a;— 

^a?+fx+q 

RyX+S^ R^+S^ R^x+S^ j 

a^+ra:+ (a:^^ ^ ^ • • • T 

This is the general typical form of the result. If other 
factors occur in ^ (a;), other partial fractions will occur in the 
result. But all others will be of the types exhibited. 

1.53. The integration can therefore be effected. 

For (1) The integrals of the algebraic terms are of type 

(2) The integral of dx is A log (a?— a;. 

2C'~'Ct 

w 

(3) The integral of dx is — - — Wn* 

(4) The integration of f - dx has been effected 

in Art 136. 


(5) The integration of f — — — dx can be effected 
i(x^+rx+sY 

by means of a reduction formula, as will be 
explained in a subsequent article. 


Hence we may then regard the integration f 41^ dx as 
. fix). 

complete whenever is a rational algebraic function of x. 


154. In practice, when irresoluble quadratic factors are 
present in the denominator we may first of all determine the 
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partial fractions corresponding to the real linear factors, single 
and repeated. Then, if there be only one quadratic factor, and 
that not repeated, it will appear without further trouble in 
Ax) 


the remainder of 




But if there be several such factors 


or a repeated factor, we may subtract the simple partial 
fractions when obtained and then after simplification discuss 
the remainder. 


155. Use of '^Undetenaiiied or Indeterminate Ooeficients.” 
We may often with advantage apply the method of ‘‘indeter- 
minate coefiicients.’’ 

When the fraction has been reduced by division till the 
numerator is of lower degree than the denominator, i.e. of 
degree n — 1 at most, and we get, as in I., 

fix) __ A B, Px-{-Q RkX-i-Sk 

we have, upon multiplying up by <l>{x) an identity in which 
the right-hand side is of degree w — 1 and consists of n terms 
when arranged in powers of cc, and the left side is of degree 
n — 1 at most, yiz,f{x). 

Now 4>{x) is of degree l-t-X-|- 2 -l- 2 yu, which must =w, and 
the number of quantities 

(^ 1 ) •® 2 > •• )» ® 2 » ) 
is 1 X -|- 2 -f- 2/jt.y — 

Hence, upon equating coefficients of the n terms on the 
right-hand side to the corresponding coefficients in /(«), we 
have just enough equations to obtain the n quantities, pro- 
vided that these equations are all independent. But as we 
have established otherwise a means of finding these quantities 
we may %nfer the consistence of the equations obtained by 
equating coefjicients. 

156 Many of the coefficients, or all, may be found by the 
substitution in the identity of numerical values for x. Obviously 
any number of equations of this kind could be obtained, but 
only n would be independent. The most suitable values to take 
for this purpose will be such as will make one of the factors 
x—a, 05 — 6 , x^+px+q or a^’^-rx+s vanish, for such values 
would cause many of the terms of the identity to disappear. 
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In substituting roots of viz. azti^ say, only one 

root need be substituted. Then the real and unreal parts on 
each side of the identity may be equated. 

All the B’s and 4, i.e. X 4-1 of the quantities, can be found 
by the easy rules given above (Arts. 140 to 147). Hence X4-1 
of the equations obtained by equating coeflScients will not be 
independent of the others when the values of 4, -Baj 

which have been found, are substituted. But there will still 
remain 24-2 /a independent relations from the equating of 
coefficients. The substitution of a root of Q?+px+q and of a 
root of (n^-^-rx+s—O with the equating of real and unreal parts 
will furnish four other relations and reduce the number of 
independent “ equated coefficient equations” to 2/x— 2, which 
are linear and to be solved in the easiest way available. The 
student will perceive that in practice it will be best to combine 
several methods to determine the coefficients and to use 
redundant equations to check numerical results.* 

157. If none but even powers of x occur in both numerator 
and denominator, we may put x^=y, and thereby reduce the 
labour considerably. In such fractions, the quadratic factors 
becoming linear by this substitution, their occurrence may be 
termed pseudo-quadratic or quasi-linear. 


Oy -I 

* * (a;*+4)(a:»+9)*' 
This is of form 


y+1 

(y+4)(y+9)*’ 


Putting, then, (or y) —z - 9, 


x^+l -8+z 


—6+z 



8 3£ 
5 "^25 


5 

6 "^25 
_3f 

25 

J?*+l 8 3 3 1 

(^+4)<^4'9)* 5:5*“^ 25s 25 -5'+2 

_S 1 3 _1 ^ 1 

5 (:i;»+9)*‘^25 + 8 25 ^-* + 4* 

* See also Art. i89i, Vol. II. 
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X]— Q 

■ ' U’-l)(a72 4-l)(a7a-i-4)*‘ 

The partial fractions are of form 

A Bx-\-C Bx-^E Fx-VQ 

Hultiplyiag np 'we have the identity 

+ (j? - 1 )(^H 1) (^ + 4) 

Putting ^=1, 1=604. 

Patting ^=t, l = (i5i + (7)(t-l)9 ; 

* “-^+(7=0,1 » yv 

-B-G=lJ '®= - T^' 

Putting j:=2i, l=(2jP’i+<?)(2i-l)(-3); 

F-G=0,} “ 

Equating coefl&cienta of 

A -H J? + jZ)=!0 j 

** + = 

Equating absolute terms, 

164 - 16 C- 4^-6'=!, whence E—-^\ 

1 _ 1 1 1 J7H-1 8 ^4-1 1 ^+-1 

“ (a7-l)(a;2^.i)(^a^4)a 50 ^_1 18 + 1“^225 15 (.t?®+.4)*‘ 


158. Case when the numerator is an odd function of !c and the 
denominator is even. 


takes the form j*— 
and putting c^ = y, J = 1 J 

and the factors in the denominator which were quadratic 
factors in x are linear in y. 


Ex. Thus 


/ 


(^-l)(a?»H-l)2 




1 f y+3 j,. 

1 rr 1 1 


1 
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159. Case wlien the denominator is odd and the numerator even. 
The same process may be adopted. 

TTTinci f . f 


ar+l , If y 

t7(a;®+4) "”2jy(^+4) 


= jlog^(^*+4)*. 

o 


160. Integration of 


xuu. — S— - -J (.«+ai^T(>+a2')(.* + a3^) ...(.“+««*) 
The partial fractions are of the form 


, where q<n> 


and the integral is 


n A 


The value of A, is 

( 

(ai»-o,>)(aa’-ar*) ... fOr-i’-ar'XoH.i'-Or*) ... 

The denominator factorized may be written as 

(ai - ar) (02 - a^) . . . (Or-I - Or) (^r+l - «,.) (Or+S - ^r) — (»ti ” »**) 

X(0i + 0^)(aa + a^) ... (o,wi + a^) (o^+i + a^)(Or+2 + ar) ••• («n + “r)- 

Taking the case when o^, Oj, Og, ... a» form an a.p., with common 
difference 6, this denominator JO, say, is 

k=n 

Z)=(_l)'-i(r-l)6(r-2)6...25.5, 6.26.36...(»-r)6x nja»+a,)/2a„ 

■where in forming the product of the factors in the lower line the missing 
term (a,+o,) has been supplied ; 

! n"(o,+ar)/2a, 

and i,=(-l)«-’+'2a,=»+V5^*(r-l)!(«-»-)l n"(o»+<iv). 

%=1 


If 6=0i, we have 


a*+Or=(?*+^)ai» 


n (a*+ a,.) = Oi” (r + 1) (r + 2) .. . (r + ?i) = Oj’ 


„ Jr+n)l 

-«i H ’ 


giving for this case the partial fractions 

2 ™ 7-2ff+2 1 

Oi®*^~*r=5i {n+r) > (n - r) ! 2* + 

and the integral 


i S (-l)g-»-«-i — tan-i 

r=i (?i+r)l (w — r) I o^ 
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161. Obviously we should also have m the same case 

f 2^ dz 

J ... (2® 4- aj) 

- ^^2n-2g-i j ^ (?l+r) ! (^l — r) ! Z^+Or* 

— ^ - V* ( - 1 ^ loj? {f -h a^Y 

\ f 4- ,•) » (9i - r) ! 

162. Taking the case ai=2, £=2, and therefore a^=2r, 

(22 4- 2‘-i) 4- 4^) -h 6'-*) ... (5^ + 

1 1 1 


~ — (l«v P^L ^'a“+(2M-2)‘-* ’a'+(2ii-4)'‘ 

22g+2 “1 

4-.* 4* ( - 1)”^^ ^2 4. 22 J ’ 


and its integral 

" (291)!^ 22«-i 

[ 2 »C,( 2 *) 2«+1 tail-' ta''"* 

+ ...+(_ i)»-i 2»(7„_, 2®'+' ton-‘|^ (A.) 


163. Attd similarly, if the index of s in the numerator had been 2®+ 1 
instead of the same vvork shows 

gJSH-i 

(2-^ + 22) (2^ 4- 42)... (22 4- ^^7^) 

(-l)4+"-l 1 

[s»C',(2»)^«pq^ - '"<7i(2« - 2)^^^ + (2«r2p 

4 -... + <- 1)”-' > 

and its integral 

(_l)«-Ht-l 1 

“ ( 291)1 22 " 

l^GoC^n)^-^ log - ^^0^(2n - 2)^-^ log {z^ + (2n - 2)2} 

_i)«-i2»*CL.i22«+21og(^H22)]. ...(B) 
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164. Taking the case a,=l, 5=2, and therefore a,= 2r-l, 


< 2 * + P)( 2 a + 32)(22 + 62 ) ...[a 2 + ( 2 ) 1 - 1 ) 2 ] 

( 2 ) 1 - 1 )!"^ '■> 22»-2 ^»-V + ( 2 r-l)^ 


(- l )^-"+2 


i-l)! 22 “- 


i- (222-1)2»^> (2)t-3)2»:^ 

!»-2 L 22 + ( 2,1 - 1)2 ‘'2 s 2 + ( 2,1 - 3)2 


.[- 2 i»-l^ (^21 - 6 ) 22'*'2 j.(_ J\ii- 12 »- 1 ^ 

^ 2 j 5 a^.( 2 „_ 6)2 — +1 1 ) ^"-laa+iaj 


and its integral 


(-l)»~n+l I 

'{2u-l)! 22"~2 

[2^><?«(2« - 1)22 tan-1 _ 2»-iCi(2n _3)2» tan-ig^ 

+ ...+(-l)"-i 2 ^iC’„_il 2 *tan-i|]. ( 0 ) 


165. And for ( P + Y2)...[^ + (2„ - !)»] 
- 1 )*’"'* 


- « 3 ) 2 ?+! log{«2+(2n - 3)2} 

+ ...+(- 12^+1 log{^r2+ia}]. (D) 


166. Consider the integral [——-^ 1 ^ (w<2^) 

Here < 3 &(;r)=a 72 "~ 2 a"a:«cos? 2 a+a 2 " (Art. 142) 

« if j^a;2~2aa?cos^a + ^^) 

<^X^) ~ cos Tia). 


Let 

The factor 

and gives rise to the 


, 2nr 

a-| =»y. 

n A 


-2(127 cos x+a^=(^~ac‘^)(a7 - 
partial fractions 


Now 


/(ae^X) I ^ /(ae-‘X) 1 

4>'(,ae'^)x-ae'X 

/(a 8 ‘X) g^e-^x 

2 «<*®’“^e‘^*‘^>X(«‘’‘X-co 8 na) 

a***e**”X g-i(n-w-i)x 

^e*^*"^^^isin?ia 24 %a^"“**‘“^sinna 
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Hence the two partial fractions 


2 Lnar^ sin 1 x — x — ae~ 


J [i 

^sinwa L 


- ^ax cos X + 


2 t7i sin 7 icLa^^~^~^ 


r2gtsni(n-wi) x ~ 2a;fcsiu(^-wi.-l)x ~| . 

L oc^ - 2aa? cos x + J ’ 


jjZn « 2a"a;" cos na + 


L, yn 


2 a siDXco3(72— ^~1)X~ 2(a;-acos x) sin(?t -m - l)x " 
(a; - a cos x)^ + sin^ x 


" x‘^dx ^ 

®3n_2a«a;«cos7ia4-ai*"’ 


= i y^. COS( 7 l“ 77 l- 1 ) (a + tail' 

Tisinwa n J 


x — a cos { 0 . ^ 

.1 \ n ) 

. ( 2y7r\ 

a sin -h — j 


- s — ? 1 yisin(7i - w - 1 ) (a 4 - 2aa; coa(a 4^") +af\ * 

29 i 8 inma^”“^”^-^ \ ?i/L \ n / J 

la the same way a:^’-V(a"±«’‘) “lay integrated. The 

results are given in Exs. 39 and 40, pages 166 and 167. 

r dx 

, . a O/S . 4 - 

47* 4 2a2 :r2 COS 2p 4 

Here (Art. 166 ) / 3 =|-o, m= 0 , n = 2 . 

The indefinite integral is 

1 1 r /-^ \ A'-acos(|-^) 

-ins (i -^) 


2 sin 2)S 




a sill (I -^) 

/3”’ o\ 

a;— acosl-g — pj 


- i sin - )3^ log _ 2,35^^ 00s (| “ ^) + “*} 

fS^og + 

= r,ia 3 ^ tan-> 

2a® siu 2j(3 L ^ a cos j8 a cos/3 

- i cos /3 log (05^ - 2aa: sin /3 4 «*) 4 J cos /3 log (a;^ 4 2aa; sin / 3 + a^)], 
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and taken between limits 0 and oo 

The indefinite integral may also be written as 

1 r • o 1 cos B 0^1-1 sin / 3 "] 
j [sin p tan-i-p^+cos p tanh-'-^^p^J. 


^^sin 2/3 1 

168. An integral of the form 


f 


£ 

a + bocfl 


dx 


Ic + dai* 

can always be integrated as follows : 


Let I be the L.C.M. of q and s, and let - = t and ~ ^ • 

^ a I 8 1 


Let x=^, dx^W^'^dz, 


Then 


fa + oojs jCa-\-bz^ . , , 


and the expression to be integrated is now rational, and when 
expressed in partial fractions each term can be integrated. 


Ex. 


ri+22 

'14^ 


Sz^dz 


-“/[■‘---A-ISrT 


dz 


-1 


62® ^2z — 

= “^+22;S-322~41og(0+l)-log(22- 2+i)4.2\/3taii”i 

= + 2af^ — 3a?^ — 4 log (1 +x^) — log ( 1 — 

„ r- 2®*-! 

+ 2 tan'i — 

169. In exactly the same way the integration of 
f a + 6(a + /3x)t ^^ 

^ 0 + (i(a + j8cc)* 

can be effected by putting a + jS® = iS* when I is the L.C.M. of 
q and s, and more generally that of 

•* ^[(a+^a;)*] 
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where f{t) and <j>{t) are any rational algebraic functions of t] 
for, putting a + jSa? = 2 *, as before, the integral becomes 

and the integrand being now rational and algebraic, we can in 
any such case proceed to put it into partial fractions and then 
integrate. 

EXAMPLES. 

Integrate with regard to x the expressions in the following seven 
groups . 

1. Linear unrepeated factors 


<“> 3^- 

^ ' (a2-9)(!t2_i6)- 


^ ' (ai-l)(a:-3)(!B-5)’ 

y. V + l 

(a;2-.l)(a;2_4)* 

. . (x-a){x-b)(x-c) 

(x~a^){x-b^){z-e^y 


/vii) ^ - x+l 

’ (a!S-«iii)(x2-V)(a®-i:i'0 '' '' a:2+10a;-76 


x + l 

a:Hl0x-119' »3-31ai2 4-311{i:-1001' 

2. Linear repeated factors : 

faO (iv) (aa? + W)-\ 

(V) {x^ -1x^12)-^. (Vi) 

. ... a:2_ 33,^3 

* 3 - 7 * 2 + 160 ;- 12 - [I, c. s., 1900 .] 

3. Quasi-linear occurrence of factors. Powers of % all even ; 


(*- l)4(a: + l)*’ 
(iv) ((kc2 + 

/ -v 

(x- iif{x-hY 


;3 


n f 

j(ji’^ + «2)(a;2 


C (.*2 + a2)(,2 + &2) 

W ](x^ + c^){}S^-\-dY 
. . r x^dz 


y V f aa:2 + 5 / -v f CKc2_j.^ ^ 

^ ^ ]x^{cx'^ + <i) (ex^ -h +"/i> 

In the last two c, d, e, /, A may be considered positive. 
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4. Quasi-linear factors. Numerator an odd function, Denominator 
even, or Numerator even. Denominator odd : 


6a:5 + lla;3-6a;* 


]x{x^~l) * 

xdx 

(ax^ + bx + c)2 + (aa;2 -bx+ c)^* 


5. Quadratic factors not repeated . 

(v) |(a^ + a®)(!B‘ + o*a:2 + a^)-iia;. (vi) -a^){a^ + aV-^af‘)~^dx. 


faHSs+l 
Jart+as + l ' 


6. Linear factors repeated. Quadratic factors not repeated. 


/M xHx 

W^ma^-2x + ^) 

(iii) 

^-W+iy 

5'(a2+a:2)- 

(ii) 

' ^ (*-l)»(a:2+»+l)- 

7. Repeated quadratic factors : 

(i) ^ 

s(a^“+l)2' 

(iii) (^l)dx 
^ ’ (162+1)2 

rf 

8. Evaluate | *J\isxi6dd and 

rf 

9. Evaluate (i) f ^ 

Jocos^uj-cos^ies 


/^i\ 

(1 '+ 16)2(1+ 2® + 4162) • 

(iv) 

'■ ’ (®+l)2(a2+i)- 

x{x-‘lY{x^-\- 1)‘ 

vrv*;;\ 

®8(a2 + a;2)(52 + a;2)* 

/■w\ 

(^2ic-3)2(4a;2 + 5)* 


^ ^ (a;-l)2(a;2 + i)2- 

. (a; + a)(a; + Z>) ^ 

^ ^ (a;2 + c2)s 


j^\/cot 6/d^. 


dx 

cos'-*ic sin2a; + sin4a;’ 


0 cosmic + 0082® sin 2 a; + sin^ar’ 
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10 . Evaluate j* 

11 . Show that 


cos X clx 


Jo (1 + since) (2 + sin a;)’ 
x^dx 


i: 


0 (cc 2 a‘^) (cc‘^ + h^) (cc^ + c^) 2 (a + i) (^) + c) (c -h a) ' 

to CT- i.1. i. 27 r a + h 

1 .. bnow that (x‘^±ax + a^){x^±bx + h^^)^ JZah{a^^ah + b^^^ 


13 . Show that the sum of the infinite series 


[7. 1891. j 


- + ... 


Cb €i ’\-h ft + 26 ft + 36 
can be expressed as a definite integral, viz. 


(ft>0, 6>0) 


And hence prove that 

14 . Integrate: (i 


15 . Prove that 

16 . Prove that 

(a~ 


/a-l 

Irn*-"' 


+ ••• 

r 25 dx 

■^ + log.2). 

[Oxford, 1887.] 

yix*‘+Zx^+Zx-‘i' 

[Colleges, 1882.] 


[St. John's, 1881.] 

f {\'^x^)dx 

J 1 — 2cc2 cos a + a;<* 

[Colleges, 1882.] 

f dx 

[Colleges a, 1891.] 

r 1+** ^ 

Jo (1 + aV'**- 


f“ dx TT 

Jol+ai«~3’ 

[St. John’s, 1881.] 


f dx 
J (cc - ft)^(a; - 6 )® 

(x - ft)-^+^+^ ^ 


(ft - 6 )^+*' -j? + r+l 


(x-b) 


-9+r+l 


(b-ay+^ -q + r+l 


(ft - 6)**+*^"^ Qp-i _ a)^+»-^ 

where and are the coefficients of in {l+z)~^ and (1 +z)~^ 
respectively. 
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17. Integrate (i) | 


CHAPTER V 
dx 


(5a;3 - 3a;)-(a;‘-^ - !)■ 

(iii) if 


[Math. Trip., 1878.] 


3a;2j2(ig2 _ ly 

sfxdx 


[Oxford I , 1888.] 
[Colleges j8, 1891 ] 
[Trinity, 1882.] 


J(l+a;)(2 + a;)(3 + fl;)* 

19. Integrate f 

j2«+r 

Prove that ^ a.— L , 1 . , Ifx , „"| 

2.6^8.11 + 14.17‘*'- • * =9[;yg-log2j 

20. Integrate f (VcotiB-Vtanig)ia! 

J 1 + 3 Sin 2a; 


[Trinity, 1895.] 


[Colleges, 1896.] 
[Colleges j8, 1890.] 


21. Integrate 


22. Integrate 

23. Integrate 

24. Evaluate 


(ii) jN/aS + Vi^ + c/arfa:. 
f (' Ja - Jx)^dx 

J(tt2 + aa:+jj2)^' 

f 5a!8 + 3a:- l 
J(®“ + 3a;+l)3‘“- 

r 


sin^a; 

coa^x 


dx. 


[Math. Trip., 1898.] 
[Colleges, 1896.] 
[J. M. ScH., Ox., 1904:.] 
[St. John’s, 1892.] 


Integrate ^ ^ ^ positive integer. 

„ [St. John’s, 1882.] 

26, Integrate 

27. Integrate 


Ks; 

Ji 




+ 3e*+2e2»‘ 


[Colleges a, 1885.] 
[Math. Trip,, 1895,] 
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28. Sum the series 


7 . /• 

assuming it to be convergent. 

Deduce that 

11 11 11 J ‘ ^ I ^ ^ o 

1 . 3 ■ 2® 3 . 5 ■ 2® 5 . 7 ■ 2^ “ 4: 16 


[I. C S.,1899.] 


29. Prove that 


30. Evaluate 
and deduce that 


j'!B 21 og(l -x^)dx^ 


[OoiiLBOBs j 3 , 1888 .] 


Ill 82,^ 


'9 3^ 




[Colleges a, 1889 ] 


.=^{’r + log(3 + 2V2)}. 

[Math. Trip., 1896 .] 


31. Integrate 
Prove that 

O ■'■ Os ■‘"ITT^ ■'■ 25729 ' 

32, Show that 

J /Jm 1 

a:(!c-l-l)(a!+2)(9;4 3 )...(!c-t-ji)“i 7 S^ “ ly-a^logCiS + r). 

33. Show that 

j(l-2!i;)®^ 2"+®(l-2a:)2 2"+‘l-2® 2“+® 

+ a rational integral algebraic expression of a finite 

number of terms. 

i! 1 f 
nfc<l, 


34. Show that ] 


^ 1 a;2 1 


J (1 - a;)(l - c£c)(l _ to oo 


1 

+ 7 , 


2 1 -c 3 (l-c)(l -c 2)^4 (l-c)(I -c 2 )(l -c 3 ) 
x^-^^dx 


-f . to oo . 


35. Show that I, r-^ r 7 . 

}{x- a^){x - ttgXa: - <^s) • • (« “ O 

01.3 0.2 ft 

=- 5 -H-iri^-l-ir 2 a;+ 2 ] 7 w 7 \ log (a; - a^), 

where is the sum of the homogeneous products r at a time of 

®1» ®2» •• • > ®ti- 
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36. Show that the part of the indefinite integral 


which becomes infinite when x = Q,f and <f> being rational integral 
functions of x which do not vanish when a; = 0, is 


, 1 - mowmco) -mimno) - 

[Ox. I. P., 1901.3 


37. Show that when a rational fraction is decomposed into its 
simple or “partial” fractions, the decomposition is unique. 

38. If F(x) be a function of the (w~ 1)*** degree which assumes 

the values’ Wg, when x=Xqj x-^, x^, x„ respectively, 

show that 


+ ^2 


{x--x^)(x^x^).. (x--x„) 

{X^-X^){X^-^X^)„.{X^-X^) 

{x^x^)(x-x^) ... (g-gj 

(®2 “ * l ) (®2 %) * • (^2 “ 


+ 


••• {^n-^n-lY 


39. Prove that if p <7i, + 1, 


na^-^ 


j^:::^=*log(a;-^i)+ 2 cos?^log(^a;2^2aa;cos^ + a2^ 


and 


n-l 

2 


SrTT 


a;-aoos- 

-2 § sin^tan--— ^ 


asm ■ 


= log (aj - a) + ( - 1 log (x + a) 


if ?i be odd, 


n~2 

2 


+ 2 


2rjtwr 


log ^ - 2aa; cos 


_n— 2 
2' 


-2 2 sin^Sltan-i 


2r7r 

a:-acos — 

n 

. 2rT 

asm — 
n 


if n be even. 
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40. Prove that if < n. + 1 , 


*■”2 n - 

- 2 cos(2r-l)-£^^logifl;2_2Qta;(jos(2r- l)-4-a2l 
r=l ^ V ^ J 

SC- ftcos (2r- 1)- 

^ ^ asin(2r-l)^ 

if n be odd, 

r=n 

and = - S cos (2r - 1)-^ log ja;® - 2aa;cos (2r - 1) ^ 

x-acoQ(2r-\)- 

+ 2 2 sin (2r - 1)^^ tan-i 2i if w be even. 


asin(2r - 1)- 


41. Prove that 

I r^l 


f:" 


2a; cos 


rir 


2a; sin - 


V' u T ^ . rTT, , n 

2j \ cos — tanh~i — ■ , j; ■■ + sin — tan~"i— , » ■ ' 

IX tsi \ n 1+a;^ n 1 - a;* 

[Math. Trip , 1884.] 


42. Show that 


r t 
Jo <® + l 


dt s 


47r 


5 ^ 1^10 + 2^/5 

43. (i) Show that the remainder left after dividing the rational 
integral function f{x) by (a; - c)^ + is 

[/W - + ^/'*'(c) -... + (-!)•■ + •••] 

+ (* - e) [/'(«) - J/'’'(«) + yi/"’(«) - - 

where f‘\c) denotes 

(n) If f{x) and <#>(a;) are rational integral functions of a;, and <j5>(a;) 
does not contain (a; - c)^ + s.q a factor, show that it is possible to 
determine finite values for the constants P and Q in such a manner 
that f{x)-[P{x-c) + Q]^{x) 

is divisible, without remainder, by (a; - c)^ + bK 
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(iii) Apply the last result to show (or prove in any manner) that 

/(«) 

can be expressed in the form 

X(^) , Qn 

r being a positive integer, x{x) a rational integral function of and 
jPh and 6 n constants. [I.O.S., 1892.] 

44 If 

'where /, /, </>, \p are rational polynomials of degrees 7?i + 7i, u, w, 
71-1 respectively, sho'w that if , cig j ^ 3 » • • • » ^c>ots of f{x) = 0, 
considered all different, \p{x) will be determinable from 


f(*). 



.r, 

1 


F{<h\ 


“l j • 

. , tij, 

1 



a{'-\ 

aj«-2 . 

• > ^2> 

1 

= 0. 




. . , 

1 



Also determine ^(rr) when f{x) = 0 has equal roots. 

[Oxford I. P , 1913.] 

45. Integrate \^dx, 

J \ (a; - a)(a; - ^)(a; — 7 ) J [Oxford I. P , 1917.] 

46. Prove that if n be a positive integer, 






47,1..^. (i){^, (S) [ , t, 

JVsin^a; sin(a;-i-a) 

TT 


and prove that (ui) 

(iv^ [ (^^+3) da; 1 
^ J 1 a;®{a:H 1) 30 -^^)- 


48. Obtain the rational part of i - 

J(s 


[Math. Trip 1 , 1917.] 


(a:«+l)8‘ [Math Tbip. II., 1918.] 
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49. Prove that 


2?i 


— ^ COS tty 

2Lj ain /9w. _ 1 \n.. r/i . 


i 


( 1 4- -h ( 1 - xy^'^ ^ sin (2»t - 1 ) a:^ + tan*-^tt/ 

where = (2r + ly/in. [Oxf. II. P., 1899.] 

Write down the values of the integrals 


r dx r 


xda: 


J(l+a:p + (l 

50. Show that 

p X dx ^ 

J + xy^ - {ti -xy^'~ 27ia**'' 


(l+a;p + {I-a;)2«‘ 


— 2 ( - 1 )^ - 1 sin — cos ““3 — , 
' n 11 


the suinniation extending from A = 1 to A = or to A = 
according as ?t is odd or even. 

[Of. WonsTENHOLME’s ProUenUy No. 1912.] 
Write down the value of the integral 
f xHx 
]{a + xy^-(ii -xy^‘ 

51. Show that if n he even and a; + y = 1, 


r dx 1 

" 1 1 - 

71 1 

4 . , 

'J 

J x^iyn "■ n _ 1 

^n— 1 aj'i-l 

^1 It -2 

^y»-2 a:u-2j 


n(.t+l) 1 r 1 1 ] <« + !) ■■(2n-3) a; 

1.2 71 - 3 1.2. .(71-1) 

[Mukphy, Camh. Tr.^ vi.] 

52. Show that if^K^/, 


” (^ _ ^!?!\ ^ cosjx 

iU 


f 


Deduce that \i'p<q, 


[Todhunter, / (7 , p. 38.] 


- . r=x -t sin ( -rTT ) 

M 

Jsin^a; cos?'7r 


tanh""^ 2? {-7r<qx<Tr) 
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INTEGRALS OF FORMS 


Ji 


dx 


170. Integration of forms 
dx 


1 a+ 6 cosi» 
To integrate j 


(a+ & cos sin x)^ 

f dx f _ 

’ Ja+6sina?’ ]a 


, etc 


dx 


dx 


+ 6cos£i?+csin x' 

, we may write a+6 cos x as 


, etc. 


or 


a+2)cos X 
a ^cos* I + sin* |) + ^ | “ f )> 

i.e. (a+&)cos*^+(a— 6)sin*^, 

(a-6)cos*|[^+tan*|]. 


Thus 


f dx _ 2 f 

J a+6cos£c~"a— 6 |a 


|sec2|da; 

^+tan 2 | 
a — 6 2 


171. Case L If a® >6^ this becomes 


tan; 


or 


a —6 

2 


Ftan“i“ 




/a+6 J5+6 

Va-6 


, tan§, 
a +6 2 ’ 


,2 ( GL X\ 

a Sin a 2 2/ ’ h = a cos a. 


170 



VARIOUS STAKDARD METHODS. 
This may be wrifctca in other forms : 

a— 1 


171 


e.g. since 


2 tan"^ z = COS" 


H-iz‘ 


-2* 


"we may write the result as 
1 




COS' 


-1 


1 a— fc. nX 

, , a— 6, 2® 

2 


or 


1 i6-H<icosa; 1 , cosa-fcosa; 

■ , COS“^ T = : COS ^ r-- . 

a+ocosa? aaina H-eosacoscc 


Further forms are : 
2 




Sin 


Va— Ssing 
1-1 or 


or 


-ya4-?>cosa3 
1 


Va + &co3g 
- 7 =~~ COS“^ . ■■ = » 

s/a^—b^ va-f&cosa; 


t^sin X , 
siu-" — „ . 7 3 > 


a+6cosa; 

172. Case II. If writing the integral in the form 


i} 


dtan- 

i-i-C6 , oJC 

T tan^ ^ 

6— a 2 


in place of the form (1), we have by Art. 127, 

1 


dx 


la-ficosa; 6— a 




/Ffa 

Vi-o,' 


i ® 

-tan^ 




^6 -h a 4- %/& — ct tan 2 


~jw^^ ^ m ^ 

n/ 6— atan2 


a tana 


log 


£C— a 

cos - 2 - 


COS 


aj-f- « 


where 6 = a sec a. 
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By Art. 64, this may also be written as 

2 111 sc 2 

tanli-^ A / — tan „ or — r 

s/62— a2 >64-a 2 atana 


or — — tanh-^ (tan ^ tan | ) 
atana \ 2 


or, since 


2 tanh“^ z = cosh”^ ^ 


we may still further exhibit the result as 

1 . b—a, oX 

1 , ,>+5+3“” i 

- 7 cosh“* -H I P L I I — - 

6 +a 2 

or 

1 , , 64-acosa; . 1 , , 1 +cosacosie 

762 — a® a+ 6 cosi»’ a tan a cos a + cos a; 

and in other but equivalent forms as in Case I. 

173 . We therefore have 


s/a2-62 




a+b 2’ 


I ,Z)+acosa! 

• , - ■ - COS”^ —n J 

7ct2— 62 a+ocossr 


a2>62, 


I dx _ 
a+6cosa; 


2 


tanh-i 5 tan 
V 6+a ^ 


- \/6+a4“\/6 — a tan ft « 

i.,. log 

1 , , 6+a cos cc 

or y;, -- cosh”^ — -T , 

\ a+6cosa; 

with many other forms. 

174. In the cases 6=±a, the integral is at once obtain- 
able, for 

{ dx If j 1, X 
a+acosa;'"2aJ 2 ""a ^^^2 

and [ cosec2^(ia;= cot^. 

Ja— acos® 2a J 2 a 2 
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— is reduced to the fore- 
cC’j^o sm oo 

going forms hy the substitution cc=^ 4* y, when we have 

f dx ^ f dy 
)a+b sm a; cos y 


or 


= ^ tan“^ tan 

ya-th V2 4/ 

1 -&4-<xsin£c 

— ■ ^ COS”'*' — - — 

a-t- h sin x 


, sma-fsma; 

eos"^ zr-, — : ^ — , 

a cos a 1 -r sm a sin x 




where &=asina, 


or 


or 






1= tanh~^ Tir~ Cf z) 
'•—a? \6-|-a \2 4/ 

s/6-ha— « tan 


i^oS 


or 


a^<h\ 


1 .. , &+asina: 

■ , cosh”*- j 

^b^—ct^ a,+bamx 

1 , - l-fsinasina; 

= 7"” cosh — ; ;; : 7 

a cot a sm a -hsin a 

'where b = a cosee a, with many other forms. 

J do) 

a-f fesiiT ^ independently. 

Proceeding in the same way as j^t+T^os®’ 

/ X aj\ . a? a? 
a -|- 6 sin ® = a f cos^ ^ -j- sin^ 2 J -I- 2i sin ^ cos ^ 

»»r/j. ® r fit®— 

=acos22L(tan2-h-; +-^J- 


Thus, 


f dx 2\ 
Ja-l-bsina; ar 


.i(tan|) 
71 X . b\^ , 

r^2+aj 
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and two cases arise as before, viz (Xgfc, when we apply 
Art. 127 , ^ 

, { dx 2 


atan« + & 
\a+b smx s/a^-b^ 


or 


atan“+6 


■JW=^'‘ 

showing the result in different forms from those already 
given, but of course differing from them only by quantities 
independent of x. The student should consider this state- 
ment and reconcile the results, as it is a matter of some 
little ingenuity. 

177. Extension. Again, since fe cos a; + c sin x may be written 
Rcosix—y), where and tan y = p ^^7 

— 7 ^ — : — from f ^ , or we ixiay 

i-f ocos£C-h<3sina; J a+ocosa? 

proceed independently, at our pleasure. Adopting the former 

course, we have 

^ 

a+&cosa;+csin£C 

d(x—y) 


deduce 




=1 


(X-|-J2cos(a5— y) 
2 


or = 


or 


^.6. 


or 


' Jo? --m 
1 

2 

1 


tan"’- 

V a 


R. X — y 
2 


COS' 


_^ R-^a cos x—y 
a+Rcosx—y 

tanh"^ — - 

^R+a 


if a^>R^ 


—a. a;— y 

tan — jr — , 


log 


fR+ 

-jR+a+-jR—at&n ^ -^— 
jR+a—jR—a tan — 


with other forms. 


, ,E-|-acosa;— y 

cosh"^ — =; = = -■ > 

a+ncosaj— y 
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And these of course include the forms of Arts. 171 to 176 
as particular cases, viz. when c=0 or 6 = 0. 

178. The reduction to the form 

f dx 
J a-f6 cosa; 

has the advantage of making the integral depend upon the 
integration of 

f dx 

whilst the independent treatment throws the integration 
upon the form 

r db> 

J aa;^+ 26 a;-|-c’ 

and involves the completion of the square in the denominator. 




176 


CHAPTER VI. 


!EjX. 3 


/ 


dx 


5+3 cosjk’ 


f c?a; 

J 5 ^cos^l+ain^l^ +3 ^cos 2 |-sm-*|^ 

- r dx 3 r ‘ 

J 8 cos 2 ~ + 2 sin^ ? 4 
!!2 ^ 


• sec2^c?a; 


4+tan2 


2 

sa; 

sa; 


Ex 4. 


Ex. 5. 


1 J i. \ ^ cos 

= i- tan-' 5 H ) =i cos-' -—5 

* \2 2/ ^ 5 + 3 cos 


/’ 


1 _| 3+5 cos y , ,3 + 5 sin x 

^ 5 + 3 cos^ ^ 5 + 3 sin a; 




la; / 


c?a; 


13+3 cosa?+4 sin 
1 .i5 + 13 coa(a;- 


13 + 5 cos (a? -a)’ 


5 + 3 sin a? 
wlieie tan 


T coa(a:-a) 1, /2^ x-a\ 

cos 7 (=-tan-' ( ^tan— zr- )• 

cos(a;-a) 6 \3 2 / 


12 13 + 5 cos(a; -a) 


180. The integrals 


f c?aj 

f 

r cZa? 

Ja+ftcoshic’ 

J a+6 sinhij?’ 

J a + 6 cosh it? H- c sinh a? 


may be treated similarly 
Thus, 

dx 


f r & 

J«+Seo*, J „(^h'|-»bh'!)+!,(»»h<|+sinl.'|) 

6 — a J I 


cZtanh^ 

JL 


or 


2 

a—b 


1 


c? tanhl 
a+b , , -aj' 


Hence, if a* < b*, we have the forms 


ktan-^ 


/E« 

Vb+d 


v/P^ 

and if 

^ tanh-iA/5^^ 


j— .oixu- or -?=i=cos-i^±5^^^- 
^ a+6coshaj’ 


tanh~ 


>A?--62 


— — r tanh - or 
a+b 2. 


cosh-i ^+“cosha! 
s/a*— b“ a + b cosh ® 


4 « 
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Agaun, 


[ dx _ 

f dx 

] a-^b sinhaj”” 

J 

1 a| 

^cosh^ |—siah^|j 

1 4- 26 sinh | cosh ^ 


= ^ — 
~ a ^ 

•/ 


cZtanh* 


\ 2 ay 


=tanh- 


' atanh 


and other forms will be exhibited later. 
Similarly, in the general case, 

dx 




-h6 cosh a;+-c sinh x 


■j 

-I 


dx 


a ^cosh^ I — sinh^ ^ ^cosh^ | -f sinh^ | j + 2c sinh | cosh| 

sech^ I dx 


a4- 6+ 2o tanh | — (a— &)tanh^| 
2 (* c«tanh| 


or 


1 

)~-a \ r aj-b 

J \b—a {h--aY 


d tanhp 


h(' 


tanh?+^y 

2 b—a/ 


^ (a — bltanhs— c 

= ' L- 


or 




tan' 


(h — d) tanh^-l-c 
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But we notice also that just as ^4-^ cos O+c sin 0 may be 

written . t> ^ 

a+it cos d—a 

by putting 6 = jR cos a and c = jR sin a, where R= 
and tana = g, we may write 


a + 6 coshjr+o sinha; as a+JR cosha;-f-y 
by putting 6 = jRcoshy and c—R sinhy if h^>c\ where 
R=:Jb^—c^ and tanhy = j, or as 

a + -Rsinhii3+y 

by putting 6=Esinhy, c = JR coshy, where R = ^c^—b^ and 

tanh y =- when h^<.c\ and therefore the case may be regarded 
c 

as one of the previous ones or vice versd. 


181. Another Method. A further method of treatment will 
be obvious if we remember that these hyperbolic functions 
are merely functions of a real exponential. 

Taking the general integral in this way, we have 


f. 


dx 


J a4-& coshcc+csinh 


inha; i 

=1 




2a + + e"*®) + c — e~^) 

2^dx 

(6+c)e^®+2ae®+ b^c 


2 

b+c 


d^ 



(b+cf 


or 

giving the forms 


2 

i>+c 



(.b+cf 


2 




— — 0,2 


if 


or 


2 




if ¥<a^ + o\ 


Comparing with the results of Art. 180, it will be remarked 
that the integrals of such expressions differ much in appearance 
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according to the method adopted in integration. Integrals 
of the same expression, however, can only differ by a quantity 
(real or unreal) which does not contain x, and it will be 
a useful exercise to deduce one form from another; and, 
as has been said previously, this will sometimes require some 
ingenuity. 


182. The Integration expressed in terms of the Integrand. 
Far more symmetry, however, will be obtained in the results 
if we attempt to express the integration in terms of the 
integrand, as we now proceed to show. 

These integrals may be deduced from the form 

dx 

jAa?-h2Bx-hG' 

which is 


or 


or 


cosh"^ 
yj A 




^> 0 , 52 >Aa(Arts .80 and 81 ), 


1 , Aa+B 

7b^-ag’ 


A<0, JS^>AC, 


-Lsiali-' 

yJA 


Ax-^B 

■JAG-jB^’ 


A>0. B^CAG, 


the case -^1 <C0, B^C^AG being omitted because the radical 
in the integrand becomes unreal in that ease. 

The rule is to substitute y for the integrand in all cases 
and integrate in terms of y. This method leads to remark- 
able symmetry of form, and expresses the result in terms of the 
integrand itself, and yields new forms for the integration. 

Thus, considering the general case, and writing 


j 


dd 

a-f 6cos d-fcsin© 



where 


1 ^ 

a4-6cos d-f-osinS"^' 


we have 


b cos 0 -\-c sin a ; 

y 

isin d— ccos0=i 

ad 


and therefore 
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Squaring and adding, 




\/(f)^+c2— a^) 1/2-1- 2ai/—l 


L= cos-1 if b8+c*<a*, 


Hence 

jyd0=±J 


where i/“^ = a+ h cos 0 + c sin 0. 

The sign is to be determined by examining whether y 
increases or decreases with 0. 

dy . . f dO 

If y and 0 increase together, is + ; e.g, in j 

provided it be a case where 6 is +^® and in which 0 < 0 < | 

throughout the integration, we use a +, for in the first 

quadrant as 0 increases cos0 diminishes; /, ^ 
increases, that is, y increases. 

I dO 

a +??sm0 ' ^ ^ in quadrant 

throughout the integration, we should use the — sign. 

183. In the same way, to integrate 

I a+6cosha;+csinha; 


where 


a+6 cosh aj+c sinh a;" 


we have h cosh a;+ c sinh x = — a, 

y 

Z?sinha;H-ccosh5c= — 

1/2 dx 

Squaring and subtracting, 

and taking the case h and c both positive, y decreases as x 
increases; 
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or 


or 


Ji'*— 


cZy 


6®)^— 2ay + l 

1 


Va^+c^— 




1 , T a— (a^-hc^— 6^)?/ , j. 

===== cosh"^ - /,-r const. 


Va2+c2_6*i 
1 

V— a 2 -c 2-|-62 
1 


cos' 


^/62-c 

if 52>c2 and ct 2 H-c 2>62 
^/5^2 


y cos"*^ ^ ^ 4- const. 

V-ce2-c2 4-62 7i>2_c2 

if aHc2<J2 


= - 1 -a 

VaHc^— 6® 

Va^-fc^— -6^ Jc^—V^ 

where s a 4- & cosh a; H- c sinh a;. 


184. Hence we get the following particular results by 
putting 6 or c = 0 in the general results of Arts. 182, 183, 


j 

j 


dd 

u-f 6 cos 9 
or 


dO 

a-f b sin 0 


or 


1 , ,6-f<iCOs9 

a2 o-f6cos(? 

1 .6-fa COS 9 

“7= cos”^ — — j H 

y/a^—b^ a-f6co8^ 

1 , , 6-fa sin 0 

- 7 == cosh ^ — 7 —:: — S 

a-^bsind 

1 . ,6-fasin0 

— ==L sin“^ — = — ; — rr 

a-f6sm0 


{b^>a^) 

(b^<a^), 

{})^>dFj 

{h^<a% 


f d(c 
a-\- 6 cosh X 

or = 

f dx __ 
a-f 6 sinh a; 


1 1 6 -f a cosh X 

cos'” ^ - 

a-f 6 cosh® 

1 , _,6-f acosha 

— " .' _r cosh ; % — = 

a-|-6cosha 


{h^>a^) 


1 . , — 6-Hasinhaj 

, sinh ^ = — := 

a-fbsinha; 


The symmetrical form of the several results was given 
(without proof) by Greenhill in his Chapter on the Integral 
Gahvlus, p. 34. 
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When a=0 we arrive at results obtained earlier in other 
forms, viz. 

I dO 

=cosh“^(secd) (compare Art. 74) 

f dd 

JsSrS = -cosli~'(cosec 0). 

{ dec 

= sinh“i (— cosech ec) = — sinh"^ (cosech x ) ; 
and from the general results 


dd 


j6cosd+csind 
r dd 
]6 coshas+c sinhas' 


1 , ,6cos0+csind 

-7=^:-=-sech ^ j== , 

s/b^+c^ 

1 6 cosh x+c sinh x .n , « ^ ^ 

-===sec 1 r.^A= if b^>c^ 

1 , 1 & cosh ec+ c sinh x 

- -=== cosech ^ 

Vc2-62 s/32^ 

if 62<c2 


or again, 


or 


=tan“^ 

2 

: coth 


Jj±£e» if 

^ b — c 


b^>c% 


^ c— 6 


n/P^' 

2 

forms which the student should compare with those previously 
obtained. 

185. Reduction formulae for integrals of form /»= where 
X^a+h'^x. 

T i. 

liet us consider the case 
/ s f 

^ J coscc)® 

We shaU connect the integral with another, viz. 

"‘■li 


dx 


Put 


Ps 


J fl^+6 cos a; 
sin a? 


a-h^cosa? 

[WofepThat is, to form P, sin a: is introduced into the 
n^erator of the integrand of and the index of the 
denominator is lowered by unity.] 
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dx 


dP coaa;(aH-6cosa?) + &(l — cos-a;) 
inus -T— (a-f6cos':cp 

& — ^ + cos x) 


fe+acoarc _ 
“(ri+6 cos 

a 1 


(a +6 cos xY 
1 


'6a + J>cosa; 6 (a+/) cosa;)^’ 


Therefore integrating, 
sin 05 


Hence 


^9. — 


a+6cosa5 h 
h sin 05 


a Y a^ — h^Y 


6 

a 




~ a-\-b cosa5"^a^— 
and has been given in various forms in Art. 173, e.g, 
1 b + acosa; 


- . 1 , J;H-acosa5 

~ 7 ==rC 0 S ^ or - 7 =rrC 0 Sh ^ = , 

a+6cosa; a+6cosa5 


according as is greater or less than 6^. 

T 6 sin 05 , a 4- cos cc > „ 

2 fl2_52 ^oso5 a4-6coso5^ ^ 

or 

a®— 6“ «+ 6 cos a; a+^cosa:' 


18C, Again, in the general case, if 

dx 


put 

Therx 




(a-f fecosaj)’*' 
sin a; 


(a +& cos 05 )”“^’ 


say, 


^ _ cos x {a + b cos 05 ) -f- — 1 ) ?> ( 1 — cos^ 05 ) 
dx (a+b cos 05 )^ 

— -^+^(c^+ 6 cosa;)+ 0(a+b cos 05 )“-* 

"" (t6+6cOS05)” 

where A+Ba'j-Ca^ — (7i — l)b, 

Bb-^2Cah = a, 

a)^ = {2^n)b 
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giving B=^+2^{n-2) = (2n-B)^, 

{n-l)b-{2n-S)~+{n-2)j 


Hence, substituting these values and integrating, 

sin (c ft 'll ^ 

(a-f 6cosa;)”-i~ —('n— 1) g -3) j -Z^n-i ^ ■^n-2* 

The reduction formula is then 

7 ^ ainaj , 271—3 a j 

(^-"l)(a2-62) (a+6cosa;)«-i"^‘^^:=T 

— 2 1 j 

Thus, as and 7*2 have already been found in finite terms, 
we can successively deduce the values of 7^, etc. 

It will be noted that 7,i is in this case shown to be depen- 
dent upon two integrals of lower order, viz. and Z„^ 2 , 
except when ti = 2. 

Also, the result of Art, 185 could have been obtained by 
putting 71 = 2 in the present result. 

187 Generalizatioii of above method 

^ ^ I (^+6^11 a)" substituting 

9+3/ for X, and 
^ f dx 

j (a + 6 cos 05+ c sin xf^ 

«.y Witten S.7P+? «.d 

y tan it is usual to refer these integrals to the case 

considered in Art. 186, We may, however, establish a re- 
duction formula independently for each case. 

Taking Z^sf ^5 

J (ct+6 cos cc-j-c sin 
Let — ^sinx-fccosa; 

i- /> cos a; + c sin x)^-^ 

if Z) = a+6cos£c-|-csincc, ^ = 
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Then 


dP __ —6 coR£C— csina; 

dx ~ (a + h cos a: + c sin 




( —h sin a;+c cos x)^ 
{a-\-b cos a;-l- c sin x)^ 


— a(Z) cos a; +c sin x) —(6 cos a; +c sin xY 

— (ti — 1 ) + 0^ — ( 6 cos a; c sin a;)‘^] 

(a + 6 cos a; 4- c sin cb) »* 


^ + ^(c44-^cosa;+gsin a;)-|-( 7 (a-ffe cos a;4-gsin xY 
(a + 6 cos a; -1- B sin a;)^ 


say, 


where- A, B, G are constants to he determined so that 


A-\-Ba’\-0(L^== — (ii— l)(6^+c2),' 
jB-f 2a(7= —a, 

C=n— 2 , 


whence A = (n— l)(a^— 6^— c^), jB= — (271 — 3 )a, G=n— 2 , 
Therefore the proper reduction formula for is 

—Zj sin a; 4- <3 cos a; 

(a 4“ & cos a? 4- c sin 

= 62— c2) -(271.-3) a/„_i4-(u— 2) 


We note that when = 2, the last term disappears, and 

- 6 sina; 4 “ 0 cosaj 


Le, (a^- 


dx 


’-4 


(a 4- & cos a; 4“ c sin a;)’ 

- i!; sin a; 4- c cos a; 


(a4-6cosa;4“<Jsin a;)2 a 4- b cos as 4- o sin a; 


4 -a/i, 


the real form of I-^ being selected from the yarions forms in 
Art. 177 . 

Also 2 ^ and Zj now having been found, we can proceed to 
deduce Z3, Z^, etc., successively by aid of the reduction formula 
established. 


188 . Corresponding formulae for the case of Hyperbolic 
Functions. 

In like manner reduction formulae for 

( dx f dx f dac 

((^ 4- 6 cosh a;)’^ ’ J (a 4- ^ sinh a:)^ ' J (a- 4- ^ cosh a; 4- c sinhcc)** 

may he constructed. 
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As the last includes the first two as particular cases, we 
consider that one in particular, and proceed as before. 


Put 

Then 


&sinha?4'CCOsha: 
(a -f- 2) cosh x-hc sinh 


(6 cosh x+c sinh x)(a+b cosh x-j-c sinh x) 

dP — 1 ) (b sinh x+c cosh xf 

dx^ (a+ 6 cosh x+c sinh x)^ 

a{h cosh x+c sinh x) + {b cosh x+c sinh xf 

— (u ~ 1 ) [ (6 cosh x+c sinh x)^ — (b^ — c^)] 

~ {a+b cosh cc-f c sinh £c)” 

_ it + jB (g + & cosh a? + <? sinh x)'hO jet' +b cosh a; + c sinh a;) ^ 
(a+6cosha;+csinhaj)** 

say, 

where A-{~Ba+Ca^= (w— 1)(6^— c^), ^ 

B+2Ca= a, V 


C=-(^-2), J 

whence = 5=(2%— 3)a, 2). 


And the proper reduction formula is 


bsinhig-f ocosha? 

(a + 2> cosh cc -h c sinh x)^"^ 

= (n— 1 )(— c2)Z„+(2w~3) 1 ^^-^ 

As before, the last term disappears in the case n= 2. 

Hence 




4 - 


b sinh a; +c cosh a; 
g+ b cosh a;+ c sinh x 


a/i, 


the real form of Zj being selected from the various forms 
shown in Art. 180. 

and Z^ being now known, we can proceed as before to 
deduce successively etc., by aid of the reduction formula. 


189. Special Cases. 

We notice also that, putting a:=0, b = 0 or c=0, or two 
of them, in these reduction formulae, we have a mode of 
reduction for such expressions as 

I sech ^ X dXy [ coseeh*‘a? dx^ f -r? ^ 

J J cosh a? + c sinh x)^ 

r dx . 

(b cos x+ c sin a;)*^* J (a+ b sinh x)^* ^ 
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190. Piactions of form 

a+6 cos 

a^-\- cos cc-f sin x 

The numerator of this fraction can be thrown into the form 
cosa;-l-Ci sin£c)+jB(— 6^ sinaj+^^i cosa?)H -<7 
i,e. A (denr.)+ -S (diff. co. of denr ) -f- C, 

by taking < 7 = c, JL 6^ + = 2 >, Ac^ 

which determine A, B and G. 

The fraction then takes the form 

. p ~6i sin a:; 4 - Cl cos a? 

cosiD-l-Ci qo 8 X-\-c^ sin a;’ 

and the integral is 

f cBc 
«,+6reosV+c.sin^ ’ 
and the last integral has been evaluated. 


191. Extension of above Method. 


T .1 a+6 cos smaj , , 

In the same way 7 — — r : = ^ may be arranged as 

(<ii4-biCosa;-hCiSmaj)" ^ 


A 


, ^ — 6-1 sin a? + Cl cos a; 


(«! -f 61 cos cc -f 61 sin 03 )”“^ (a^ -|- cos sin x)** 

■ 

(aj-f cos a -f sin x)^ 

The integrals of the first And last fractions may be deduced 
by the reduction formula of Art. 187 , and that of the second 
fraction is ^ 

(n> 1). 


B 


1 coscc+Oi sin 


192. Case of Hyperbolic Functions. 

Exactly in the same way fractions of the forms 

4- b cosh a?+c sinh x a+ b cosh g;-+ c sinh x 

cosh X H- c\ sinh x* (a^^\ cosh a; -f sinh x 
may be integrated. 


193. Further Generalization. 


If 


r=n 

n (ar-hbr COS 0-hCr Sin 6) 


r=l 


stands for the product of n factors, some of which may be 
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repeated, and of which the one exhibited is a type, and if 
^(a?, y) be any rational integral algebraic function of x and i/, 
the integral of 

^(cosd, siad) 




-d9 


H (a,. + cos 9 d-Cy sin d) 


can now be found. For expressing cos 6 and sin d in terms of 
the tangent of the half angle, and writing ^ = tan^, 

\ _ x(0 

L-fP 

where p is the degree of in x and y, not necessarily 

homogeneous, and is a rational and integral algebraic 
function of t of degree 2p at most. 


(f> (cos d, sin 0) = ^ ^ 


Also 

whence 


1 _ ^2 2^ 

a^+br cos 0-f c^-sin 


r«n n [Or -f 6r -f- Sc^. t -f (fl^r — K) 

n (<v + COS e^Cr sin 6} = ^ ^ — • 


also 

Hence 


d9 = 


2dt 

l+t^' 


<p(co s 6, sin 9) d6 
n (dr -f br cos 9-hCr sin 0) 

r=I 


2x(t)dt 


(1 JI (a^^br -f 2Crt + dr- brf) 

r=l 

and supposing ar=j=br for any of the values of r, the degree 
of xQ) 2p, is lower than that of the denominator, 

which is 2(jp-|-l — n)-h27i/, ie. 2jp-f-2. 

This expression may then he put into partial fractions, some 

of Vpo (Xrlrx. others of type 

The proper reduction formulae for such cases will be found 
in the next chapter. The integration can now be effected. 

The reader may consider for himself the effect of <ir=br for 
any value or values of r. 
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194. A different Method. 

To obtain integrals o£ form 

f M f ^ 

cos 6 +-C sm0)»» j (a4 6 cosh cc-f c sinh a?)« 

and their particular cases, we may avoid the reduction formulae 
referred to, and proceed as follows, using a reduction of 
different nature. 

Consider the first of these. 


Case 

Taking 

f d9 
]a-\-h cos O-fc sin 0 

1 {b^+c^—a^)y+a u 

7W5 lim=3- “y’ 

where = a+ 6 cos d -1- c sin 0 and 6^ H- (Art. 182), 

2/d0=-7============= and — a^)3/ = \/i^-l-c2cosh w— a; 

n/o^ + c^— 

|2/’’cJ0= jjri f(\/6'‘+c®eoshM— a)"'*dw, 


I (a4 bcoaO+o sin 9)” 


o2_a2)~-' 


cosh w— a)**" V?u. 


(62-f o^-a2) 

We may then expand (n/ 6‘^ -H cosh u—aY''^ and integrate 
each term, finally substituting back for v, its value 


ie. ±:cosh"^- 


— r- 


6®-|-c*— a® 


7P^2U+6co8 0+csine^“J’ 
the proper sign having been selected as indicated in Ajrt. 182. 
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f 


Case 

de 

a-f-b eos0+<3 sin S 


= dz- 




U 


Vgqip Va^_j2_g2. ®ay 

i.e. ■ydB=-j===== and («® - 6*— c®)?/ = a—Jh^-\- c® cos a: 

.. 003^)"-" ^ 

2yt-l ’ 

(<2^— 62— 2 

U ^ 


I (tt+6 cos S+csin 6)^ 


2m— 1 


I (a — \/62 + eos w)”"^ dii. 


f, 


195. In exactly tlic same way, from, the three forms 

(where y ~^ = a4- 6 cosh x-\-c sinh a;) 

dx 

(i^h cosh £c+ c sinh x 

= ^ (.na-l (Q^ + 0^ — y_ V, 

where 52>a2-fc^; 


or = 


Va2+<a_i,2 


cosh 




Of 


n/& 2 -c 2 ya2-fc*-6«’ 

where > 62 >^ 2 . 

u 


V'a2+c2_j2 v^_(.c2-63 


we obtain respectively. 
Case 


where b^<c\ 


f 


dx 


j (<*+6cosha!-f-csinha;)” 


" 2^ f(V 62 — c 2 cos u — a)”"^ 

(--a2_c24-62)~J 

where a y_ — _ 

a+-6cosha;+-csiiiha; c^cosu 
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Case a^-{-o^>b-> 
r dx 

1 {a+b cosh x-{- c sinh a;)” 




^ f (a— cosh uy~'^ < 

-~h2\“ J 


where a 7 - ^ - i^ T' ~'i — = cosh u, 

«+o cosh x + c sinh x 


Case o^>h\ 


J (a+6 cosh a+c sinh cc)” 

= 2n. f(«— Vc^— 2>^sinhw)”"^dw, 

(«2 + c2_^oj— J 

where a -t = \/c^ — 6“^ sinh u. 

a+ 0 cosh a;+ c sinh x 

196 Important Particular Cases 

The particular cases (according as 6 or c=0 in the general 
formulae, and which should be worked ah initio hy the 
student) are 

f dO 1 f/t __ 1 J?.. 


I (a -f- 6 cos 6)'^' 




^ f 0> cosh u — du, 


1.2^ 2 fb+aaosO , \ 

--rT 5 =coshw), 

\a+bcos9 


■ [ (a— 6 cos du, 

(a2_52)“— J 


62< ^^2 


b-\- a cos 0 
a-f b cos 


)(a+-hsin B)^~ 




[(6 cosh u—af-'^du, 


^ fb+ asm 9 , \ 

. - r ^ = coshM , 
’ Va+osint; / 


= ---^1 \(a— b sin uy^'^du, 


b^< 


6-(- a sin 6 
a-f h sin 9 


=s sin . 
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1 


dx 


^ |(6cosm— «)“■'<?«, 

(a+6cosha;)" 


h^>a\ (| 


6+ a cosh £c 
.,a+6cosh£c 


= cos u 


> 


f du 
J(a+6sinha;)”' 


= ^ Ua—b cosh du, 

» /6+acosha5 , \ 

(s+6jShi-“*”)' 

= ^ ^ I (a— 6 sinh du, 

(a2+62)-f-J 

/— 6+asinh£c . , \ 


197. We have the further results, from putting a=^0 and 
6=1 in the above, viz 

aec^OdO =|cosh"“^w<i«^, where 6 = sec~^ cosh w ; 

cosec” QdQ=^ cosh”~^ u du, where 6 = cosec”^ cosh u. 
Hence either integral may be expressed in the form 

4- du = f [cosh {n-l)u+ ”~i(7iCOsh {n-\^)u 

4 ”-1(72 cosh (-w ■" 5)24 4 etc ^du 
__ 1 rsinh(2i-l)24 , smh(n-3)24 , sinh (74 -5)24 

2«-2L n-l ^ 71-3 + ^2 

4 . . . +^”-1(7^24 or 4 sinh 24 . 

2 T -* 

(Compare the forms in Art. 122.) 

198. Further, if in the results of Art. 196 we write 7 i —1 = —m, 
we have 


f du 1 f 

J (6cosh 


I 


du 1 f 

(a-Taosu)” ^|(a+6cos0)”‘-»d0, b^<a<‘, 

' 2 

etc. 


Several of these results are given in Greenhiirs Chapter on 
the Integral Calculus. The geometrical significance of some 
of these transformations will appear later. 
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199. Cases required for the time in an Elliptic Orbit. 

de 


The cases of 


r~, where a=l, 6 =e, ?^= 2 , are 


I (a -|- 6 cos 6)” 

required in the theory of Planetary Motion in finding the 
time in an assigned portion of an elliptic (or hyperbolic) orbit 
We may either quote the results from Art. 185, or proceed 
independently as follows. 

If e< 1 , by Art. 171, 


de 


l-|-ecos6^ n/I— c- 
1 


cos 


6 -|~COS ^ ^ 

I+dcos6“^/l — 


say; 


and if Ol, = 
Taking c<l, 

de 


^ e+cos Q V 

cosh ’■r-p ^=-p==-,say. 

Je^ — l l-hecos0 sf^l 


du 


-f 


1 H-«cos 9 

de 


and 


1 -f ecosfl 


1 — e toBU 


(1 fe cos 0)2 (i_e 2 y 
] 


= — - — ; f(l— e cost4)dw, (or by Alt. 196), 
(u—esinu) 

]■ 


e+co39 ^s/l—e^am9~\ 

l + ecost^ l-+ecos^ 


(l-e¥ 

=-i-.re 

(1-e^pL 

The time T for a planet measured from passing Perihelion 
is expressed by this integral as 

w^here n is a certain constant (see E. J. Eouth, or Tait & Steele, 
Dynamics of a Particle), It follows that nT^^L^eB\rxn. 

If e>l, 

de dv ^ 1 f?co.sh'y-- 1 


l + eco^O 

d9 


and 


l+ecos 0 e^ — 1 


fyrr — - — rf(ccosh'y— l)dv, (or by Art. 1 96)5 

J(l+eCOS0)2 

Je sinh-i;— 




1 r..ye~^— IsinO . e+coa G ~| 

l-f-ecos& 1-t-ecosW 
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200. la practice, each example should be worked ab imitio. 

Por example, suppose we require 

r ^ 

Jo (5+3 cos a: )^' 

Putting 5 + 3 cos 3 sm . 2 ?=-^ 






We tate the + sign, because, as s increases in the first quadi*ant, 
5 +3 cos 4? decreases and y increases 


( f 

J 5+3 cos. 2 ?~ J a/T 


dy 

1 + 10 ^- 163^2 

dy 


= i sin“^ const. 

1 • -.1 3+5 co 8 .r . . 

= ~7sm~^r-ra h const. 

4 5 + 3 cos 

1 3 + 5 cos .a: . . 

= 7C0s~ir-T-3 H const. ; 

4 5-h3cos.a: 


call this 


:rw+ const. 
4 


where COS 

6 + 0 cos a? 4 ’5 + 3 cos x 

, . 1 6 — 3cos2i 

* 5 + 3cos^ 16 ’ 

. 1 _(5 — Seost&P 

** (5 + 3cos^)3“' 163 5 

dx _ (5— 3costty£??4 

(5 + 3cosa;y 2 ^* 

r dx 1 

( ~ 5 ~ 43 ' co3^* °2r<i, 5“.3co3« + 3.5.3*cos2tt-3!>cosSM du, 

[for when .a:= 0 , cos 2 /=l, and when x-t, cosu= - 1 ], 


= ^4. 2 J^(55+3. 6 .S^cos^ii) dv, 
= ^,.8.(25+|)=gx77 
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201. The integrals 


j- Sm^CO j , :r f 

}a+bco&oc 2 j 


sin^o? 


J (a+ 5 cos x)’^ 


can both be integrated in hnite terms when tti is 
integer. 


dx 

a positive 


Consider the first, viz. f — dx 
Ja+ocosa? 


The case m=l obviously gives log (a -+6 cos a;). 

If m be odd, = 2A-|- 1, say, put a-f 6 cos x = z, and therefore 
6sina;cZa;= —dz. 


Thus, 


f sin^+^a; , 
Ja^6cosa;^""” 



every term of which is integrable when expanded in powers 
of 0 . 

If 'Yn be even, = 2/c, say. 


f sin^a? ^ f (1 --cos2 xf ^ 

U^h(toBx J T+ h cos a; 


and if the numerator be expanded in descending powers 
of cosoj, and then divided by 6 cos a? + a, we arrive at an 
expression of forno 

f (Xi cos®-* ®+Xj, COS®-2 !B+ ... +X2ft+ ) cfo, 

■' ' a+ocosa:/ ’ 

where the \’s are numerical coefficients. 


TT • C sin^^ Qj 

Hence, in all cases, I - , da can be integrated in finite 

terms. Ja+6cosa; s 

The same argument applies to f; — 

J(a+6cosa:f 

202. If = J (a+6cosa:)" ®' *®duction formula con- 

necting J„ ■with In-i and j?n_a' Hence all such integrations 
can be effected in finite terms. 

To obtain this reduction formula, put 


p__ sin’"-*‘^a? 

(a + 6 cos a?) 

p.c. increase the index of the unTnerator by wiity and 
decrease tha,t of the denominator hy nnity'\. 
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Then 

dV _ {m -h 1 ) sin "* x cos ag (a -H b co s — 1 ) b sin”* x{\ — cos^a?) 

^6+ 6 cos a:)" 


° +-g(«+& cos 0 >)+Gia,+b cos 4^1 

where Ga^ = (n— 1) 6, 

Bh-\~2 Oab = {m + 1 )a, 

giving 

^=~0z-l)— g — , J3=(2?^-??i— 3)-g, (7= g . 

Hence 


ginm+lgr; 

(a-h?> cosa;)"-^ 


— (w— 1 ) g 7 ^j + ( 2 w — ^ — 3 ) 

, n- 1-2 ^ 

T g „_ 2 J 


and the reduction formula required is 

j 1 _& sin"*+^a; 

— 1 (aH -6 cosa?)"“^ 

+ 


2n— 771— 8 a » 
m— n-f -2 1 y 

71.-1 (t3_J2^«-2» 


of which the formula of Art. 186 is a particular case. 

And since and 1^ have been shown integrable in finite 
terms when m is given, we can use the reduction formula 
just established to find successively Zg, Z^, etc., in terms of 
and Zg, and thus integrate them. 


203. Again, Integrals of form 

T /__f sin^ 6 cosg 9 r '=f 

^ j 6 cos 0 ’ ^ ““J (aH- h cos Oy^ ’ 

T /_ f 6 cos® 0 d9 

(a+Z>cos 0 )s 

are always integrable in finite terms, ji? and q being positive 
integers. 

For (1) if p be odd, = 2 fc 4 -l, 

j, ^ ^ 

= — J ^ — , where c=cos0, 
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and after expansion of the numerator in descending powers 
of c and division by 6c + a, we get a series of powers of c 
A 

and a remainder and each term is integrable with 

respect to c. 

(2) If p be even, = 2fc, 

sin^ 0 cos® 0 = (1 ~ cos^ 0)*' cos® 0, 

which, when expanded in descending powers of cos0 and 
divided by 6 cos 0+ a, gives a series of powers of cos0 with 

a remainder of form integrable 

with respect to 0 by Arts. 117, 173. 

And the same argument holds good for 7/, /g', except that 
the remainders to be integrated involve such terms as 

A f ^ 0 o f cZcos0 ^ f cZ cos 0 

J «+6coa0"^ J (a+6cos0)^ J (a+6cos0)® 

or 

A' f ■ p/ f 4.r'f-—iL_ 

Ja+ftcosS**" J (a+6cos0)* J(a+6cos0)®’ 

according as p is odd or even, and such integrations have been 
already considered. 


204. We may then obtain a reduction formula for 


Let 

Then 


sin^+i Q cos®"^^ 0 
(a+6cos0)"”^’ 


[(p + 1 ) sin^ 0 cos®"^^ 0 ~ (g' + 1 ) sin^** 0 cos® 0] (a + 6 cos 0) 

cZP_ 4- (-n —1)6 sin^+^ 0 cos ®+^ 0 

(a4-6cos0)” 


sin^ 0 cos® 0 
(a+6cos 0)” 


[{“(3-l-l)+(p + ^d-2)cos2 0}(a+6cos 0) 

+(7i— 1) 6 ( 1 — cos^ 0) cos 0] 


sin^ 0 cos® 0 
(a 4- 6 cos 0)” 


[.44-P(flt+6cos 0)4-C(a+6cos0)^ 

4-J)(a4-6cos0)^], say. 
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wkere A + Ba+Ga^ + Da^ = — (^4. 1) 

jB6+20a6+3Da^6= — (g'+l) 6+(n— 1) 6, 
(76^+3Da62= (p^q^2) a, 

Db^= (P‘^q+2)b--{n—l)b, 


whence 

B=(n-q-2)-(5n--p-q-5)j^, 

0 = ( 3 «- 2 ^)- 2 g- 7 )g, 

JJ p . 

and the reduction formula is 

sin^^l9cosg+^e j, 

from which I'n can be expressed in terms of three integrals 
of the next lower orders and ultimately made to depend upon 
I\y I\y Ig, whose integration has been discussed. 


205. General Oonclnsion. 

From what has been said in Art. 204, it will now appear 
that any integral of form 

f /(sin Q, cos 0) do 

J (a+6cos6)’> 

can be integrated when is a positive (or negative) integer, 
and f{Xy y) is a rational integral algebraic function of sin 0, 
cos 6, for f{smd, cosff) is then the sum of a number of terms 
4.8in®0cos«0. 

206. Hermite (Proc. Lond, Math. Soc. 1872) has shown how 
to integrate any expression of form 

/(sin Qy cos 6) 

siQ(d~ai)sin(0 — a 2 )sin( 0 — as) ... sin(0— a^)’ 
where /(aj, y) is any homogeneous function of a;, y of (ti— 1) 
dimensions. 

For by the ordinary rules of partial fractions, 

/fcl) ft /(g., 1) 

{t-aj ^ (ar-a^Xar-a^) ... (a^-a^) 

(the factor being omitted in the denominator of 

the above coefficient). 
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Writing <=taii 0 , ai=tan a^, etc., this becomes 

f(sm6y oos6) ^ Ar 


n Bm(e — ttr) 


•=s^ 


siii (6 — (Xy)’ 


where Ar = 


f {sin Or, cos Or) 


sin (ar — «! ) sin ( Or — og) . . . sin (or — an) ’ 
the factor sin(ar— Or) being omitted in the denominator. 

Thus, r de=-^Ar log tan 

j nsin( 0 -ar) * 


207 (i) Thus, for example, we have 


sin {x — a) am (x - b) sin (x — c) 


=2- 


■■■/ 


sin (a - b) sin (a - c) sin (x—xY 

X 


sin (x - a) am {x - h) sin (x — c) 
sin® a 


dx 


=2 


(ii) Similarly, 

/ 


, x-~ct 

7 z:\— — 7 — log tan — 5^-* 

sin {a - b) sin (a - c) ® 2 


sin (4;-a)sin (^-6)sin(.!r-c) 


dx 


=2 


(iii) Hence adding, 


sin (a — 6) sin(a-c) 


7, 


dx 


am (x — a) sin (^-6)sin(:i;-c) 
1 


=2 


(iv) or subtracting, 


sin (a — 6) sin (a - c) 


log tan - 


, x—a 
log tan -g-, 


h 


COS 2 xclx 


I Bm(x-a) sin(ii7- 6) sin (x—c) 

^ cos 2a 1 , x-a 

=2 — 7 TT —. — 7 V log tan —5—. 

sin {a — b) sin (a - c) ® 2 

(v) It IS easy to show that 


sin X 


sin (x - a) sin {x - b) sin {x — c) 

^ sin £t .. 

~~ sm (a — 6) sin {a - c) ® ^ » 




sin^ 


sin (x - a) sin {x - b) sm {x - c) 
sin X 


dx 


= 2 - 


7 rr 7 V log sin(:r-a). 

(a - o) sin (a - c) « ' ' 
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1. Integrate 

fa sin 9 + bcos6 


CHAPTEB VI. 

EXAMPLES 


® 1 : 


d6. /ii\ f - 

[«. 1883.] Jcosf-si 


\c sin ^^ + e cos 6 

a+b^9'^^- 
dx 

4- cos a; 

- tan 0 f 

[Trik.. 1884] Jr 

dx 


(iy) ( r_ 

' Jcosa4-cosa; [I.C.S., 1889.] ^ ^ L 

wjl 

<™>i3a3 


sin^‘ [I.C.S., 1880.] 


[Trin. H. and Magd.] 
dx 


+ cosec B 




sma;) - cosa;‘ 


-f cos a; + sin x [Ox. I. P , 1888 


cos £C + sin a;‘ [Coll. , 1878.] 
d6. 

[Ox. L P., 1889.] 

[tt, 1881.] 

dx 




%-\-b tan x’ 

[St. John’s, 1888 .] 

(xi) Apply the transformatioii t = tan Ja; to the integrals 


f 4:dx 
Js + Scos X* 


r 4dx 

Jb + Scoso;* 


Hence or otherwise, evaluate these integrals to the nearest 
hundredth, when the limits are a:=0 and Jtt. Prove in any way 
that the second is the greater of the two integrals, -when taken 
between 0 and Jw. j ^ ^ 

(xii) Prove that 




adx 


wax 1 

' {a;4-(a2-a;2)^}2 “ 71 

the positive sign being taken for the radical in each of the subjects 
of integration. 

Trip. II., 1913.] 

2. Evaluate 


* 

® lo^ + osina;’ [I. 0. S., 1889.] 


2 + cos£c‘ [St. John’s, 1882 .] 


3. Show that 
and integrate 


Ir 


dx 
- cos a 

J COSacoSig+l 
COS a + COS a; 


(>1) j 

de 

lo^ + CCOS^ 

(c<tt). 




[I C. S . 

1879 ] 

h] 

i' dx 

lo 1 - 2acosfl3+a2‘ 




[I.C.S, 

1888 ] 

TT 

cosec a. 

[Ox. II. P., 

1889 ; 

X 2 


Trin , 1887.] 
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4. Evaluate 


dx 

sin a; cos a; 4- sin a; + cos a; - 1 ’ [ 7 , 1899.] 

dx 


5. Evaluate 

6. Integrate 


laS“iPc'3P'5 CO=^- n- P- 18S7 ] 

(i«) j, 

<“> jsl 

I 

0)1: 


sin a;H-sia 2a; 
dx 

(> -h e“*)2* 
dx 

){4 + 5 coai)2' 

("> J(in 


(»i) [ 

(IV) J. 


de 


(a cos ^4- 6 sm Of 
dx 


QS, 1891.] 
[Ox. I. P.,1889.] 

[a, 1883.] 
[St. John’s, 1884.] 

[a, 1881.] 

[Coil., 1892.] 


\{a + b cos a; + c sin xY 
(v) Employ the substitution 

tan I = ^4? tan | to evaluate the integral . 

7. Prove that 

(i) j; 


de 


[Math. Trip. I., 1909.] 


T.; = TT cosec^a, [Coll. , 1886 ; St. John’s, 

(l4-cosacos^)2 1886.] 


.. V p sinirrZa; 2(sin a - a cos a) 

^ Jo (1 4-C08 asina;)2” sin^a ’ 


[15, 1887.] 


and evaluate 


p xdnxdx j f* 

Jo(l4-cosacosa;)8 Jo 


x%\nxdx 

0 (1 4- cos a cos a;)^’ 


if a be less than jr • 

z 


8. Evaluate the integral 

jcos201og(l-htan«)<?A 

9. Find the values of the following integrals : 

(\ f" r ^ 

J 0 2 cos a 4- -h e“®’ J 0 2 4- cos a(6* 4 €"*) 


[Trin.^ 1882. 
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ID. Evaluate 




dS 


0 cos2 sin^ 6 ’ 

^ de 


[Ox. I. P., 1889.] 
[1.0. S.,1886.] 


Jo 4 + 5sm2«' 

[Sr. John’s.] 

,. . 

J 0 (“® °os^ ^ sin* ey ■ [Ox. ir p. , iss?.] 

/ . sin 26 d$ 


and 


^T+co?5’ 

(vi) Shew that if c> a > 0, 

"7 2 ^2 dx=Tr(c-sJc^-a^)l^c. 
JO * rvT 


[I. C. S., 1891.] 


11. Prove that 




dd 


[Math Thip. L, 1908.] 


- 6 cos ^ - ’ 

where a > J, and deduce or otherwise obtain the value of 

dS 


12. Prove that if a > 6, 


j: 


(a+&cos 6 )^ * 


i; 


Evaluate 


dx TT [ 5a* 

(a + cos ~ 2 1 ^^2 _ 

I 


3a ) 


[y»1899-] 


[y, 1888.] 


dx 

0 (1 +«cosa)'‘’ [St.John’s, 1892.] 


where 5 < 1. 


13. Evaluate | where < 45c. 


14. Prove that if a < 

6 


16. Prove that 


f"- 

Jo 


Jo cos 3a 6 ^ cos 3a 
d(f> 


2t 


1 + 5 cos H- c sin ^^2 _ ,. 2 ’ 

where r 2 = 52 ^_g 2 
16, Integrate 

(ii) f jeesfe I* 1 

Jsm®cos!C ^ ^ Ja+Jtan® 


[I. C. S., 1897.] 

[C. S., 1896.] 

[C. S.,1900.] 
sec2 X dx 


+ h tan X ' 
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17. Integrate 

/•. f 

JlSsia^ie- 


16 cost^ 


'“>£r 


‘ cot ^ - 3 cot 3^ 

3 tan 36 - tan 6^ 


[Ox. I. P., 18880 


J (a -h 6 cos xy ‘ 


[tt, 1889.] 


18. Integrate 

/•x f ozii cos 6 + sin 6^,. .... fsin 

(1) (IX)]- 

nii) f / 1-O03g 

^ J \cos6/(l + COS ^)(2+cos^) 

19. Integrate dx. 

J V 1-sma; 2-sma; 


cos 6 + sin 6^ 
cos ^-sin^ 


sin ^ - COS 0 


-since 2 sin g 
-since* 2-sma; 


20. Integrate 

sin ^ - cos ^ ^ 

(sin 9 -i- cos 9) >/sin 6 cos 6 -f sin^ 6 cos^ 6 

21. Integrate f 

J (1 + COs2 6) ^/l-fcos^ 0 + cosM 


r sin 9 

J (sin^-i-cos 9)sjsm 

21. Integrate f ^ 

^ J(l + cos2 0)s/ 

22. Integrate 

(i) Jn/I -I- sin a; dx, (ii) 

23. Integrate 


sin ix J .... 

-j==^dx. Ill) 
n/I -t- Sin X 

r sin cc - cosh cc , 


Ya-h Stanza; 


24. Integrate 


' x^dx 
(cc sin a; -{-cos xf ' 

f seccccosecsc , 


25. Integrate 

® J log tan X 

26. Integrate 

(ii) |tan-ij^ 


.-1 -1 + V14J 


27 Integrate 


[dLftix. 
J 1-3? 
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, f sin as, f sin® , f sin x , 

28. Integrate J^iTsS^ ’ Jsin4» ’ 

and prove that ^ ^ _ 

2,. h(»-T )1 


.. f sinaj , . 2 t , I \ *> / I 

5 1— =-^=siii-K log 7 ^ 

JsinSoj 5 


- sin -g log 


rsin(®j) 


[sin(®+|)J 

[Thin. Coll., 1892.] 


29. Integrate j- 


de 


and 


1 


cos S 


sin^ B - sin^ a 


dB, 


I sm^ B - sin^ a 

Show that can be eacpressed in partial fractions of type 

sin qi6 

1 cos 9 


or 


sin^ B “ sin*^ a* 


sin^^-sin^ a 

according as is an odd or an even integer and can thereby be 
integrated. 

30. Integrate 


m f 


^ sinSxdx 


3 (a 4- 6 cos xy 
(a-hb Gosx)'^ ’ 




sin® X dx 


r I 


+ 6 cos 33 

^ sin 3a; dx 
0 (a + Acosa;)” 


( 71 > 3 ). 


31. Show how to effect the integration of 


[J^dz, \^-2S^dx, 

J sin 27JiB J cos m 

p and n being integers. [e, 1883 , ani> Coll , 1879 .] 

32. Integrate j* cot (a; - a) cot (» - /3) da;, ^ 

and show that 


I 


cot(a:- a)cot(a;-b) cot(a; - c)dx=-'2cot{a - 5)cot(a-c)logsin(a;-a). 

[Trinity, 1891 ] 

33. Show that 

sin xsQc{x- a) sec {x - B) dx 

= [costt cosh"i sec (a; - a) - cos /3 cosh“i sec (x - fiy. 

[Trinity, 1889 ] 

34. Prove that 

sec x sec {/3 -x) dx^fi cosec P log sec p. 

[Oxp. II. P., 1901.] 
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35. Prove that, if a and p be positive quantities. 

p th 7r(-l)”/d ii' 

]o{(LCos^x-hPsm^xy*^'^~~ ti Til \da'^dfi^ 




[tt, 1884,] 


36. Prove that, if 

f{x) = (k - aj) (a - Oj) . . . (s - a„) 

and F= H (1 - 2o, eos 

r=l 

where a^, Og, . a„ denote real quantities, then 

V ij 

where and €= -1, or -f 1, according as a,, is 

numerically greater or less than 1. [St. John’s, 1886.] 

37. If c be less than a sin 6, show that the coefficient of c”* in the 
expansion of 

. tan-i I (l “ Pi\ 

Jc‘^-a2 tvc + a V4 Vf 

is (-1) 

where is independent of 6, [Coll., 1892.] 

38. Show that if ti be a positive integer, 

f cos %6 - cos na , « ^ sin na 2 sin r6 , . . 

d9=:^d 1- 2 sin(^-‘r)a. 

cos & - cos a sin a sin a ,^1 r ' ' 

[Hbrmite.] 

39. Prove that 

f*/-. x»j 7 1 !.«/Y 1 sinra; 

(1 + cos x^dx = Yn ■ ^ X ~T' ' 

40. Show that 

C ” TL'TT ^ 

I II COt(0 - a^)dS = ^ cos -jr- 4 2-^r sk (0 - aV 

J 1 

where = cot (a^ - a^) C0t(a^ - ^ 2 ) • • • C0t(a^ - a„), 

the factor cot(a^-a^) being omitted. [Hebmite.] 

41. (1) Show that 

2 ^^_Yatan|-A 

Jo-sina) Va2-1 ^ •* 

(2) Difierentiate with regard to x, 

, - la + l 1 - sin a? 

tail“^\/ — = * r : — 

\a-l 1 -hBina; 
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Deduce from (1) aud (2) that 


a tan^ - 1 


- /a + 1 1 - sill X - 2 


is independent of x, and verify your conclusion. 

da, 


[O. S., 1898.] 


42 . Integrate 1= ^ t , 

® J 1 -h ao - a cos a; - 0 sec x 

where a<l, 6>1, [Oxu. I. P., 1917.] 

43 . Integrate (i) «*(fl;cosa; + sina;). (li) (ai^ + l)"^. 

(hi) 2a;-hl)/(a;2+a; + l)®. [Oxf, 1. P., 1918.] 

44 . Integrate [ . 

45. Deduce from the identity 

^ cosn9d6 = ^dd\\~ sin®^ - sia.^ 6 

61 J 

the expression for sin a; as an infinite product. [Oxf. H. P., 1887.] 

46. Evaluate the integrals 

(i) f(* + alog*)®da.. (ii) 


m -loga;)&! 
^ ^ j(a;4-alog2t;)2 


47. Show that 


f* + 

Jo (xsina: 


a(a - 1) 


, dx— 


(x sin X 4-0^ cos xf 

48. Evaluate the indefinite integrals 

..V r (sinx+cosxy - 

^ J{(ic- l)cosx-(x+l)sinx}2 


[Math. Tripos, 1885.] 

asinx— xeosx 
asinx + acosx* 

[Trin. Coll., 1891- ] 




{{x- l)cosx-(x+l) sin x}2 


dx. 


[OOLLEOES, 1886.] 


2* s X 4- \/l 4- show that 


49. If 
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f 7^-X+i, 

60. Integrate (') y 

., f log(cosg + v^eo8 2e) 

^ J 1 - cos®0 

51. Prove that, if n be an integer, 


[Ox. II. P , 1899.] 


[Coll, a, 1891.] 


J 0 1 + cos a cos CC 

and deduce the value of 


dx^TT cosec a (tan a — sec a)" 


Jo (1 -H cos a cos 

52. From considering the integral 


[Colleges Y, 1891.] 


Jo^-COS^ 


show that 


7 l 4 - 2 cOs 2 a . ^71 + 3) (n>-h4) cos^a ^ 

1+-T + O 2^ 

= 2’*(sec a - tan a)“ sec" a cosec a. 

53. Proye that, if 0 < a and n be a positive integer, 

J] einn^tan-/^^^ ^ 4 = [(see a - tan «)-•-(- 1)"]. 


54. Show that 

f p. =I'2^cose8 Prlog ' 

llmFcoB«d^-cos«a nid sinj^Fr ) 

2r7r 

here = 

55. Discuss the integration of 




where jp and q are positive integers. 

56. Wiih the help of the substitution as = - 1, or otherwise 

prove that 

r dx 1 

Jo(9^•25»^)^/T+^ 12 3 

[MaTH. Trip., Pt. II., 1920.] 
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FUETHEE REDUCTION FORMULAE. 

208. Several ** Formulae of Beduction” have already been 
established, and the student will have gathered some infor- 
mation as to their nature, mode of construction and use 

The nature of these formulae is that a connection, in general 
linear, is found between two or more integrals, so that when 
all but one have been found, the remaining one can be inferred. 

209. It will be useful to summarize those which have already 
occurred. They are as follows ; 

1. The rule for integration by parts, Art. 90, and for con- 
tinued integration hy parts, Art. 96. 


2. Reduction formulae for 


Art. 102. 

3. Reduction formulae for 


Art. 104. 

4. Reduction formulae for 

|x"*'(iog cuy 

doc, 

Art. 106. 

5. Reduction formulae for 

isec^x dec. 1 

cosec’^a; dx, 

Art. 120, 


J J 


etc. 



1 eot”£c dx, 

Art. 125, 


J 

1 

etc. 

6. Reduction formulae for 

f doc 

etc, Arts. 

185 to 199. 

J (a-|- b cos x-j-c sin a;)”’ 


7. Reduction formulae for 
to 203. 

f sin^a? cos? a; 

Arts. 201 


208 
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210. Q-eneral Remarks. 

The subject of the present chapter will be the construction 
of such further reduction formulae as may be necessary for 
present or future uses in the book, and a general indication to 
the student of the mode of procedure to facilitate their speedy 
production. It will be noted also that two distinct modes of 
procedure have been exhibited : 

(i) That of integration by parts, or, what comes to the 
same thing, a proper choice of “P,” with a differen- 
tiation and subsequent arrangement of the result as 
a linear function of the expressions whose integrals 
are to be connected, as exemplified in Arts. 185 
to 188. 

(ii) A change of the variable, taking the integrand 
itself, or some function of it, or of some essential 
part of it, as a new variable, as exemplified in 
Arts. 194 to 198 

We shall also complete the discussion of such integrations 
as are to be considered, both for the general cases when 
reduction formulae are required and for tlu particular cases 
i% which it is convenient to avoid their use. 


211. Integration of dec, where X^a+baf^. 

In three cases this admits of direct integration, and no 
reduction formulae is required: 

I. When ^ is a positive integer. 

II. When —is an integer: 

n (ii) Negative. 

m , . . ^ (i) Positive. 

III. When — [-P IS an integer • t., . . 

n ^ (ii) Negative. 

In other cases a redaction formula is necessary. 

212. I. li p be a positive integer we can expand (a-^-bod^Y 
in a finite series hy the binomial theorem and integrate each 
term. 

Thus 

I aS^-\a -f dkc = ciP - — — — ; 

J m ^ m+n m+pn 
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I£ ^ be fractional or negative, the binomial expansion is 
non-tenriinatingy and therefore the integration after expan- 
sion would not express the result in finite terms. Expansion 
therefore in such cases should not be resorted to if avoidable, 
r 

213. II. Let i> =- where r and s are integers, and s, at 

least, positive (which covers all commensurable fractional 
or negative values of p). 

Put Xsa-f-6£c’‘=2^, 

brvx^''^dx=8z^~'^dz\ 





m • 

(i) Hence when —is a positive integer > 0, a finite expression 


n 

may be found for the integral by expanding this binomial, 
integrating each term, and finally substituting back for 2 ? its 

value, riz. 

(ii) A.nd when is a negative integer or zero, 




(z^-a) 

may be put into partial fractions by the rules explained in 

Chapter Y., and the integration can then be effected in finite 
terms. 

214. III. Again, we may write the integral 

and therefore* by case II. this is integrable in finite terms if 

, m 
mH — 

be an integer, positive or negative, i.e. 
integer negative or positive, and the proper snbstitntion is 
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b+ax'-^^=z\ leading to a finite expansion if be a 

negative integer, or to partial fractions if —4- - be a positive 
integer or zero. 


216. To sum up: 

Case I ^ a positive integer: Expand. 

Substitute a + bit?" = z* ; then expand, 
Case II. — an integer : or partial fractions, as the case 

may req.uire 

Substitute then 

Case III. --+^ an integer: expand, or partial fractions, 

^ as the case may require. 


216. Illustrative Examples. 
1. p a positive integer. 


Consider /s J(a;^ + 3a!^^+3a^^+iv^)da: 


6 13 20 27 ’ 


2 ^ a positive integer. 

Consider /s f (1 + clr. Here ~ ^ 2. 

J n i 

Let 

/=/^v . 5 i; = I/.7 - 1) &=f (g - J) 

3. ^ a negative integer. 

Consider /s J Here — = - ~ — 1. 

Let dx^^^dz. 


r f B 3 2 = 3 f 2 ® , 

r=j=r>.z^^dz=^jj^,dz 

Following the rules of Arts. 165-166, we may express as 

1 1,1 1 1 22 - 1 - 1 - 1-5 , 1 22 - 1 - 1 - 1-1 

9 2-1'^9(2-1)'® 18 (2-t-i)^-t'4'^6 (s»-4-2-H)“’ 
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whence 




1 V3 

In the last term, put 2 ? 4 - 2 =-^ tan $ ; 


6 + 2-^1 


dz^^^sec^OdO ; 


^Jupw^' 


■'■ /(z> 


dz 


003^9 dO 


sjz r3ec^ede__ s r 

+ ^ + 2 J SJzJ ^ 

■"3V3 Vs ^3^* + 2 + r 

Hence J.v"® (1 +a?’)^ ^ 

=miog(^-l)-§^-^log(^+^+l)4ip^:^-^tan-‘?^], 

where 2= Vl 4-^^ 


4. “+’j 2 . positive integer. 


Consider 2^ j ( 1 4 -ii 7 *)^ da;. Here ^ + J “ ^• 

Then /= ^ ^ ( i ci.'*?- 

2 

Let l-l-:r"’= 2 ^; dx^ —:^X*zdz; 

which can he put into partial fractions. In this case, however, the labour 
can be avoided by the substitution z—sec 9 , and then 

r sec^ ^ sec 0 tan ^ 


h 


J fsec^^aec^tan^t^^ f ,aj/» 

j te5‘-? Jco^c-ede 

— ~J Vr+coF?dcot 9 

fcot^vr+c^ . 1. , ^ 

~ _ ^ •’2 log (cot d4 VT+cot^J ; 

.'. 7= ^ [^cot 9 cosec d 4- log (cot 6 4- cosec 


where cos 0 =- 


(l-t-ie^)* 
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71fl T 

5. ” + ^ negative integer. 


Consider /=j 

Here ^ + 7-|-7- 

Then 

/ = J 

Put 

= dx=-SC^^dzi 


. I=-jar>z-»de 


= + J dz 


s-s 2*^ 1 ^ 1 .a;® 

8 3 ® ® 

1 a;“(8+5aH') 

”24 ■ 


217. The Six Connections Possible. 

When and is not immediately 

infcegrahle by one of the foregoing rules, it may be^ shown 
that, by integration by parts, it can be connected with any 
of six other integrals. 

Thus, for instance, 

J sc” da; = - J ^ 

and by different modes of treatment we may show that the 
six integrals, with any one of which 

can be linearly connected, are 

jV-'X-’+'da;, 

|®’“-“-‘X'’ da, |!c“+*-‘X'’da:, 

X'’^^ dx, f ajm+o-ii?-' da, 

that is, the index of X can he decreased or increased by 1, 
leaving the index of x unaltered 
the index of x can be decreased or increased hy u, 
leaving the index of X unaltered ; 
the index of x can he decreased by n, and that of X 
increased by 1; 
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or, th.e index of x can be increased by 'n, and that of X 
decreased by 1. 

That is, either index can be increased or decreased, leaving the 
other unaltered, that of x by 'n, that of X by 1 ; 


or, the one increased and the other decreased in that 
way (but not both increased or both decreased at the 
same operation). 

The rule for effecting this connection may be put into the 
following handy form ; 

Let where X and ju are the smaller indices of 

X md X respectively, in the two expressions whose integrals 

dP 

are to be connected Find Rearrange this if necessary 

as a linear function of the expressions whose integrals are to be 
connected. Integrate, and the connection is complete. 

In the rearrangement it may be necessary to substitute 


n+bx* for X, or — 
o 


for a;", as may be required for the 


particular case in hand. 

The rearrangement can always be performed It will be 
unnecessary to integrate by parts. The advantage derivable 
from the use of the rule of " The Smaller Index -h 1 ” will 
be that it will enable us to connect at once with the particular 
oue of the six possible integrals which may appear desirable. 


218. Proof of the Rule of “ The Smaller +1.” 

For proof it is sufficient to verify the rule in each case. 
Thus to connect 


dtx with 1 dx. 


put P=:a^X^. 





dx 


(note the rearrangement “ as a linear 
function, etc.*'). 
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Hence, P = [rfn+pn) J dx —apn | dx ; 


or. 

f£c”‘-'Z*'cfo= H 

apn f 


J m+pn 





Tlie advantage in this reduction lies in the fact that the 
index of the often, troMesome factor may be lowered if p be 
positive, or ravsed if p be negative, and by successive applicor 
ticns of the same formula^ if necessary, we may ultimately 
reduce the mtegral to one which has been previously obtained, 
or which, can be managed with greater ease. 


219. List of the Six Connections. 

The student should verify all six connections by the above 
rule, and also by integration by parts. 

They are as follow : 


( 1 ) 

( 2 ) 

(3) 

(4) ^x’"~'X^dx= 

( 5 ) [ 

(6) jr-* 


(ia;. 


jpTO-1 JJ) d£C = 

-^XPdx= 


apn 

m-{-pn'^ m+pn 

am am J 

m—n f T 

Jw(p-f 1) 6»(2’+1)J 

f^+n-lX->dx. 
m m J 


We have written m— 1 as the index of x in the primary 
integral. This is merely for the convenience of mahing the 
several coefEcients on the right-hand side smaller and more 
compact than they would be with an index m. 


220. Special Cases. 

The ease where comes under the heading 

= integer, already discussed (Art 211), and needs no 
reduction formula. 

The case p = ^ integrates at once ; as also the case it = 0. 
The case p'+l =0 integrates by partial fractions. 



216 


CHAPTER VIL 


The case m=0 needs no reduction formula, coming under 
the heading of Case II. Art. 213, (ii). 

When the student is convinced of the truth of the rule in 
dll cases, the sice possibilities of connection and the method 
of connection are all that need he remembered. 

That the increase or decrease in the index of x should be 
‘'-71 at a time,” whilst that of X is only "1 at a time,” is to be 
expected, since X^c-\-hx'^. 

221. An integral of form 

[aixP'^hod^ydx 

can be written as j * dxy 

or as ^3f*<^-'^{b+aaP-<‘Ydx, 

and therefore is reduced at once to the form considered. 


222. Integrals of form 

are obviously included in the same rules, as there has been 
no limitation as to the signs of the indices in the formulae 
discussed. 


223 niustrative Examples. 
Ex. 1. Find the value of /= 


^dx. 

We may connect with J dx, and this again with J (x^-hcc^)^ dXy 

and this last is a standard form. 

As the reduction is to be used more than oncey we will connect 

j'(a^ + a^ydx with j oKa?. 

Let i»=ra;(:c»-|-a2p. 


/7P ”■ « 1 

Then ^=(;c2+a2f 

=(4:® + M (a?*+ o* - of) {a ? + 

(note this preparatory step, which might he 
performed rfientally) 
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(whicli is now arranged as a linear function of the two expressions whose 
integrals were to be connectecl). 

Integrating, P— (?i + l) j + dx-- 9 ia^j^ + 

ie. I 

Putting n=5 and then ?i=3, 

/ +5|! f +„2)i as 

and j (^Ji^-aa)®ofc = ^^^±^+^Y (s‘ + a!‘)^cls 

and f (s^+a^)^cis= ^^'^ ^ sinh~^-. 

J 22 22 A 

Thus da? = i d? (.r^ +■ a^a (x^ -f- 

•^071 <»*smh->f . 

This result might have been obtained more quickly by substituting 
ji?=a tan 6 aud using the reduction formula 

j sec’*+2 Q tan 6 J*sec“ Q dO (Art. 122), 

'whence we get 

y = j j sec7^c3f^ 

=a*[Jtan ^sec®^+f { Jtan 6sec®^+2(itan ^sec 9 
-f i log sec 6^ + tan 6) }], 

which gives the same result as before. 


Ex. 2. Find the value of /= [ — - ■. 

{x^-{-a^y 

First connect J (x^-ha^) ~^dx with j da. 

Put P=.a7C^®4-a^)“?'*‘^ 

rfP _ n , n 

_ aa)(a?2 + a2)"^ 

= <3 - 71) (^2 + ^2)-T +1 ^ _ 2 ) a® (^*2 + a2) " ^ ; 



218 CHAPTER Vn 

Putting and tlienw=3, 


and 




This again would have been shortened by the substi tution ^=atan 
which is specially suited for functions involving V,^2-l-a®. 

Thus / f 55£!4f =i, f oos>6d9 

J(l — sm^d)ciBin S 

_ 1 J X 1 ^ \ 

which is the same as the preAuous result, though in a different form. 

Ex. 3 Find the value of /„= J (a;^+a^)'^(ia;, n being a positive odd 
integer. Let a‘(^®+053)^sP„. 

Since (Ez.l). 


■1 n-1 
etc., 


“f + ;n — tT 4» 


and 

we have 


r f /-^ X , + a® . , a? 

A— j v^®+a2ci2;= 2 4'^8inh ^ — , 


/ =--^4- 


w+ 1 ^ (»1 + 1 ) (» - 1 ) + 1) (L _ 1 /(« - 3) ■’■■■■ 


{ra+l)(«-l) ..4 2 
^fa-2)(n-4). 3 1 g 

(71+1)01-1). ..4. 2 a 


Ex. 4 Find the value Cf Z 


Let 


= p 

n-2~' ■*■ »• 

(^® + a2) 2 


•■■/ 


cfa? 


Since 

I- +5 

" (72-2)a2^: 

we have 

/ _ -^n-2 , 

”"-“(72-4) 


etc. 


Z^l 

-2 a2' 
-5 1 


— , 72 being a positive integer 
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“WTieii 71 is an odd positive integer, vre ultimately arrive at and 
^ r dx Ps 

• 1 _ ^ — 3 Pn-a ■ (7t-3)(?^-5) Pti-4 , 

” 71-2 a-* (9i-2)(?i-4) {ri-2){7i-4){n-6) o® 


(7l-3)(7^-5). .2 _P^ X 

^{n-2){n - 4) ..3.1 a"-i» E? 

In the case when ti is an even integer, = say, 

7 - { dx _ , 2m-Z J_ 1 , D ^ 

j (ar2+a'‘)"'~(2TO-2)a’‘'^2OT-2 

^ L. /’a. 2 ot-3 A..-11 , (2m-3)(2w-5) i>„,„_.n 

2ot- 2 a» (2m,-2)(2m-4) a* (2»i-2)(2m-4)(2m-6) a* 
(2 to-3)(2ct-5)...I 1 ^ 

^(2771-2 )(2»i—4)(25;i -6) a* 

In integration between limits 0 and «> , 

, n” (2w-3)(2m-5).. 1 1 TT 

^Jo (2wi-2)(277i-4).. 2 ‘ ‘ 2 

M. Bertrand* shows a very ingenious deduction from this result, viz. 
putting a=l and ^=-^, 

1 f" cfe (2m- 3X2772.-5)... 1 TT 
fi+lT (2m- 2)(277i-4). 2 2* 

Jo ^ 

Take the case when m is indefinitely increased ; then 

I 3 6 ..(2to-3) ^ 

Mence e dz- 076 ..:{2m-2)'^ 

and by 'Wallis’s Theorem (Hobson, Trigonometry, p. 331), 

2.4.6... (2«i-2) j J~„ T, 

1/3.5... (2m-3j V2(2»-1) 

become infinite in a ratio of equality 

•R.n<« Er., ^ 


Hence - rf J .o.u.. yay/c - o; ^ 

^ 2 2. 4. 6. ..(2m- 2) 

_7r ^ ^/5j^ _v/7r 

■ ii 

r ® 

Consider also 1^- J x'^e-^dx^ m being a positive integer. 

♦Bbrtkand, Gale, D%ff. p 130 : see also Hall, D, and 1. O , p.330. 
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\ dx 


Integrating by parts, 

/»=-| 


m—l 


How 

and 


/m-2 (w.>l). 
•Jt 


2 


-Zq= f e"**c2a?=- 
Jq 

7 ,= f !ce-*‘cfa=-|[e-»*1 =i; 

••• 

f -i * . — ^ 7^ being a positive integer. 

jQ 2** 2 

Hote also that if the integration extends from — oo to H- oo , 

I' 

but I e-»^ oZa? = 0, 

for to any positive element of the integrand in the third integral there 
is always an equal negative element. 

y.20 , . 

Ex, 6. Calculate the value of / dx^ m being a positive 

integer. 

We proceed to connect 

j* with >/2(za: — a;^ dx, 

i e J (2a - a;) ^dx with {2a— x)^ dx. 

Let (2a - o;)^, according to the rule ; then 

(»i+i)a!“'*(2a - a)’- 8a:”^(2a -»)* 

— (2m -1- 1 )aa!”^“^(2a - a:)* — (m -f 2) (2a — 

Hence 

(m+2) Ja;’^(Za-a)*c/x= -x'^(ia-x)i + {2mi-l)aja!’"~*(2a-x)*dxi. 


_ 2wt4-l „ /•*“ 

""771+2 


/.Zn 

a / ,j2ax - 
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.. if 


-L 




j. 2m+l j 2??i 4-1 2wi-l 
w ^^-2 m + 2 ‘ m +1 


m + 2 


2?n-l 


2 m -3 
m 


«® 4 »- 3 =etc. 


_ 2 wH- 1 _ 2 m — 1 2 m - 3 5 3 

” 9 n, + 2 m +1 ??i "'4 3 * ° 

r 2 a 

Now, to find /o or / '^^ax-oc^ dx, put a;=a(l — cos 0). 
Then dx==a sin 6 

and V 2aa; - = a sin 6. 

Also, when *=0 we have 0=0 ; when x—2a we have 0=ir. 
Hence 

/o= |"^’^a2sin20(i0 = |-y’^(l -cos 20)o?0=-^|^0- J sin 20^ 

Hence / . 3 (2m-f 1) 1 

(»H-2)(m + l)...3 2 m»(m-l-2)! 2"* 


Examples. 


Prove that 


1 . (g 4 “ dx = — j— r ^c 2 a?. 

J ' ^ m-hp f 

J a;»»+i maj?*” m aJ af*^ 

a ( L_ l._J_4._l l.-l L..i!.JL. 

j r^(a + bx) m — 1 a ic^~^^m—2 a""”^ m-3 a* 

1 I Tm—I Cl'hbjC 

4 - 4-^ 2 — .LjLr^’iY - — — • 


^ r (,a+hxy’ ^_ {a, + bx>y ^ 

J X jO J X 

^ f dx X 2p-irflir 

j (a + 6^ay^i”2ajD(a + ht?2y“^ 2ap J {a+bx^y' 


x^dx 




ft /* ^ ^ ' H-vy-ri. j ^ 

‘ j (a + ba^y-^^ 2 ap{x-^ba^y 3 ap J (a-hbx^y * 

and evaluate 


[Bertrand.] 

[Bertrand.] 

[Bertrand.] 


ja-^bx»^’ f{a+bi!^)»^’ / i»(o+6r>)’ 
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7. I* dv = — — ~ ^ dx^ 

r ^ r 

J a + &:r?*'^^“(n-3)6 bj a + 

x 


dx 


f ^ ^ /* 

j (a 4- ^ ” 40?^ (a + fevP^)^ 4(st^ i (a + &.r^) ^ ’ 

and evaluate — ^ - j r i , f 

J(a + bx^y J x^{a-\-bx^)^ 


[Bertrand.] 


224. Reduction. fornitila.e for jsin^xoos^xdx. 

Integrals of this form also conform to the rule of “the 
smaller index •+ 1,” explained in Art. 217. 

Connection can be effected with any of the following six 
integrals : 


^sin^’^xtos^xdx, 

jsinPa; cos^'^xcZ®, 

j sin^^”* X Qos ^'^^ X dx , 
by the following rule : 


jsinP+^cccos'^aida;, 
jsin^ajcos^’^^jrdoj, 
jsin^+^fl? eos‘>'"^aj dx, 


Put P=sin^+^a;cos^'*"^a;, where X and jjl are the smaller 
indices of sin x and cos x respectively in the two expressions 
whose integrals are to be connected. 


dP 


and rearrange as a linear functim of the expressions 


whose integrals are to be connected. This rearrangement can 
always be performed. 

Integrate, and the eoimection is effected. 

Each of these connections might be effected by integration 
by parts, but the advantage to be gained by the present rule 
is the same as has been explained in Art. 217. 

For example, let us connect the integrals 


[ sm ^ xcos^xdx and 


f 


sin^'^ajcos^ajda;. 
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Let P = sin^"^aJCOs^+^fl3. 
d/P 

-^= tp— 1) sin^“^a;cos^''’^5c— (g'+l) sin^a; cos^a; 

= (p— 1) sm^“^£c cos® «(!— silica?)— (g^-f-l) sin^iccos'^a; 

= ( 2 ^— 1 ) sin*’"^a; cos®a;— (p-|-j) sin^a; coa«a;. 

[Note the last two lines of rearrangement as a linear 
function of siii^a;cos®ai and sin^'^a; cos®a;.] 

Hence 

P = — 1 ) |sin^"^ic cos®a; die— ( 2 > -h j) J sin^^a; cos® a; Ax 

and 

[sin^o; cos«cc dx= —— — [sin*’“^a; cos®a? Ax, 

J p+q p+qj 

225. List of the Six Connections. 

The student should note carefully the possibilities of con- 
nection for jsinP® eos^x dx. 

The indices of either sinaj or cos a? may be increased or 
diminished by 2, the other index bein^ unaltered ; or, the 
index of the one lowered by 2 and the other increased by 2 , 
Writing s for sin x and c for cos x, the six connections are : 

,1) 

f qP+1 n 1 f 

(3) s>’c«(ia;= ^ ■■■ -- +i-±\sPcfl-'‘dx. 

^ ' J P+2 P+2J. 

(4) 

(5) 

Each of these should be verified by the student by means 
of the rule given, viz. “Put P=:sin^“^^fl5 co3'*'*'^a;, where A, /u 
are, etc. ... and also by integration by parts. 
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226. Special Gases. 

When p-\-q = 0, the integral is and is integrated 

hy the reduction formulae of Art. 125. 

When p-fl = 0 , 

[8inPa;cos®a5iaj= f^^-^cZa;=== — f ^ -d(cosa;), 

J J sin® Jl — cos*® ^ 

and then we write cos® = 2 :, and use the method of partial 
fractions, or proceed as in Art. 228. 

When 

(sm^®coa«®d®= p~?d®= 

J Jcos® Jl — sin*® ^ 

and then we again use partial fractions, or proceed as in 

Art. 228. 

227. The student is again reminded that when either p ox q 

is odd, or when is a negative even integer, there is 

an easier mode of procedtore (Art. 114). Also that in any 
case ue have the method of multiple angles when the indices 
are positive and integral ; and in general this will be a more 
speedy method of obtaining the indefinite integral than the 
employment of a reduction formula. The results, however, 
will be necessarily produced in a different form hy such 
processes. 

228. We must also notice that, in the formulae of Art. 225, 
either p or q, or both of them, may he negative. Hence we 
now have reduction formulae for integrals such as 

C sm^X y f cos^® ^ f dx 

Jcos®® JsinP® ’ Jsin^®cos®®’ 

and to these the “ multiple-angle method ” of Art. 112 would 
not apply, hy reason of the non-termination of the binomial 
expansion used for the purpose of conversion. 

Thus, putting —3 for q in formula (5) of Art. 225, 


fsin*’®^_ sin*'”^® 

p-l CsiaF-’‘x, 

J cos® ® ~ — 1 ) cos® 

J — 1 Jcos®"*® 


Putting ~p for p in formula ( 6 ), 

i cos*^®^^_ cos^”^® ^ — 1 fcos^"^® 

sin*"® " (p— 1) sin*’“^®~p— 1 ] sin*'"^®^’ 
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Putting — p for x> a»nd — g for g in (2) and (4), 

f 1 . j>+<y-2 f 

Jain^'a; cos^a; (jp— 1) sin*’"‘a;cos®“^a;”^ p—l J 

1 . V+q-^ 


dx 


lii^r 

(g— 1 ) sin^*"^aj cos'*~^a;”'' g— L J sin*’x cos'^ ^x. 

etc. 

If, however, p = 1 or g = 1 in these results, i,e. for integrals 

of form or f - ? — -dx, these reductions obviously fail, 

J cos X J sin X 

dx, we may put g= in formula (1), 

cosa: 

Then 


sin^-'^x cos^x 
dx 


rain*’x^^_ sin^~^x pinP~^x 


J 


cosx 


cosx 


dx, 


f fsin^x 

and repeating the operation, we presently arrive at 1 dx 

, J cos X 

dx if p be odd, giving 

cos X 

respectively log tan ^ — sin x or log sec x in the two cases. 
Similarly, for put p = — 1 in formula (3); 


j' cos^x ^^_ cos^~^x ^ I' cos^-^x 


dx, 


. . I — ; u/u/ — z r I : 

J Sin X g ~ 1 J sin x 

i* n • • i fcos^x, . fcosx, 
nnaiiy arriving at — ; — dx or at I — dx, 

® J sm X J sin X 

a.e. log tan 2 + cos x or log sin x as the ease may be. 

229. The cases when p or q vanishes, ix, the integrals 
Jsin^x^x and |cos'‘xc2x 
are of primary importance. 


Connect |sin"x(Zx with Jsin"~^xdx. 

Let P=sin""^xcos X, according to rule; then 
dP 

^ 1) ain^’^xcos^x—sin^^x 

= (7t— 1) sin”"^x--wsin”x; 
sin**“^xcosx . n—\ 


.*. Jsin’‘xdx=- 


• Jsin“ 


"^xcZx. 
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Similarly, 


f ^ , sin a; cos”*' ^05 , n— \ f 

I cos’^a; da? = I cos" dx. 

j n ' n J 

230. To calculate 

r T 

8^=\ silica? cZo? and Cii==f cos^x das. 

Jo Jo 

Since sin""'a?cosa? vanishes vrhen w is an integer, not less 
than 2, at both limits, a?=0 and we have 

^ _'n.— 1 c/ 1 u— 3 cy 

““ ^n- 2 — ’ O 


71 


U 71. 

7i— 1 72—3 7^— 5 


71 72.-2 71—4 

If n he c-yeTx this ultimately comes to 
n^l 71,-3 5 3 1 


^n- 6 — ^tC. 


^ 7^— 1 7^— 3 5 3 If T » 

Sn = 5--*o'T*c5l J 

n 71—2 6 4 2J(j 


'i.e. 


S.- 


71 — 1 72/— 3 5 3 1 


71 71— 2 '“6 4 2 2 

If 71 he odd we similarly get 

- 71—1 71—3 4 2 f ^ . , 

/S„= o»-K*o fimicda!, 

" n 71—2 5 3J<) 


and since 
we have 


T r 

sino; da? = |^— COS a;J — 1, 


>S„= 


71—1 71—3 4 2 

71 71 — 2***5 3 


In a similar way it may be seen that 1 cos*a; dx has pre- 
cisely the same value as the ahove integral in each case, n odd, 
71 even. This may he shown, too, from other considerations. 
We thus have 


r/sin< 

Jo NCOS. 




or 


Sm\« , 71—1 71—3 71—5 3 1 TT 

xdas= o ... r £7 o ^ ^ even.] 

n 71—2 71—4 4 2 2 

71—1 71—3 71—5 4 2 - n, 

= A :«•••■= o^» nodd. 

71 71—2 71 — 4 0 3 
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231. The student should notice that these formulae are 
written down most easily by begi'yinfiing with the denomi- 
mutor. "We then have the ordinary sequence of the natural 
numbers written backwards, 

(iiunderti— l)x(n— 2 under n— 3)x(ii— 4 under 7i—5)...etc., 


stopping at (2 under 1) if n he even, and writing a factor 
or stopping at (3 under 2) if n be odd, with no extra factor. 


rpu /iv ^1 ^ 7 5 3 1 TT 

Thus (1) = 


1,/^ 7/1 108 642 

(3) cos^ 2 6 coa^ 6 d9=j'^ coa^ ^ ^ 

where <l>=20. 

""416 4 2 2 "^7 6 0 

/5- /"f 

(4) cos73^sia*60c?^=2* 3m*3^cas“3^fl?6> 

2* n 

”"3 Jo where <^=3^, 

= cos«</>+coai6 <#))(^<^ 

_^2 46 8 1U/ c)l?.12i4\ 

“ 3 3 67 9 11 V“ 13 "^13 16/ 


1. Prore that 


E^camples. 

the indices being both diinmialied. 

« -o- i.1- X sin^"^^ p-X ( am.^'~^6 

2. Prove that / — =-: — tI — 5=2^“^- 

J cos» ^ (5 - 1 ) cos<^“i 0 q-lJ cos® 2 ^ 

o -D^ XI. X [ooa^d cos^“i^ jD-1 

3. Prove that J d6=- ^^ _ -^^dd. 
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4. Prove that 

d6 




,p±q^ 


^-2f_ 

-1 j si 


d0 


sin^^cos®"®^ 


sin ^ 0 cos« 0 (g-^) sm^-^ Q cos^“i Q' q- 

1 .p+g-^f 

p-\ J sm^-25icos«^' 


(p- l)sin'P~^^cos* 

J -3375 J - COS&—- 

Q f cos^^ cosP-^ 6 f eo8^'^0 
'Jsin^ "" p-^l 


sin 6 


dO, 


7. (a) j^n-^ede^ 

1.3...(2»^-1) -1 1.3. (2«-l) p 
“^**‘*^2.4. .(2?i-2) 2. 4. ..231 

I*)/"*"’*"- 

-J 


+ ... + : 


2.4. .271 


‘1.3. (271-1)- 

where c and s stand respectively for cos $ and sin 6 [Bertrand ] 

i.3...(2w-i) n . 1-3. .(a^t-i) 


+...+ 




'■2.4...(2»i-2) 2.4...2?i 

(i) iVbZ ( 5 . ^ 

c and $ being respectively cos B and sin 6, [Bertrakd.] 


(9. 


9. Prove 

(a) /cosec‘^rfe=-H-i^^ + ^---|logtan|. 

(l»l.^9de = Ji+|^l+|logtan(|+f), 

where c=cos s=sin 6. 

10. Prove that 

23i(2?i— 1) sin (271 — 4)^ 
1.2 2/1-4 

. 271(271-1)... (71 + 1) 

+ 172— it 



FURTHER REDUCTION FORMDLAR 


229 


( 2 w + 1)271 sin( 2 ?i- 3 )^ 
1.2 2n^^3 

1.2. ..71 


(a) jai 


am«‘ede 


(— l)”rsin 27 i^ ^ sin ( 271 - 2 )^ 

“ 22«-^ L ^X“ 


2 w( 2 w - 1 ) sin ( 27 ^ - 4 ) ^ 

1.2 27 i -4 

. / ixti-i 271(271 - 1 ) . . ( 72 + 2 ) sin 2 ^ 
1 . 2 ...( 7 i-l) 2 

. ^ ,,^ 271 ( 271 - 1 ) ..( 7 t + l) (T] 

^ 1 . 2 ... 71 2 J* 




[Bbrtrand.] 


232 . Introduction ot the Gamma Function. 

For what follows we shall require a new function r(7i+I)> 
which will be defined sufficiently for present purposes by the 
equations 

T(n+l)=nT(nl r(l)=l, = 

This will be enough to find its value whenever n is Si, 

2^4-1 

positive integer, or of the form — where fc is a positive 
integer. 

For instance 

r(6) =5r(6)=5.4r(4)=5.4.3 r(3) 

= 5 . 4 . 3 . 2 r( 2 )= 5 . 4 . 3 . 2 .ir(l)= 6 t, 

r(w=fr(f)-f.jr(f)=f.Mr(f)=|.i.|.fr(f) 

This function is called a Gamma function. We shall define 
it more generally later and investigate its properties. For 
the present, it is temporarily introduced to secure facility in 
the rapid evaluation of a class of integrals to be discussed. 
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233. It -will be noted that the products of the first n odd numbers 
1 . 3 . 6 . 7 ... (2?i— 1) and of the first n even numbers 2 . 4 . 6 .. . can be 
expressed in terms of this function, for 

+ 271-3 2/1 — 5 1 

2*2*2 

, + 2/1 271-2 2/1-4 2 

and 

and 2.4.6... 2ji=2"r(?^^)=2"r(»+l). 

W 

234. To investigate a formula for | sm*^0 cos«0rf0, p and q 
being positive integers. ^ 

Let this integral be denoted by f{p, q) ; then since 


f 


sin**^ cos*0 d9 = 


sin^’^^ cos^****^^ 

, p-lf 

P+S 

^p+gj 


Jsin*^“*6 cos**^ dO, 


we have, if p and q be positive integers and p not less than 2* 
/(P'9)=^/(P-2,9). 

Case I. Let p be even, =2/71, and q be also even, — 2?i, 

Then / (2m, 2n) = - 2, 2») 

(2m-l)(2m-3)... I . 

(277i4-27i)(27/i + 27i— 2)... (271 + 2)'' ^ ’ '* 

A /f\ \ 1^ mQJA 271 — 1271 — 3 1 TT 

^ ' 2 .4.6... (2m+2m) 2 

2™T./2OT+l^ 2 »t./2»+1\ 




rf£+l)r(i±l) 


2r 


W^' 
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Case It. Let p be even, =2wi, and q be odd, s=2%-l. 

Then 

2«-l)=etc. 

(2m-l)(2m-3)...l 2„_i^ 

(2«»+2«-l)(2»i+2»-3) ...(2n+l)'' ' ’ 


-r(ail)^.rg) 

2’"‘^"„/2»j+2»+l\ 

^ \ 2 ) 

Case III. Let p be odd, =2ni- 1, and q be even, =2». 

In this case we obtain similarly 

1 f2.4.6 ..(2 w-2 )] [1.3.6...( 2to^] 

/(2m-l, 2n)- 1 . 3 .6... (2m + 2n-l) 


But this may also be deduced at once from Case II by putting 

ir 

for then sin^ 6 cos* Odd— j cos^ sin* ( - 1 ) 

sin*<^cos*'<3[>c?<^ 

so that / ( jp, ^') =/ (Sf> JP)- 

Hence the result is again 

”ar^i^+i5” 

Case IY. Let^ be odd, =2?ii — 1, and q be odd, =27i — 1. 

= 2«-l)=etc. 

(2ffl.-2)(2pt-4)...2 2JI-1) 

“{2m+2«-2)(2m+2K-4)...(2n+2)-'' 


r cos 




1 
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/(2m-l, — (^”»-2)][2-4.6 ..(aw-a) ] 

2.4.6 (2»i+2m-2) 


gm-irl 

^2w' 
^2 ; 

|2n-ir^ 

2?A 

2/ 

2tn+n' 

->r( 

^2j/i+2% 

^ 2 . 

r 


*r(£ts+.) ' 

235. Hence, in every case we have the same result, viz 

r . 

air,PA.^<,a,ia- ^ ^ / \ 2 / 

•’« 2r(^+l) 

and it will be noticed that the ^^+1 occurring in the 

denominator is the sum of the and the in the 
numerator. ^ 2 

236. As it has been assumed that p is not < 2 we must consider the 
particular cases jp = 1, = 0 separately. 

Wheiip=l, [\inScos»ed0=r-22!!l^’=,_l^ 

L 3+1 Jo y+l- 

r('l±J')r('2±2^ 

Now \ ^ ^ i L 

3+1 

Hence, this case conforms to the general rule. 

men„=0 r/'““Y/lVO_(«-l)(»-3)...l w . 
p '"> ra(«-2)...2 2 

(n-l){n-Z) .2 
n{n-2) ..3 

In the case ?i even, the above result may be written 

kM" 
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2$3 


and in the case n odd, the result is 


n-1 

2 a r| 




«+i 

Ain 

[“4-*') 

2r 

/n’^2\ 

\ 2 j 

1 


Hence these cases also conform to the general rule 

|;ain-^oos»^^e= " 

uhich may tkeref(yr€ he ctssiimed i% alZ cases where y and g ere yoei^ve 
integers, 

237. This, then, is a V6ry convenient formula for evaluating 
quickly integrals of the above form. 


Thus, 



n] 

iri 

[I) 

Jo — 2r(8) 


” 2 . 7 . 6 . 5 . 4 . 3 . 2,1 

_57r 

-^r 

IJ\ JhOweveTf the liiTiits be other thcuTi 0 on’id a/fi integral 
Tri'wltiple of we nmust find the indefinite integral either by 

a ^'eduction formula or hy the method of Arts, 
before inserting the limits, 

238. Integrals of form 

where Xsa-^rbx+ea^. 

[This form obviously includes all such cases as 


r 


dx 




jiS+S?H?F' J(»+l>H-fa?r'^ ) *• 

f f (a— i>)” 


f dx I I etc.1 

}x^{a-\-hx-\-ci?f' J^a-t-fta+ezr*’ JVa?+a!i;+& 

1. Consider the case when 'nb=0, io, p - J 
Put P=^{b-\-2cx)XK 
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l.e. 


Then ^ = 2 cJ? +- 2 )( 6 + 2cisfX^-'- 

= 2cJri’+f)(6*-4acH-4cJr)2?-> 
=(2p+l)2cZ»+p(6®— 4ac)^-‘ ; 
(6+2c»)X^=(2p+l)2cZ-^,+p(6^-4ac)7o.^.i, 

w 

This reduction fails when 2 ^+ 1 = 0 , but in that case the 

f dcc 

-7=z===, and has been considered in Art. 80. 
s/a+hx+cx^ 

The formula (A) will finally reduce the integration of 

to that of something of the form |z*da 5 , where 8 lies between 

0 and 1 . If s =0 or the integration can be written down. 

Hence, in all cases where p is integral or of form where 

i; is a positive integer, the integration of [jC^dx can be effected. 

If ^ be a negative integer or of form — — 2 — * 

apply the same formula to lower the index in the denomi- 
nator, viz. 

or writing —p for p, 

C dx _ (6+2caj) 1 {2p—l)c C dx 

Jx^+‘ p{b^-4:ac)^^ 29(62-4ac)j3>’ 

n. Next, consider the case when m = l, i.e, /i,p= ixJC^dx. 
Put P==AP+i 

g=(p+lX&+ 2 «.)X^ 

X*^i=(p+l)&J;fP(fa+ 2 (p+l)cj’a:X'’^a:; 


• • ^l,p C 




^•^"2(2?+-1)c 2c 

and the last integral has been considered. 
This reduction fails when p= — 1 . 


.(B) 
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required. 


i+bx+ca^ 


, and no reduction is 


But this case is reduction is 

required. 

CXP 

239, In the ease when m= — 1, p s 1 “do?, put P=-Z'*’. 

Tken ^=P(6+2 cb)Xi-‘ 

=^[bx-\- 2 (X-a-bx)]X’^-^ 

ttatis (*^) 


240. In the case /^ = 


^doc, put 


^ Js/a-f 

P = cD'^-^sJa+hx+cx^. 

2(m--l)(a-}-lx+€X^)-[-bx-}-2cx^ 

2ja+bx+^ 

P=(m— l)a7m-.2+ ^^^2 

which connects with and 7^-2 ("unless m=0), 

= 1 f / ^ 

2cJ v/a+6jcip^ Vo+ftaJ+ca;^/ 

= ls/a+6K-l-ca;2— ^ /o. 

and 7o is discussed in Arts. 80. 81. 
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241. III. In the general case since 

a+ijK+cay^s X, 

we have ^^^X^^=:x^^-^(a+bx+ca?)X^y 
and therefore 

'^ni-2,p+z (^) 

Again, let P = Then we have 

dP , 

^ = (m- 4. (^4. 1 )a5«-i (& 4. 2cx) 

^aP-^X^ [(m-1) (a46»4ca:2) 4-(^+ 1) {hx+ 2ca^)] 

= (m~ 1) a<xf^-‘^X^-{-{'i)x+;p)haP‘^ 2^3+ 1 )co^X ^ ; 


(m 1 ) ®-?ot-2,p+(^'+jp)^Iw-i, pH“(wi+2j3 4”I)^5/fn,jp‘ •••(®) 
Eliminating between (D) and (E), 

a?»-‘Z>-+^-(m-l)7„_,,^.=(p+l)6I„.,_p+2(p+l)cJ^p. (F) 
We thus have, collecting the results, 

= ajaf»-2ZP(2®+6 ja;>"-iZP(fo+cjaf*Z»da:, (D) 

('m,-t-2p+l) c 

; m 

or, writing — for jp to adapt them to the use of cases in 
which the index of X is negative, 
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^,dx 

=j5r-(’w-l)a[~<to-(m-p)6f^<fo, (E) 


15^ 


_ 1 £c^“^ (m— 1) ra?’»‘-2 , b Cx^^j 


242. Remarks. 

The case of 2 ^= —1) in which formula (F) fails, is 

In, j*^^5a3^ca;2^* 

But in this ease we proceed to partial fractions, and no 
reduction is required. 

Equation (D) positive) expresses one integral in terms 
of three others, with a lower power of X at the 
expense of introducing higher powers of x ; and 
Equation (D') raises the power of X in the denominators. 
Equations (E) and (E') reduce to integrations with the same 
powers of X but lower powers of a?. 

Equation (F) connects with two integrals, in both of which 
the index of x is lowered, whilst that of X is 
raised in one integral and remains the same 
in the other. 

Equation (F^) plays a similar part for the negative index of X. 

243 Integrals of form 
J'Oa 3 + 5 )>»(a+«a!+ca 32 )«<fe, or 

obviously come under the heading discussed, after trans- 
formation, by making per -hg'= 2/, which transforms a-\-hx-\-cx^ 
to the form A+By+Oy^, where 

A;p^=ap^—hpq+cq\ Bp^=hp--2cq, Cp^ = c, 

and f {px+q)^((t+bX‘{-co[^)^dx 


becomes 


i +%+ <?/)” dy. 


and similarly in other cases. 
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The particular cases where 6=0 or c = 0 come under the 
heading of those discussed as in Art. 217. 

244. Integrals of form 7n= f ^=== 

may be regarded as coming under the head of those discussed 
in Art. 241, for the substitution q-[-px=y immediately reduces 
them to that form. But as this form occurs very frequently 
and is of considerable importance, it is desirable to consider it 
independently. 

Let 

(qJr'pxf-^ 

Then 


dF 6+2ca! (n—l)p»/a-\-hx+c:)^ 

dx 2 (q +px)^^'^Ja + 6a3 + cx^ (q+px)^ 

_ (h+2cx)(q+px)'—2{'n— l)p{a+bx+ca?) 

2{q +pa')" N/a+ 5a;+ 

_ 1 XJriut,(q+'px)+-v{q+pxy 
2 {q+pxYsJa-^^hx+cx^ ' 
where \+fxq+vq^—(p—2{'n--l )pa, 

fjp + 2vpq = 2qc +ph --2(^—1 )ph> 

1 /^2 = 2pc — 2 (n — 1 ) pc, 

from which we obtain 


\ = — 2 ( 72 , — l){ap^-~-hpq + cq^)lp, 

/X = — (271 - 3) (6p — 2cq)/p, 
v= — 2(71— 2)c/p. 

And 2P=XJn+M-^n-x+v/n-2 is the formula sought. 


That is 


2^a-\-bx+ea>^ 

(q+px)«-^ 


■{2n-Z) 




The case where 7^=l is given in Art. 287, whence Zg can be 
found from the present formula, in which the coefficient of 
^«-2 vanishes when 7i=2. Then Z3, Z^, ... can be successively 
deiived. 
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245. The integral 


/»=/i 


may be written as 


Mx+If dx 


J (px-^q)^ \/ax^+bx^ 


p p 


where /„ is the integral discussed in Art. 244 
This therefore constitutes a reduction formula for J^, 
But both this integral and the more general integral 


J. 



Mx-^-N dx 

{Ax^’{‘Bx-k' CY ^tax^+bx+c 


are more conveniently evaluated by differentiation with regard to one 
of the constants involved, q in the one case, 0 in the other, as explained 
subsequently (see Art. 364). 


246. The integrable cases. 

Denote Ax for shortness by 

The special cases 

(0,-1), (0, -i), (0,i), (0,1) 

are all simple elementary integrals whose values have been discussed. 

Formula (A), which connects (0, p) and (0,p — 1), will therefore continue 
the senes both ways and yield 


(0, ±5), (0, ±2), (0, ±f), (0, ±3), (0, ±J), etc., 

i.e. (0, ±k) or (o, 
where h is any integer. 

Formula (B) connects (1, p) with (0, p), and therefore contributes the 
integrals 

(1, ±*). (i, ±^), 

where Jc is any integer 

Formula (C) connects (-1, p) with ( — 1, ^ — 1) ; and ( — 1, -D and 
( - 1, ±1) are simple cases already discussed ; 


and 


(-1. -i), 

(-1, +i), 


(-1. -■}). 

(-1. +i), 


(-1. -4), etc, I 

(-1, +1). etc,/ 


are contributed ; 


aaalso (-1, ±2), ( — 1, ±3), ( — 1, ±4), etc. 

( 2>fc + 1 \ 

- 1, ± ^ contributed where k is any integer. 
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Porniula (D) connecta (m-2, p-l-1), (»*— 2, p), {m-\,p), [m,,p) 
.. (0,p + l), (0,p), (l,p), (2, p) are connected, 

(1, p + 1), (l,p), (2,p), (3, p) are connected, 

etc. ; 


(2, d=fe), 
(3, ±h\ 


. 2^+l^ 



1) 




Ij 


i 

2 ; 




■ I 

wi - 2, p\ (m 

-1, 


are contributed, 


therefore also (-2, ^-2, 

(-3, =t*), (-3, ±?^), 


are contributed, 


etc. 


Hence all i'ntegrals of form 

[ dec, where X s 4- c£C^) 


I’ 


caifi he integrated in finite term when p is of form dzk or 
± and m, 7c are integers positive or negative, 

EXAMPLSffl. 

247. 1. Taking 

Cdx 6 + 2c,i? 2(2y— l)c /*cfo7 

where AT = a + 6a? 4- ca?* and k s 4ac - 6®, 


rdx 6+2ca? . 2c /“ dr 
prove j 


f da: _<6 + 2ca7)/^ 1 , 3c\ , Sc® /’da? 

J A:» :fe A’ 

/* dr 64 - 2 ca?/ 1 , 5 c , 10c2\ , 20c® /'da? 

J A:*“ /(: V3^®‘^3AA®'^FA7^“F ‘ j ~X ' 


[Bertband ] 

2. Show that if /„ = then c/„+6/„_j-f-a/n_2=^7^ j prove 

/ a;c2jr 1 . ^6 rda? 
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Deduce 


3 Prove 


/ x^dsc K 6, ^h^-%aoCda: 

tr . 5* — ao, V . ^ac — h^ , tdx 
i + -^logA+-^ 


/* ,h^ — acy „ V . ^ac—h^ i /ci^a; 

J X “2c ■; 


[Beetrand ] 


and deduce 


A 1 h C da; 

J AT’ 

C dx _ h 1 ^^.2 b{3ac—b^) Cdx 

J 2a» j 


[Bertrantd.] 


(The value occurring m each of these results is given in Art 80.) 


4. If A'=a-{-6j;-f-cir*, prove that 

r , 0!^ ^ m f dla? b [ y 

J A'^+i ~2cpX^'^2cpJ ~~~X^~ 2c j 

[Bebt-rand.] 

5. Prove that if X = < 3 ^ 2 ^ 


/ 


X^dj; = 


2j!-t-a 


2(n-hl) 

6 . Prove that if Z 1 , 


Z^+ 


8na^ 

40H-1) 


/ 




[St JoHur’s, 1889.] 


.. f da 1, 1,1 I4. -.1 

_ r _14^, 2(2jo-l) fda 

i®) J x^i- 3^'^~~3p j Z^* 


2 j ?+1 

V3 


7. Show that if p be a positive integer and Z=a? 2 ^.jcd*l, 

f Ov^+I+W^ 

(l+2s)r 1 .(2p-l)/2\ 1 ,(2p-l)(2p-3) /'2\> 1 

“ 3 LyA»> p(p-l)\3yi'’-‘"^i»(p-l)(p-2) \3/ 

' ^^(^)-l) -2 1 W Xj 
. (2p-l)(2p-3).. 3 I 2 /2\»> 2.r+l 

■^p{p-l)(p-2) .2f^/3\3/ ^3 


(6) f ^ 3 - „^, , ?i bemg a positive integer, 

(a!*+^+l)“5” 

l+2rr 1 2 , (»-l) 2» 

3 Lsjj-I jg-?:^i'''(2»-l)(2»-S) Vsj 

(«-l)(a-2) /2y 2« 

'^(2vi-1)(25j-3)(2»i-6) \3/ 

(ra-1)! /2\»-i2»“-»' 

■*■•• ■'■(2»-l)(2»-3)...l \3;/ 
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248 . Reduction of 

iJa’VhoG^^cx^ 

Let JTs tt+6a;2+c£c^ and put F=^x^~^JX. 

Then 

_ (w. — 3 ) ( a + 6^^ + ca3^) -(- 6.<c + 2cx‘^ 

JJ 

_ (7i--l)(?ir^+(w»— 2)6^c’‘“^-|-(?^— 3)aa‘”“^ 

Vx ’ 

.-. !B«-»,/7=(,t-l)cI„-(-(w-2)6r„_2-f(%-3)aI^4. 

249. Integrations of 

(i) jcos_^;j3COfl"^a?cfc, (ii) |cosj9£» sin"^ajrfi», 

(iii) ^smpx cos^g^a? da?, (iv) jsm^aj sin^g^a? da?, 

including f ^ etc. 

Jcos"ga? 

There are two classes of reduction formulae for such in- 
tegi'als. 

We may connect 

jcos 2?£C dx with Jcos^oj cos^''^qx dec, 

or we may connect 

I cos ya; cos” qx dx with J cos (p — ^ ) a? eos”"^ qx dx, 
and the like with the other three cases. 

250. First, we consider the former class of reduction. 


(i) Let -^n = I cos px cos^qx dx. 

Then 

j sin 7^a? ^ , 710 f , 

~ — cos”^aj-h^ jsinparcos^-i^a; sm qxdx 

sin pa; ^ , '^qV cosxx 

= — - — eos*^ qx+— I ^cos”“^ qx sin qx 

P r ^ P 


+ 


I — ^ ) S' cos”“2 qx( 1 — cos® qx) + q cos” (/a;} dv 
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Bjinpx 

V 


(^os^qx—~~ cos 2>os cos””^ 


qx sin qx 


+ J cos px{-^ (n— 1 ) 008*^“^ qx-{-n eos" qx} dx ; 

( ^2^2v 

1 jln = 2^(P ^ ^ 2 ^) ' 

' P / p 

n( n-l)q^ j . 

^2 ■*n-2j 

j _ „_j 2 ^smpa:cosga:— ■n.g’cos^jajsing’a: 

•■• ■‘n-eos ga; p^-n^q^ 

p^—nY 

5 _ QQgn-1 sin px cos ga? — nq cos ya; sin ga; 

dxcoapx~~^^^ coa^pc 

Hence the reduction formula may be written more com- 
pactly as 

r — ^ Qos^qx n(n—l)q^ j. 

p^—n^q^ dx Qoapx p^- n'^q^ 


By successive reduction, the power-factor coa^qx may be 
reduced either to cosja? or to unity, when is a positive 
integer, and the integration can then be completed. 

If n be negative (=— m), we can, by solving for ln^2i 
express the same formula as 

j _ cos^px d sec'^qx j 

m{m’{-l)q^dx cospx m{m+l)q^ 


and therefore a reduction formula for dx is also 

Jcos’^g^a; 

furnished. 

Similar work and remarks apply to the other three cases, 
(ii), (iii) and (iv), but it is desirable to consider them in 
detail. 
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sinya; 


smog's; — ^j^- 


cos fX „ T 
cosqx 


smrtr-^qx(l-—siii^qx)~-q sin**g^a5}£fo;J 

sin^a; . . nq - i 

= — sin" sin"“^ qx cos qx 

f cos p; { (w. — 1 ) sin "“2 qx -^n sin" qx}dx\ 


r J 

Yi^q 


/. ^1 ” n = 2 "I" 5®) 


. T . ^sin|)a;singa;4-wgrcosi)a;cos(?a;) 

.. i„-sin qx p^-nY 

n(n’--\ )q^j 
^2 — n-2> 

7 _ ^ sm"gfsc — l)g^ j 

^‘^p^—nYdx<^OQpx p^ — nY 

252. (iii) Let 7„s|sinj9a; cos"^ajd!flj. 

Then 

•^ft = ~~ — cos" 9p—~ I cos px cos'^-'^qx sin g^a? dx 

cospx ^ nqVsmpx ^ - 

= — cos" ffcc ^ — =^cos"“^7a3 sin qx 

p JpL P ^ ^ 

—l)q cos"~2^ic(l —cos^qx)-\-q cos"ga;} fi!cc']; 

j P -» 

. /"i ^V\t co.s"-igrr . . 

' ' V ” ^ ^ P^ cos g'a;+ sin g%c sin qx) 

q^ 

n{n 1)^Z^2 5 

T _ «.-! (^>cos j>a;cosg^a;+a^gfsin^a;sing'a;) 

/. cos qx p^iJlnY 

n(n—l)q^ 


p^ — n^q^ 


i,e. 


7 — sin^ya; d cos^qx n{n—l)q^j 

” <fcc sinya; p^^nY 
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253. (iv) Let I„s|sinp5sin"g^a5 (Zee. 

Then 

^n = "'~^^sin”ga5+^ Jcos^icsin^-^g^as cos qx dx 

cosvx . , narsinpe . ^ , 

= ^ sm^qx-\ — - =^sin““^^aj cos qx 

p ^ pL p ^ ^ 

— 1)5 sm^-^qx(l--sm^qx)-—qsm*^qx}dx ^ ; 

sin .^ — ^QX 

1 jin— T^iP cospic sin qx — nq sin px cos qx) 

p / p 

-n(w-l)^Z„_3; 

jT 

T ^_i_i:>cospccsm^a;— wg^sin^ajcosg'a; 

•’• J-n — — sin ^qx -« -g-5 


p^—n^q^ 


n{n-l)q^ , 
■ p^-nY 


^.e. 


r — sin^pa; d sin^^qx n{n-l)q^ j 

« “ p2 _ ^ gjj^ ^35 ^2 _ ^2^2 n~2 • 

254. The four results are therefore 

f , cos^px d cos^qx 

oospxco,-qxdx = ^^,^—- 

cos»-aga! dx. 

f , cos^px d sin^^a; 

cos px sm'^qx dx = — s — -, — 

r 'l p2 __ ^2g2 ^QQ pjp 

n{'n—l)q^ f * « a j 

- ^2_^./^l -]cosygism"-agaida!. 

f . , sin^pa; d cos^qx 

jampxcoH”qx = 

jsin2>a3Cos’*-®g'a;c!x 

f . ^ , ain^px d siii^qx 

sin px aiw^qx dx = — s — - t — = — - 
r '1 p^^n^q^ dec mipx 

n{n — l)q- f . ■ o t 

— - 2g2 J sin pa; sin^-^ga; dx. 
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Thfiit is, if A stands for the first factor and P the second, or 
power-factor, ie. I„= j-dP cJa;, we have, imall cases, 

Writing - 7n for for the cases where n is negative, we 
may write this as 


255. Such formulae are more particularly useful for negative indices 
of the power factor. For if the integral sought be, say, 

j cos4^sin“3fl7ciKfl?, 

the ** multiple angle” process for sin®3.a; will be more convenient than a 
reduction. 

' 1 

Thus, sin^a27*=^(sin 16^— 5 sin 9^+10 sin Zai) ; 


. cos Aa; sm® 3 j 7 = ^ [(sin + sin 1 1 a’) - 5 (siu 1 Sa? +• sin 6^) 

+ 10(sin 7a? - sin j?)], 

and the integral is 

1 cos 19:r cos 11 :p 6 cos 1 Sa? 5 cos 5a7 10 cos 7r 10 c os^a?' ! 
"^L f9~‘^ 11 TS 5 7 1 J* 


But to integrate j process is useless. Therefore we 

change n to in the second of the formulae of Art. 264. 

Then 

f cc3p.v coa^pa; d secp^ p^ — 7i^q^ 

J am"+2$a7 ^ 71 (ti + 1) g* oZa; sin" g^j? - 71(71 + 1 ) g* j sin^ga: ^ 

whence 

r cos 4a? J _ eos^4a ? sec 4 j? 13 . 5 fc os 4a7 , 

j sin® 3a? ~”3.4.3® sin*3a:^3 4.3*ysin®3a; 

J f cos4a7j _ cos®4a7 d sec 4.7? 7 1 f cos4a;_y 

whilst 

1 1 . a? 1 I 3<ii7 ^ 

= 2 log tau - - - log tan y -h 2 cos a; ; 
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Lence 

r cos ix . cos^4a ? d sec 4^7 13.5 f cos* 4.37 d sec4ii? 

J 8iii®3a; 3 4. 3®ot‘r8iii33^'^3. 4. 3S\r.2 3*^ sin 3 ^ 

tan y -1-2 cos 

=etc. 

256. For tho second mode of xeductiotij mentioned above in 

Art. 249, we may connect that is ^cos^a?cos^^a;cia; or one 
of the other cases with 

Ip~-q,n—l or With ^p—2g,n-.2t 

To shorten the expressions we shall use the notation 
Cp for cosjpa;, Sp for sinpa;, etc. 

The mode of procedure is the same in all cases, viz. * 

Fut F = the2>ower factor xthe comple'menta'ry function of 
the other factor. Differentiate an c? rearrange. 


(i) 


Let 

Pi=s,ej« 

Then 

=2)a^c,”-nq8f0,”-\ 


=Cj’'-^[(p-h'nq) Cj,r^-'nqOp-g\ 1 


A = iP+'>^2)j<^P<^q” dx—nq jcp_gc,”-^ dx. 

(ii) 

Ip,n = dx 

Let 

Then 

Pi ~ *5®}**' 

=peps,”+nqsps^«-^ c. 


= Sq'^-^[{p+nq) CpSq+nqSp^] ; 


Pi = {f+nq)^CpSj’*dx +'«g'|s,_j8j» dx. 

(iii) 


Let 

y 

II 

' 

Then 

^ = -pSpCj” - UJCpC,"-! Sj 


= -Oq’'~'^l{P-^M)«pOq-M^P-qy, 


1\= — (p+n?)Js,c,/cia; + iigj'sj,_jCj"-i(/a; 
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(iv) ^ 3 !. 

Let 

dP 

Then = — _pSp s/ -h nqCp8”'^Cq 

= - Sa“-H(i> +«?)%»« 

.-. p^= - {p-\-n) j’spV‘^»+’^2 

We thus obtain the four results : 

(1) [p+nq)^CpC"dx= s^e^+tiq dx. 

(2) (_p + nq) Icpaj ” dx = Sj, a”— nq |sp_, dx. 

(3) (2)+-«f)j'sp(j,»cZa:= — CpC,’*+iig' rfa:. 

(4) (jj+uj) j'«pS,“(Za;= —CjS”-\-'n.q^aj,^s^^^dx 

Thus an integral of the first kind connects directly with a 
lower order integral of the first kind ; 
an integral of the second kind connects directly with 
a lower order integral of the fourth kind , 
an integral of the third kind connects directly with 
a lower order integral of the third kind , 
an integral of the fourth kind connects directly with 
a lower order integral of the second kind. 

Thus to connect an integral of the second or fourth kind 
with one of its own kind, a second operation is necessary. 

For example, 

ip +’nq) dx = Sj,s ,“ — nq dx 

V"‘ + («- 1)? Jcp-sj ‘^®]- 
■which connects \vith |cj,_ 5 ^Sg«-®cZa!, 

aud similarly for da: with 
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257. Avoidance of a Reduction rormula. 

For integrals of the classes under discussion, viz. 


Jcos 'paccos^qx dx, etc., 


it is often convenient to avoid a reduction formula altogether 
so long as is a positive integer, vrhen vre shall require to 
put the power-factor (cos^qx in this case) into cosines or 
sines of multiples of qx, as seen in the example in Art. 255. 

Proceeding as in Art. 112, the formulae required are: 


2^ cos^d = =etc 


where 


= 2 [cosn6^-|- ^O^cos - 2) 6 -f "Cg cos - 4) ^ + . . . 

^ 

V2 7 


n - 1 ^ n+l ^ 

2 ' 


cos 9 if w. be odd, 


2«- 1( _ 1 p' sin»» 0 = cos nd — cos {n — 2)6 


n 

+ ... + ( -If' - ^ ifwbeeven, (C) 


2»-i( . ] ) 2 sin" 6 = sin nO - sin()^ — 2) d 

+ - 1) ~smd 

' ' ^ W--1, 71-1-1 

T"’ 

if n he odd. (D) 

Then taking 9=qx, 

2 "cos"^.ncos 2 JCC=a series of form 2S cos ra; cospa;, say, 
= ^Kr (eosr+px -|-cos r - px). 


and jcospxcos”ya;da;=i(^2A^r^~;;^^^^ 


sinr- pa;\ 


taking due account of the final terms. 

Similarly we may proceed in the other eases. 

The formulae (A), (B), (C), (B) can be readily reproduced as 
explained previously in Art. 112 for any particular value of n 
for wliich they may be required. 
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sin 2^siii*5.r dx 

2*tWfl=(3r-i)‘= 2,. + I,-6(y‘+i)+16(3,« + i)-20 
= 2cos6^-12cos4^H-30cos 20 — 20 ; 

.*. taking 0=5^, 

sm*6^ sin 2^= — ^ [2 sin 2^ cos SOa? — 1 2 sin 2^? cos 

H- 30 sin 2^ cos 10^—20 sin 5Lxi\ 


and 


/si 


sin 2a; sm*5r 


= - ^ [sin 32a7 - sin 28a? - 6 (sin 22a? - sin ISxf) 

H- 15 (sin 1 2a7 — sin 8a;) — 20 sin 2a?], 
1 rcos32a; cos 28a; p/^cos22a7 cos 18a;'\ 

“ 2«L“32 28 ®V“22 ) 


32 
+ 15 


258. The Integrals 


cos 12a; cos 8a; 


12 


8 




COS IIOG 


dx. 




fsinnaj , 
... fsinna? , 


In case (1), 

j _fcosfta:j_ f2cosa:co8(»- 1)® -cosfm -2)a: , 

= ~ ^n^2,p 

In case (2), 

j _ pin m> r2cosa;sin(»t — 1 ) 0 ? -sin( 7 i - 2)x j 

JeosPa; J cosPa; ^ 

“ I.IJ-I “ Ai-2,P • 

For cases (3) and (4), let 

Y _ fcosTia; fsinwa; , 

In case (3), 

1 ^ rc^ f - 2 8iiia;sin(rt- l)a;4- eoBjn - 2)x 

J smi'a: J siuJa; 


= -2J, 




H-In -2.D* 


In ease (4), 

f ^ sin X cos(n — l)a;-|-sm(' 7 i— 2)a; j 

Jsin^'o; J dx 

“ -\-J 7 i_ 2 , 3 >- 
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The cases (1) and (2), therefore, reduce to lower order 
integrals of the same form. 

The cases (3) and (4) reduce to lower order integrals, but in 
each case the forms are partly interchanged. 

It may be worth noting that in the form 

might as an alternative method express cos nx as a series of 
powers of cos x and integrate each term by methods already 
discussed. 

If n he odd j" he treated similarly by 

expressing sin9^^l? as a series of powers of sin a? and integrating 
each term. 

If n he even sin nx contains a factor cos a?, and the integral 
is immediately obtainable ; e.g 

f sin 4a? 7 f 4 sin a?(l - 2 sin^a;) , 

— : — dx = 1 cos a? da? 

sm^a; J sin® a? 

-f(45-4_8a-2)d5= — — • 

J ' Ssin^a; sma? 

Similar remarks apply in the other eases. 


-Cl 1 fooabA', _rco8 4r, fcosS^F, 

259 Ex. 1. I — — dx- — o- da 

J COST a J J cosrx 

= 2 [2 f - [ 5^ ctol - f 

L j cos A’ J cos®.*? J / C0S®.il7 
= 4 J (4 cos®a7 — 3) da — 2 J (2 — sec*^?) da 

- j {4-2 da 

( Sim 2^ 1 

— ^1 — 12.51? — 4^7 4-2 tan A' --4a; -1-3 tan J7 
s=4sin 2^7- 12.r -1-5 tana? ; 


or otherwise, and more readily, mtlioui a reducHon^ 

r 003 50? r 1 6 coa^'y — 20 cos^o? -4- 5 cos a 

J cos’ a cos'*.*? 

— J {8 (1 -1- cos 2.1,) -20-1-5 sec“ a) dx 

= 4 am 2a; — 1 2.r -f 5 tan a, as before. 
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*, rcosSse , a /'sm4j; , , f cosSm , 

= _2r2f£^rf:,+ /-?12|£^‘l 
L J sinji? J sin®^ J 

r_2r8i^ /-co^^l 

L J sm®^ J sin®:? J 


= -4 y (cob^ -4sin^cos^) cfa? — 8 j cot a; da 

/ cos^ , 
sin®^ 

. 1 

*= 16— r 12 log Bin/!?- - 


2 * 2sin2.^: 

== 8 sin®/!? — 1 2 log sm ^ i cosec^/ir ; 

or otherwise, and more readily, loithout a reduction, 


[S^dx=fl 

J SITL^Z J 


' c? sin :r 


— — i oosec^a — 12 log sm a: + 8 sin^ x, as before. 


260. f52!»E£ 

J costas ” ]s\npx 


dx. 


rs^ f sia-VoiCl-eos^ya;) 

Jcospa; J cos^a; ^ 

= — Jeospa: 8 in’>-*_ 2 ja: <?a! 4 - ; 

. J _ sin^-ijoa: , , 

J _ fcos^^ j ‘co3”~^pa;(l — sin^pg) 

J sin^ J sinjjg 

= - fsin pg cos"-apa! ch+J ^ ; 


dx 


Also since 


. T cos”“ijDa? _ 


Ij — |tan pg dx=^ log sec pg, 

/,= J(secpg-cospg)rfg=_!J^+i log tan j), 

<^ 1 = jeotpg 6b: = 1 log sin px, 

•^2=Jfco3eepg— 
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we have 




J cospa; “ 271—1 2 ^ 1 — 3 


sin^paj sin m , . , /OT . 7r\ 

3 2-+4)' 




f siQgw-ijo a;^^ sma»^ sin®"-2pa: 

J (X&pc ~ 2.n 


2?^— 2 

sin‘«r sin^po; , , 

f ^■^+log-sec^?a:. 


f cos^^pa; , 

— ^dx =. 
smpa; 


COS' 


\^n-Xpx C.o^^'^'px 

1 o H •• 


27^-l ' 2n-3 

fl3, 


, cos^pcB , cos^ja; , , , pas 

H g^+ + log tan^|-, 


P 


f COS^w+lpa; ^ 

sin pa; 


eos^^pas ^ 


+ -•• 


271 ^ 2u— 2 

, cos^pas . cos^na; . , 

4- log ainjp®. 


4^2 

261. Integration of 

\^aw, {^^dx, 

Jcos(/a; Jang-a! ’ Jcosya? ’ Jsing’a; 

(i) We may regard p, as integral and prime to each other 

For if p, q be fractional, =-^ and — respective!}/ , let 


and -2 


be reduced to the forms 




_ ^ 

S’ S’ 

where ^ is the l.c.m:, of and and R^, R 2 are integers. 
Leta3=>S?/. Then 


fr{y,) fTCSv 

J: 2 <« JS(t> J“»: 


y) 

zV) 


•dy. 


Hence we only need to consider the case where p and q are 
integers. 

The signs of p and q are also immaterial to the discussion. 
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Again, i£ jp and q were not piime to each other, let 0 be 
the G.C,M., and let p = Gp', q = Gq', and let * = Then 


% 

m. 


cos 

sin 

cos 

sin 


(G/x) 

(Gq'x) 



COS 

sin 


ip'v) 


cos 

sin 


Wy) 


dy, 


where p' and g' are prime to each other. 

Tlierefore we shall need only to consider the case where p, q 
are positive integers^ prime to each other 

(ii) Supposing 

Since cos px + cos (jp — 2g) a? = 2 cos {p — q)^ cos qx, 
cospa;— COS (_p—2g')a:= —2 sin (p— g)a;sm qx, 
sin pa; -1- sin (p — 2^^) a? = 2 sin (p — a; cos qx, 

sin pa; — sin (p — 2^) a? = 2 cos {p—q)x sin qx, 

we have 




cosqx 
jsin qx 


dx = 


I sinpcc 
cosqx'' 

Jsin^a; 


2 sin (p-q)x _ rco3(p-2g)a! 
p—q J cos ga; 

2 cos (p-g)ig rcos (p-2g)a; 
p—q J aing® ’ 

2 cos (p-g)a; r ain (p-2q)x 
p—q J ainga; ’ 

2 ain (p-g )a fain (p-2q)x ^ 
p —q J sin qx 


Hence, by a sufficient number of reductions of this kind, we 
can reduce the integration of 



to that of another integral of the same form, say 



where F lies between q and — 
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Hence we sho/ll introduce no limitation upon our method in 
the discussion of such inte|rrals in assuming j) < q, 

(iii) We take, then, 'p and q positive, integral, prime to each 
other, and 2? < ^. The case p and q, both even, need not be 
considered, being a reducible case as shown. 

Now 


if % be even, 
cos %% = 
if % be odd, 


^^^sin-ar-sin^a; 
iX * ^ 3 

1 Sin- a, 


where ar = (2r~l)^. 


2 smutty— sin%; 

cos cos x H 

1 sin-ar / 


if % be even, 


11-2 

2 


sin-ay— sin^o; 

sin nx^n sma? cos x II -5 j 

1 sin- a, 

if n be odd, 

tt-i 

sin na;=% sin x u t—x j 

1 sm^ttr 


\ where 0 ,=— . 


And where necessary a factor sin^ot- — sin^a; can be written 
as eos^a; - cos^Ur. (See Hobson, Trigonometry , p. 114) 
Factorizing both numerator and denominator of 


cos 

sin 

cos 

sin 


ipx) 

{qx) 


the number of factors in the numerator is less than that in 
the denominator, and in all cases the integrand can be thrown 
into partial fractions by the ordinary rules (factors not re- 
peated) and expressed in one of the forms, 

S A „ Acoscc ^ ^ sin a; 

sin^a -sin^o;’ -^sin^a - sin^ic’ ^cos^x — cos^a' 

and the particular fractions 

ilsina; Acosx A A 
cos^a;-r 1 — silica;’ cos^a? siu^rc 


may occur. 
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(iv) Finally, 


f sin a cos adx _ a; \ 

J sin^a — silica; ~ \taii a a 

f singcoscccfa; _ tanli"-^ / sin a: \ 
J sin^ a — sin^a; "" \sin a) ' 

r sin X cos adx^ cotli“^ / cos a; \ 
J cos^a; - cos^a"" Vcos a/’ 


= cotli“^ 


Hence in all such cases the integration can be performed. 

It is not essential that the numerator (px) should he 

factorized It might be expanded in powers of cos x or sin a?, 
as the case may be. But the factorization is convenient, pre- 
sents no dificulty, and as a rule is simpler in application, as 
it indicates in factorized form the values of the constants 
occurring in the partial fractions. 

262. Ex Find the integral 1— dv 

® J COS^J? 

Let '-rhen 

by the first reduction formula, (Art 261, li). 

r sin®~-8in®y 


J cosSy ^ 


sm®—— sm®y 


sm®-^ - sin*^ 

sin* ~ — ain*2/j ^sm* ^ - sm*^ 


sin-®- -8111=“- 

4 2 cosy 

. . ^ir I -sin^y 

sin*^— sin*^ 

. 4 6 


sin'-jr — sin“- SI 11 = t; - sin =7/ 
2 6 6*^ 


■ cosy dy 
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s’*" 


« A TT • A 'il 

sin®^ - sin^- 
4 2 


• n • A 


log tan (|+?) 


«7r 

sm®- - sin®-^ 
4 b 


am»2-sm g 


cosec 7^ tanh”' 

TT 6 


siny I 

• ‘^1 
sin^J 


So far, obvious arithmetical simplification is postponed, so that the 
general process may be exhibited and made clear 
Simplifying the arithmetic, we shall finally get 

263. Integrals of form 

f£?!!eEdir. {^^dx, {^^^dx, 

J cos£B ’ J sinas J cosiB J smas 

where p and n are integers, n being positive. 

These are generally integrated as follows ; 

First put the power factor in the numerator into the form 

of a series of cosines or sines of multiples of 2>^> say 

We are then to integi‘ate each term, viz. expressions of type 
»cos , 


( cow 

sin 
cos 
sin 


{rpx) 


dx 


(X) 


by a reduction formula, a case of Art. 261 (ii), viz. : 

fcosto , ^ 3 m(fc-l)ir _f cos(l- 2 ) x^^ 
J cosa; /v— I J cos a? 

rcos(k-2)Xd^ 
J sin a; 


’cos lex 


I CO! 
si 

I 


sma; 


dx= 2 


cos (k—l)x 
k-l 


+ 


sin lex , „ cos (fc — 1 ) aj 

dx= -2 r — T 

COS a; /c—i 


jsm(k-2)x 
J COS a; 

fsin h-x , „ sin {k-l)x , fsin (fc- 2)x 

JiEs-*- s=i— +)— air 

which obviously follow from the trigonometrical formulae 
COS lex + cos (/:— 2)35 = 2 cos a; cos (/c— 1) x, 
etc. 



258 


CHAPTER VII. 


Ex. Consider 

j cos a? 

We have, taking 


2® cos® 3^ = 1^2/ -^-j — etc. = 2 cos 15.27 + 10 cos 9.r + 20 cos 3.2? 

cos® 3^ jL f eoalS.a; 5 cos 9.2 ? 10 cos 3.r\ 

COS/l? 2*\ cos a? cos . 2 ? cos .27 / 


/ cos 15 . 2 ? ^ 2 s 

cos .2? ~ 


2 sin 1 4 . 2 ? 2 sm 1227 2 sin 10 . 2 ? 
14 12 10 


/ cos 

cos or ~ 
r cos 337 ^^ 

J cos a? ^ 

.. r 

J cosj? 2 *L 


2sin8j7 , 2sm6.27 2 sin 4 . 2 ? , 2 sin 2 r 

6 J— +-^-.r. 

2 sin 8 . 2 ? 2 sin 6 . 2 ? . 2 Rin 4 . 2 ? 28in2.r 

— g ^ + —4 2 


' 2 sin 14 a? 2 sin 12 ^? , 2 sin 10 .i? , 8 sm 8 .r 
.14 12 10 8 


8 sin 6 . 27 , 8 sin 42 ? 12 sin 2 a 7 


u 25 _| 

264. Integrals of form 

f cos^^a? r fcos^jjgg ^ , 

Jcos^a? ’ J sm^x ' ’ Jcos^a? ^ J ^ 

These are dealt 'with in a similar manner to those of the 
previous article. 

First expressing the po^ver factor as 

we reduce the integration in each case to that of a series of 
terms of type 


r (P'^) 

I sin ' , 

I dx, 

J (7®) 


and proceed as explained in Ai-t. 261. 

Ex. Integrate 7 = 

J cos 4 a? 

We have, taking 

2 cos 6 ^ 7= =2 cos 252 ? 4 - 10 cos 162 ? - 1-20 cos 62 ?; 
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The reduction formula 


I ^^._ 2sin (p-q)jc _ r cos {p — 2q)x ^ 

' cos p-q J cosg'^ 


f cos 25a: , 2 sin 2la: f cos 1 7.v , 

— 2i j 

_ 2 sin 21^ 2 sm 13^ , f cos 9a: j 
“21’ 13 '^Jcos4.v 

_ 2 sm 21;?; 2 sin 1 3^^ 2 sin 5a ' /* cosa: 

21 13 5 i cos4j5 

3 15.2? , 28111 llo; 2 sin 3^; f cos ( - a) , 


I y aiil i 

-r- da — — ^ 
8 4^ 21 


d fcosda, _2sin.a7 f cos ( — 3a) 

J cos 42? i J 


1 r2sin2^ 2 sin 13.2? , 10 sin 11 :p , 2 sm 5a 10 sin 3a , 20 sin 


3in a 
1 — 


j{— f cos a-5 CO 

^~~J C( 

= 2^ cosaj— 


5 cos :i?+ 10 cos3a^__j40 cos® a -34 cos^' ^ 


3 — 20 sin^-r 


sin ®5 - sin® ) f sin®-^ — 8in®.r 


„7r -37r , 

sm® g sin® g- da 


n 2r* A 37r 
2 sin® — sm® -r- 
o 8 

“ . .Stt . aTT. 

sm®-^-sin®-^ 


3-20sm»| 3 -20 sin* ^ 

o 

• A 2 n ■ o A 371 * ■ ^ 

sin®--sin®;i? sm®-^- - Bm®^a? 
o “ 




« i*_,sinj7 

3-20 sm® r> ) cosec tanh ^— 

. O/ o TT 

sm^ 


OA 2 StT 

- 20 sm® -TT cosec -^r 


i. 1 sin .27 "1 
)seo-g tanh->— ^ ; 

sm -g-J 


=|J^^sin21r- isinl3!i:+^sin Ils'+^sin5,r-|sin3r+] 


AA a’TX TT, , ,sin.r 
13 - 20 sm® g 1 cosoc - tanh"^ — 

sm 


- ^3 - 20 sin® cosec ~ tanli*" 


, sinjy '^l 


ool^ 
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265. Integrals of form 


J 


y fCOS^’it* J { y ( J 

I TT-^^ • 17 I IT’ doo, 

__ sin^a? p r f sia^~^a;cQsa; \ 

“ *”(9^— l)a5?-i g'— iLl (g“2)cc?-2j 


4- 




(29—1) sin^“2a;(l— sin^cc)— sin^a; 


a;9-2 


rfcc 


sin.^ —1 ^ 

= -(73I)(^=^x[(3-2)sin®+^5^ccosa!] 

(? ~) s] ■ 

Therefore, provided or 2, 

{q l)(g' ^)^P,q ( P ^ ) ^p-2, q-2 "H P^-^P, q-2 

sin^^-^CCr, . . n /A^ 

= sinflJ-|-jpa;eosa5]. (A) 

This formula will be found useful in evaluating certain 

{ “sin^cc 

■ dx, in the case where 

and where p and q are either both odd or both even 
integers >2; for in this ease the right-hand side vanishes at 
both limits. We thus have 

/ IN/ f\ 

(9’-l){g-2)J^-^cte4-p*“J^ ^(fe-p(y-l)J^ — --^cfo^O, 

where _20 "t S ' >2 (see Chap. XXVI.) 

266. In the same way, in the second case, supposing q=f=lor2j 
r fcos^a; , cos^a; p fcos^-^o? sin a? , 

1— ^ TT - ZT- v^i -4 t \ 


] (2'— 3”"fJ 

_ cos^a; p r f cos^-^iT sin x \ 
( 2 — Ll (q—2)x^-^ ) 


4 

cos^“^a? 


1 rcos^cc— (p— 1) cos^’~2a;(l — costas) 

q^] 


dx 


(2-l)(2-2)r9 


^ [( 2 — 2 ) cos x—px sin x] 


P 


(3-1)(2-2) 

(q 1)(3 — 2)2p,g p{p l)I^g_ 2 +P^Jp.g-i 
cos^'^a? 


\-P^P, 5-2 ip ^)-^p-2,g-2] j 


= [( 9 ^— 2 ) cos ir— pa; sin cc]. (B) 
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267. Again, in the third case, 

Ip q = {x^ cosec^a? dx = cosec^a? H — — 


x*i+^ cosec^^a; cot x dx 


q + l g+l 

= — cosec^ X H — ^ cosec^ x cot x 

g + l g-l-lLg+2 

+ j’a^+2(pcosec*’a; cot^x+cosec-*’-'-®*) cixj 

ic^+^cosec^+^Xp, . «v • . 1 

= (^+T)(^[(? + 2)8ina;+p®co8x] 

-4 E. fa;^+^r(??4-l) cosec^+^a?— » cosec^a;]cZa5 ; 

/. (^+ 1)(^ + ^)Ip,q~-‘P{p-^l)Ip+Q.q^-\-p^Ip,q-^ 

= a;3+i cosee*’+^[{g^+ 2) sin x+px cos a;]. (C) 
268. And finally, in the fourth case, 




_ 35?+! 

x^sed^x dx = — -^secPa; 


-2— fa;?r+isec^a;tana;<ir 


a;3+i 

= — sec^'a;- 


a;9+isec*'+^x 


5+1-- g+lj- 

p r 33?+^ 

— ^ — Trt sec*’ a; tan x 
q+lLq+2 

^^2 s6C*’a; tan®a?+sec*'+*^a;) cfej 

[(g +2) cos a? —px sin a?] 


(g+l)(^H-2)^ 

•'• (?+l)(2 + 2)Ip,gr— 2^(p + l)I^+2,^if+2+^^22,.5+2 

=a;9'+^8ec*’+^a; [^+2) cosa?— sin a;]. (D) 
It ’will he seen that formulae (C) and (D) could have been 
derived from (A) and (B) by changing the signs of p and q. 

269. Integrals of form = or Jij? sec^a? <Za?, included 

as the case ^ = 1 in Art. 265, may be treated thus : 




cosx 


X 


= smx‘ 


=x 


cos”+^a? 

X 

cos^+^a; 


dx 




=x 


since 

r since 

cos”+^cc 

J eos"+'-x 

sin a; 

1 1 

cos”+^cc 

n cos”cc 


cosa;+(n+l)a;sina3 , 
sin a; ^ ‘ dx 

QQ^n+2x 


1— cos^aj j 
X mr— dx 


dx 


-(W + 1)|! 


cos^+^a; 

(^ + 1 ) (Ai +2 
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Therefore 

, , - jwisina;— cosa: , - 

j nxamx—eosix n , 

^”+=*“m(»i+l)cos"+ia:"'"w+l'‘"’ 
or, changing n to w— 2 , 

j {n—2)x8inx — co8X n—2j 

" (w - 1 ) (% - 2 ) cos«-ia; 


Zg = Ja; sec^ic dx^x tan aj+log oos x 

and 

= |a: sec a; da; = a; log tan (^ + "^ 1 ) 

Thus, Z 4 , /q, ... can be readily written down. 

But 7 ^ 3 , Zg, Z 7 , ... ultimately connect with jlog tan^^+|^da;, 
which IS not expressible in finite terms as an indefinite integral. 

270. Similarly, if /„ = 1 ^ 7 ^^ (Zx* or ^xaos^c'^xdXi 
we have 

Z« = [sin X . . f ., - dx 
” J sm’*+ia; 

. V 35 , f sina;— (ri 4 - l)a;cosa; , 

= (— coscc) . ■ — h Icos X dx 

' 'sm^+^a; J sin^+®a5 


, \ , f cosa; , , , _ , f 1— s 

oos X 1 1 / il\/T 7'\ 

” ""^sin^+^a; w sin”a; 

, r^a;cosa;+sina; , , 

{n+l)I„^r 

or, changing w to 2 , 

, (n— 2)a;cosa;+sina; n—2 j 

”” "”(w— l)(n— 2)sin”“ia;"^»i— 1 

Noting that 

Zg := Ja; cosec^a; da; = —a; cot a; + log sin x 
and Zi = cosec xdx—x log tan g ” J log l^an ^ da;, 


1 — sin^a; 
sin’^+^a; ^ 
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it is clear that 7^, 7g, ... can be successively written down, but 

that ig, /g, , which connect with Jlog tan ^ (ia?, cannot be 

expressed in finite terms as an indefinite integral. 

It is also obvious that these formulae (1) and (2) could be 
reproduced by taking 

p_ (n— 2)a;sina;— eosa; , p_(w— 2)fl5cosa;-f sino? 

cos ”“^35 “ sin^^-^a; 

respectively, differentiating, and rearranging the terms. 


271. Reduction formula for 

I, 

n being integral. 








doB, 


Let R= and put P=a5®"-®s/R 


7P 

Then ^=(2'n,-3)x2»-*^/i^^-!t:2»-3 


-il + lf)x+2J<?so^ 




a, 2 n-l 

JB 


i.e. 


= [(27i-3){1-(1+A“)!cH/c®®'‘} -(1 + + 2Fa:^] 

= [(2«-3)-2('n-l)(l + /c*)a:®-t-(2'n-l)/<:*a;*]^^ 

V -tt 

= (2^-3) ^-2(^-1 )(H-fc2)^ 

Hence P = (271 -2 (n- 1) (1 +;c2)Z„_i + {2«,-l) m, 

i„= 


2 n — 2 /y 2 n 


x^^^s/R ^ n-1 2n-^S 1 ^ 

(2-3^~.l)/c2 + ^2'7^~l ;c2 2n-l* 

[Serret, p. 44, Tom. ii., Oalc, Dif. et TnUgrul] 

By successive reduction 7„ may be made to depend upon Iq 
and 7i by putting in succession ?i = 2, 3, 4,...; and Zq, 1^, 
which are respectively 


dx 


)yi -a;Vl-/c“a;2 


and 


r ^ 

Jyi-a^ 


x^dx 




are the integrals known as Legendrian Elliptic Integrals, 
and discussed later. 

When 71 = 1 , = xr^>jR -{• 7_j , 

JTi 


^.e. 
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When n = 0, Jc^I^ = 2 f 1 -1- — 3/«2^ 

and putting successively 7i=— 1, —2, etc., we can calculate 
/» 3 , etc., in terms of and 1^. 


272. Obviously, if we put aj=sin 0, 
^ _f sin^’^0d0 


) Vl — k^sin^O^ 
and the same reduction formula applies. 

Thus and r_ _ f cosee^”^ 

can both be connected linearly with 


f 

jyi —k^s 


)\/l —k^sm^O 
and the latter being 

de 


and 


r si n 

JTT^ 


sin’^ 6 d6 


k^ sin^S* 


h f [n/I— sin^^ d6, 

we have connected each of In and with 
dO 


f and {jl — h^ si 

Js/l-;t 2 sin 26 > J 




273. Instead of starting with wc might have 

proceeded to form the connection required by means of 
integration by parts, which presents no difficulty 

Thus R=(l-a^)C[~kH^), 

-2(l+k^)x+4k<‘a^. 

Multiply by — and integrate 
2\/R 

But the left side =cc^^~'^JE—(2n^3)^ai^^^^^/Rdx 
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... 

=a:*»-»yS - (2n-3)[7„.,-(l+i2) 
the result already obtained. 


274. Beduction formula for 


In 


doc 


%.e. 


( 1 + ax^YJ(l ( 1 — ' 

r ^ 

J(l+<» sin20)«v/l— sin^^' 


wliere a5 = sin^ 

Let J2 e=( 1 as before; then 


Put P= 


CCs/B 

(l-t-aa:2)n-i ' 


Then 


dx' 


/P_L ^ 

._l^± 

(L-|-aa:2)«-i 


2(n — l)ax^>/R 
(l-t-aa®)” 


(1-Haa52)[(l -x^a-i^x^) -(1 + 

-2{n-l)ax^{l-x^){l-lcH^) 

(l+aa;^)“\/P 

(]+aa;^)ri-2(l-H;fc^)3;H3^^a;^]— 2(w-l)ax»(l-ic^)(l-Pag) 
(l+oa5*)’*Vi2 

/t+.B(l+aa;^)+C(l+ga:^)^+7>(l+<^^) ^ 

(l+ar2)”J5 


Vhero A-\-B-\-C-\-D=‘\, 

OtB -|- 2ctC “j“ 3<i7) = a ^2(1 — [- A®) — 2 ( 9 ^ “ 1) u, 

<i2(7+3aSD = 3;!i*-2a(l4-^:*)+2(« - l)a(l-|-A“), 
a*D = 3A*a— 2 (re— l)o^;* ; 

•wlieuco we obtain. 


a’‘A= (2n-2)(a+l){a+k^), 

«2J3= -(2re-3)[a(a+2) -}-(2a+3)F], 
aH:i= (2re-4)[a+(a-|-3)iS:®], 
a<^D= -{2n-5)k^. 


266 


OHAPTEE VII 


Then 

and In is connected >?rith three integrals of the same form, but 
lower order. Also, the formula is true whether n is positive 
or negative. 


Now 


/n = 




dx 


and is Legendre’s first elliptic integral (Chaps. XI. and XXXI.}. 

I =f , ^ 

^ J(l+aa:«) 41 -!B*)(l-A 2 a:*)’ 


and is Legendre’s third elliptic integral ; and 
l-f-cKr® 


/-! = 








a\e da! 




a rVl — 




dx. 


and these are, respectively, Legendre’s first and second elliptic 
integrals. 

These integrals 1^, ij, i_i are therefore all known. Their 
properties will be discussed in the proper place. We thus 
have a means of connecting i„ with them for any integral 
value of n, positive or negative. 

The same reduction formula obviously must hold for 


f 


ie_ 

(l-|-asin2^)»^Ayi 


which is only another form of the same integral. 


EXAl^lPLES. 

1. If obtain reduction formulae for the integral 

of the forms, 

(i) 

(ii) 

where B, A', B' are constants and i?, B! are algebraic functions 

[Math. Trip., 1896] 
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2. Prove that 


I cos^ <l>d^ ^ tan cos®“<^ + 




[TRi>"iTy, 1891.] 




3. Prove that 


[I C. S., 1886 ] 


f 2n+l ^ 2nH^ 2w,4-l T 

(a^+icS) 2 <fe=^^^(a2 + ie2) “ + §5^+2® J 

[I. C. S., 1886 ] 

4. Investigate a formula of reduction applicable to 

j£c”*(l +ai^y dx, 

where m and n are positive integers, and complete the integration 
if m=* 5, 71= 7. [St. John’s Coll , 1881 ] 

6. If 4>in) = pro^e that </.(«) = - 1). 


6. Investijgrate formulae of reduction for 


'(a;2+a2f 


J(a2+aJ2)-5 


(1) 

<^) 1 — ^ 

J {a^ + X?) ° 

1 

x®*(a:2 + a2)-a-(te, 


lej 1 —wdj, iji lu/ \yj--ru j - tw/, 

J(®8-1)* J 

and obtain the value of Ja:«{a:3 - 1 )’ W. [Colleoks, Game ] 

7. Investigate a fomiula of reduction for 

and by means of this integral show that 

1 1 1 1.3 1 ^1.3.5 1 ^ . 

271 + 2’‘“2' 27i+4'^2.4' 271 + 6“^2.4.6’ 27i + 8‘^*'‘ 

2.4.6 ..271 
“3.5.7...(2n + l)‘ 

Sum also the series 

1 .1 1 .^3 1 ,1.3.5 1 ^ 


27i-|-i‘*"2‘27H-3 2.4‘2?i + 5 2.4.6“ 271 + 7 


[Math. Trip., 1897.] 
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8. Find a reduction formula for 


Show that 


2.4.6 


is/x-l 


1 — j -h ... + 


3.5.7...(2u + 1)L 2 *^2.4 


1.3...(2i^-l) 
2.4... 2n 


+sVr («-'>• 

where ^^21 ••• hinomial coefficients. [St. John-s, 1886.] 


9. Prove that ii 


V 

““0 


and deduce 


sin®"£C dx = 


10, Prove that 


1 n 2^-1 (2?z-l)(2y^-3) 

2'*'^^ 1 71 ?i(n - J ) "^ 71 - 1 ) (?i» - 2) 


(27l-l)(27l-3)...3 TT 
271(271-2)... 4. 2 ' 4‘ 

[Math Tkip., 1878.] 


, 1-3.5 ■ (2m-l) :r 2.4.6...2m 1 

Jo VT+i^ 2.4.6..2TO 4 3.5.7...2OT+r 2' 


11. Find a reduction formula for 


e‘“cos”a;da;, 


where 7a is a positive integer, and evaluate 
j*e®*cos*a;da;. 

12. Find formulae of reduction for 

(1) ^x^^mixdx^ 

(2) Je“*sin”a;<ifl;. 

Deduce from the latter a formula of reduction for 


[OXFOKD, 1889 ] 


lcosaajsin"a;6?aj. 


[CoiiLBGESy, 1890.] 



FURTHER REDUCTION FORMULAE. 


269 


13. Show that 

{m + n)(7n’hn- 2)|sm”* 6 cos’* 0 d6 

=(TO - 1) sin“+'(9 cos"-‘^ - (« - 1 ) sin"*-' 0 cos”+‘ 

+ (m - 1)(« - 1) jsin”-® d cos” & dO. 

[Trtn. ColXi. Oamk-, 1889.1 


14. Show that 
2*" j* cos mx cos’”a; dx 


^ sin2aj sin 4a; s\n2mx 


[CoiiTjEGKS CL, lS8r>.l 


where m is a positive integer. 

15. Show that 

Tsin^” B cos^-^ 6 dd - (2W'-2)(2ro-4)... 4.2_ 

m being a positive integer. [Oxford, 1889, ] 


16. Evaluate the integral [ fi””*cos’”a;f?a;, 

, . ... 

m< being a positive integer. 

17. Prove that if 

= j* cos”* a; sin nx dx, 

(m + n) - cos’^ir cos tix 

and 


18. If 
prove that 


[CoLi.., 1888.1 


[r T ^ / 

'2 22 2s 

2“\ 

L ~2”*-*-m 

J+2+3‘^- 

■ m) 


[Biqrtrani>. 1 


r 

„= j cos’”!!; sin tix dx, 

1 m 

n — -- . 4 * — , .. n -1 * 


m-\-n 711 + n 

Hence find the value, when m is a positive integer, of 




cos’" CD sin 2mxdx. 


[7> 1HH7.1 


19 . If Jcos’"£c cos ncc^Zsc, 

. r co^hix d /cos”*a:\ mim— 1) _ 

prove a ^ __ „ , 
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and show that 


fj f T 
L "‘■’‘Jo “ L ’"■'"‘J 

JVC that j^cos”'6cos»w:a 


20. Provo that J cos”a;cos7ia;£?a;=2^, 

/ being a positive integer. [Bertrand.] 

21 If and n be positive integers, and if m + n be even, prove that 

vn I 


cos’” 6 cos nS dO = 


2»n+i m + n m-n, 


[Colleges, 1882 ] 


2*2. If j coB'^xcosnxdx be denoted by /(m, n), show that 

/(m, n) = fOm - 1, 71+ 1) = ■ ^ f(m - 1, - 1). 

[Oxford, 1890 ] 

23. Prove that if n be a positive integer, greater than unity, 


(•¥ 

J cos"”^a;sin?iajf?a; = ; 
24. If .ft sja;’” cosec’*' a: prove that 


71-1’ [Oxford I. P., 1889.] 


{% — \)(n - 2) 74-9,^^ 71 = 7i~2 + ^ ^ 2 , n — 2 

- sin x + (7i — 2)x cos x} cosec’*'”^a;. 

[Math. Trip., 1896.] 


25. If j* e'^x'^^\ogxdx=cl>(n), 

prove that (?H- 2) - (27i + 1) ( 71 + 1 ) + 7t2 ( 71 ) = 0. 

[R. P., St. John’s Coll., 1881.] 

26. Show that if TJn=\ 

JoVl -X 

2 + ZZft(2?i — 1) — 2n£r»i_i = 0 [Colleges jS, 1887.] 

27. Prove that if ^ (tw) = J a;*" (jk® .j. 

then (2m — l)</>(m) + 3a(2wi — 3)<^(7n — 2) + (2m — 4:)c<l>(m - 3) 

= 2a^-'2(a;® -h 3aa; + c)^. [Trinity, 1886.] 

28. If e“^cos”*'fl;<ia;, 

prove that (qti^ + n^) = m (m - 1) + 01. [Oxford I. P. , 1900. ] 
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29. Prove that if 


n 

-r 


0 ( 1 - F sia^£c)^ 
then (m - - {m - 2)(1 = 


[Trinity, 1890.] 


30. Obtain a reduction formula for the integral 

cos^ 9 4 - 2A sin 6 cos 6-^b sin^ 6)~^ d6 

in the form 


2 + 1 ) (cih — h^) Jnj^2 — (271 + 1 ) (it 4 " 4 - 271/71 

1 dU,, 

2 n [Math. Trip., 1898 .] 


31. Shov that 


d<li ^ 

o(l -e2sin2<#))3“ ^ 10’ 


€ being less than unity. 
32. If 


r — 

sin a 


dx, 


[St. John’s Coll., 1885 ] 


prove that (n - 1 ) ( J 71 , - / 71 - 2 ) = 2 sin (w - 1 ) ir, 

and hence that 


[^“ = ' if be odd, 

Jo Sin a; 2 

= 2 (l-i + |-^-t- .. + (- 1 )^'^), ifnbeeven. 

33 . If .X’=a+ Ja:" + c®®" and ix, 

prove the existence of reduction formulae of the nature of 

(I) "h ^1/7/14-271, i 

(II) aJW»--2»4lXP"*'^ = 2 / 7 / 1 , i> + p + ^'2^7/1-271, 17 / 

(iii) •+ ; 

(iv) — A^lm,p + B^lm,p-1 

(v) "H ^5/wi— 71,17+1 i 

and find the values of the fifteen constants. 


34. Show that 


dx 


can be reduced to th e integration of 


I.- 


dx 


-^bx^-bca:!^ 


and 




x?dx 


4- hx^ + ex'" 


(&>0, &2>4:ac), 


and integrate these expressions ; p being integral. 


tBl£RTRA.JSD.] 
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(n - 1) n— — 1) 'w?/i, 71— 1 . 

[Oxford, I. P., 1889] 

36. Find reduction formulae for 


(a) Jtanh’^ic ; 

(J3) 

J sin^fls 


dx 


{a-^-beP^A-ce-^y^' 


37. If Ini= where Z= asc^ + 2bx + c, show that 

J v-X" 

aml,n + (2m - + (t/Z - 1 )c4„«2 == [ys, 1891,] 

38. Establish a reduction formula for 

dV' 


'•■jf 


J(^a;2+.j5)VA'’ 

where in tho form 




showing that 


— X,J,i -h + ^Tn-^2 + $^n—n9 


£ 


X.- (2n-2)^,{A^c- ABb-h R^a), 


yx =. - (2 m - 3) {A^c - ^iAEb + ZlPa), 
v=-(2n-i)^^{Ab-3Ba), 

|=_(2m-5)1«.. 

39. Show that, if 

7^^^= I* sin™ ^ cos 71^ Jm,n=^ sm'^^^OsinnOdOy 
then *4n-i,7t+i = ^l 4n,»ij 

where 93i is a positWe integer; and point out how these results can 
be used to find the values of 1-^,% and Jni,n> [C S , 1896.] 
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40. If T be a function of x such that 


^ + 3BT-h 3CT^ + Dfa, 


prove that 


d/ 1 dT\_ (n-l)A 3 £ 

dx{r”-^da/~ 2 '« 3 '' 

„ (11-2)0 (2n-5)]) 

^ 2»n-2 27'"”® ’ 

Apply the result to investigate a reduction formula for 

C dx 

J3^‘* 

By a consideration of the case where 0=0, D^O (or in any 
other way), obtain a reduction formula for 
f dx 

](a + 2bx + [I 0. S., 1897 ] 


41. Prove that 


[I. 0. S., 1897 ] 


where n is a positive integer. [Coixeges a, 1890 ] 

42. If MnsJ aj"{(5 -«)(«- 

show that 2nun^{2n - l)(a + - 2{n - l)a&ttn- 2 . 

[Oxford I. Pm, 1912 ] 

43. By applying the substitution a; = acos®^ + 5sin2(? (or other- 
wise), prove that the definite integral 

3^>^dx 

ja\/(x-a) (b-x) 

is a rational integral function of a and b when n is an integer ; and 
evaluate it when 7i = 3. [Oxr. L P., 1913,] 

Ti* rcos2w4Cj 

44. If 

J sin-'a; 

obtain a formula of reduction connecting Un and 
Hence, or otherwise, evaluate 

cos 271® , 


where ri is a positive integer and ^>x>0. 


Consider the case when the lower limit is negative. 

[OxF. I. P , 1915.] 
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45. By multiplying the iaequalifcy 1 > 2 sin sc - sin®® by sin^^-ia; 
and by sin^^a;, and integrating between 0 and Jtt, show that 
/(4n + 3)(2?i-t- 1) 2.4.. ^f2n(2n-hl) 

\ 2/ 4n,+-l ”■/ ' 

[Math. Trip. I., 1916.] 


46. The expression 


1 -a 


T - (1 - a sm2 M 

(1 -asin^^)^ 


where l>a>0, is expanded in ascending powers of a, and the co- 
efficient of is denoted by Prove that 


j: 


UtjfidS “ 0. 


47. If 

J Sin a; ^ J si 


[Math. Trip. L, 1916.] 
'sin^aia; . 


sin^a; 


'dx, 


prove the reduction formulae 

^ (®w+i ■” ^n) — sin 272a;, "" ~ i 

and show that if % be taken between the limits 0 and Jtt, its value 
IS ^T, where n is an integer. [Math. Trip. I., 1914 ,] 


48. If A2 = 


+ find 


and provo that J" ^=7rab{Z(a.*-^lA) + 2a'^b^)ll6, 

j* 3^2 - 1 dfJL _ 


and that 


2 (1-eV)* 3(1-«2)4’ t,, 1883.] 

49. If f7„ = j'siii"a:(ffl+Jcosa;)~“da:, prove that can be calcu- 
lated by means of a reduction formula of the nature 

A U„ 4- = sin”‘'^^a;(« + b cos £b)-""+^ ; 

and determine the constants A, B, C. 


60. Prove that 




2?2l 


■2ca; + flr^)”+^ ti-ItiI 
where A denotes 4(^2 - c2)'and is supposed positive. [Tam., 1887.] 
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FORM 


^F(x,^R)di 


\x, WHERE R IS QUADRATIC. 


275. The integration of expressions of the type 
f dx 

Jx/F 

can be effected in all cases for wMch X and F are rational 
integral algebraic expressions of degree not greater than tke 
second. 

There are four Oases : 

I. X and F, both linear.^ 

11. X quadratic, F linear./ Ptifc\/F— y, 

III, Z linear, F quadratic. PutX = -. 

7 

IT. Z quadratic, F quadratic. Put^^yory^ 

Y 

The general substitution or y® ^iU effect the integra- 

tion in all eases. But the simpler substitutions noted, viz. ; 
JY = y in Cases 1. and II. 

and Z = - in Case III., are better. 

y 

Case IT., in which we employ the substitution 
—= 2 / or y2 

is much more troublesome, but includes the previous (me$. 

We shall, in all cases, assume the radical >/F to be real. 


276. Case I. Z linear, F linear. 
Let i ’’ ^ 


-f, 


(ax-\-b)Jpoi>-^q' 
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Putting n/ Y=Jpx -t- g = 2/» 
2>Jpx+q 


ax+b=-(y^—q)+b. 


Thus I becomes 2f — „ ■ 

]ay^—aq + hp’ 

which being of the standard form 

?f^, where 

is immediately integrable, viz. : 

= tan-^ \ — T coth“^ ^ , 

a\ K a\ \ 

according as is positive or negative, 

Ja{hp—aq) Jbp—aq 

or ^ - coth-^^^i Sg> . 

-Jaiaq—bp) ^aq—bp 

ie. = -=J==8in-i 

Va(6p — ag) vp \aa?+6 


Va(6p — ag) Vaa?+6 

or ^ ^ eosh-Og.eBg, 

^a{aq—bjp) Va£i?4-6 

with other forms, the real one to be chosen in each case. 

277. Another Method. 

The last form shows how the factors of the integrand are 
involved in the result of integration, and indicates that the 

substitution mentioned above as the general sub- 

stitution would have led directly to this result. 

If we elect to proceed in this way, viz. putting — = i/®, 

we have 


ax’\~b' 


(-R 2_^da.-2^- 

\px+q ax+bJ^~^ y> 


. 2 dy 2 dy 

" iax-i-b){px-\-q) bp—aq y aq—hp y' 
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Now etnd p®+?= 


(bp-aqyy^ iag-bp)y 


p-ay^ 


p-ay^ 


ay’^-p 


When bp -aq is positive. 


f ^ 2 I * dy 

]{a!Ki+b)>Jpx+q Jbp —aq js/p - 


~-Ja{bp 


r ^ 

-«3) jr^ 

*' va 


2/® 


or other forms. 

When bp - aq is negative, 


sjaihp-aq) 




p 


f 


dx 


— (- 
r -6» J\ 


dy 


\cux+h)Jpx-\-q s/aq - bp IJay^-p 

2 r dy 


sja(aq- 


s/a(aq—bp) 


cosh 




or 


2 


1 sinh”^ 


V-> 


*Ja{aq—bp) ^ p*" 

or other forms, the real form to be chosen in each case. 
278. Illustrative Examples. 

Ex. 1. Integrate 7= f . 

J (2^+3)V427+6 
Put ^/4i+5=y; 

Also 2a;+S=^-^ ; 


A • ± 437+5 . — 5 - _ cfe 

Again, If ve put ^=2^) ‘^=2(I3i)-.. 


=sin-.^Vl^. 


\^2 >2^+3’ 
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whicli is the same as before, but exhibits the result as a function of both 
the factors of the integrand. 


Ex. 2. Integrate 


r=f 

J (1-^)n/2-^ 


Let 








y+1 


=log ^^il=ilog \ or other forms. 


279. An Extension. 

The same substitution, viz. »jY = y, wiU sufloice for the 
integration of 

J JfVT’ 

where X, T are both linear and ^(x) is any rational integral 
algebraic function of x. 

For if T=px-{‘q—y\ then ^ and pdx=2ydy\ 


thus 


fi 


^(x)dx 




{ax’\-h)^px+q 




P / 
aq-\-bp^ 


and if be expanded in descending powers of and 

then divided by ay^ + (6p — aq) till the remainder is independent 
of y, we have to integrate with regard to y an expression 
of form 

n being the degree of <p{x) in x; and each term is at once 
integrable, after which operation y is to be written back as 
./pas+g- 

s^dx 


280. Ex. Integrate 


'■/cr 


X-\-^ 

dx 


Writing ^/i+2=y, we have and - 2, so that 

3* =y* - - 5 Ijy division. 
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Thus 

f=/ 

= Y -/ + Sy - 6 .y - 

=^^^^{(jr 4 - 2 )’- 7 ( 4 ;+ 2 ) 2 + 21 (i»+ 2 )- 35 }-^ooth-i-^£±^, 

. r 2 \^J 7 + 2 , _j, lov . 1 1 n/^ + S-n/s 

t.*. / ^(^-^»+ 6 ^- 13 )+^-log. ^_ 

if the logarithmic form be preferred. 

281. Forms reducible to Case I. 

The student should note the variety of forms reducible to 
the case considered, viz. X linear, Y linear, by a proper sub- 
stitution, For example, 

sin 0 dO 


( 1 )/ 

( 2 )/ 


(acos^+ 6 )Vpcos 6 -^q^ 

^/co 3 ec 6 d 0 

(a cos ^ + 6 sin cos 6/ + sin $ * 

cos 6 d9 


put cos ^ = t.e. ^ = 008-^07, 
put cot t,e. 0=cot-^^. 


r cos udtf f— 

i (aoos»g+ 68 m»g)Vycoa»^+gs^ ’ 

j Lcos$-{-MBm6d$ 


(a cos® 6+b sm® 6) Vp cos® 6-\-q sm® 0’ 

X 

f e^da; 

J ( ae* + her*) s/pef^ + qer^^ 

/(»\ f ^ 

J a; log (aa;^) s/log (ca;^y 

(7) f ^=, 

etc. 

282. Ex. Integrate 

H 

Put tan®6>=y 

..s-l 


separate into two integrals, 
put cot®^=j7 in one and 
tan® 6—^ in the other 

put e®*=^, i.e. ^=-Jlogy. 


put log a?— y, i.e. 


put d?=-. 


1+2 co 8*^ 


sin 9 


d 9 . 


(l+12oo3»0).yi+3coF? C0S*6» 

.• 2 tan ^sec®0c?0— cfy ; 

sec‘fl +2 (y+irt L 


(sec® 6/+12)N/sec®6^+3 


■If 


2j (y + i3)\/y+4 


dy. 
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Nowput sly-^^z\ y= 0 *— 4, dy^^dz\ 

■■■ 


22-15 + - 


— 162H — whevez^fjy +4==Vtan2^^4 ; 

or ^5S2!|±^*_15(sec‘d+3)i+i|5tan-^^ispl. 

283. Case II. X auadratic, Y linear. 

Let 7=f M and N being constants. 

The terms Mx+N now existent in the numerator do not 
introduce any difficulty and make the result more general. 

The same substitution being made, viz. JY = y, we put 

'■■■ sfe*"'*!'- 

ax^-^bx-^c reduces to the form 
and Mx-^N reduces to the form M'y^-hN' 

Thus I takes the form - ^3/* 

pjAy^’hBy^+C ^ 

Now - r 4 r ^ can be thrown into partial fractions 
Ay^-\-By^+G ^ 

of the form Xy +/4 

«2/Hi8yH-y'^ay+^'yd-y' * 

and each portion is intefirable by earlier rules (Arts. 155 
and 156). 

284. Extension. 

Further, it is evident that the same substitution will effect 

the integration f <l>{x)dx where <l>(x) is any 

i(ax^+bxi‘C)Jpx + q 

rational integral algebraic function of x. For when px+q = 

2 /^—g , dx 2 , 

^.e. x =^^ — ^ and = -dy, 

p ^/^S+g P 

aa^+te+c 

Aoy^”+A,y^^-’‘+A^y<‘’^+ . . . +A„ 

Ay*+By^+C 


where <l>(x) is any 
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where n is the degree of ^(p) in x ; and therefore, by division 
and our rules for partial fractions the integrand may be 
expressed as 

p^^2n-4j_p ,y2n-6 I p i ^2/+/* ■ + 

and each term is integrable. 

where 4> and x are any rational integral algebraic functions of 
X, may now be seen to be integrable by the same substitution, 
for it becomes 


r<^ 


h\ 



and the new integrand can be expressed by partial fraction 
methods (Art. 152, etc.) in the form 


+2? 




XAY+Fy^Uy^ 


and integrals of the expressions of the first four terms can be 
obtained by the rules given before, and the integral of the 
last by aid of the reduction formula established in Art. 238. 


285. Ex. 1. Integrate /= f . o 


dx 


Putting + 1 =y, we have 


and 


-or y^+1 


dy= 


i+y+1 ya-y+1 


)c?y 


= 2 tan-‘M+4 tan-‘?^= 

>JZ «/3 V3 . V3 « 


u o T 4. . r dx 

Ex. 2 . Integrate j ^^ 7 ^ 

iJl^\=y, . and a;=l+/; 


Put 
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/=2 


/• (I+.V=‘)»-5(l+.v8)-37 . 


= 2 /; 


-3^8-41 , 

^- 83 ^ 2-86 ^ 


=9 /• .y*-3y=-41 , 

J (y*+ 4 )(y 2 _ 9 ) 2 ^ 


= 2y + taii-i| - 1 coth’i| 

= 2^/S^l l 

2 3 3 


286. Forms reducible to Case 11. 

The student should again note the variety of forms which 
may be brought under the foregoing rule by suitable substitu- 
tions and integrated. 


Thus 


(1) f Vsin^cgg 

J (aco820+6aiii^cos^4.cain2(9)N/^^^+^ikr^’ 

(2) f ■iV8in6>+.gN/cos <9 dO 

^ ® cos2 6/ + 6 sin ^ cos 6 +c sin^ d sjpooa d+qsm 6^ 


put ^=cot”^a7. 

separate into two 
integrals. Use 
^=cot”^^ in the 
one and 


0=tan“^y 
in the other. 

(3) f il^/sinha7+^^/cosh.a7 

J acoax^x+bsiiihxooahx+csmh^.v Vpcosh^+j smha;’ 

f4^ f AJsina-i-By/cos x dx ^ 

J A+/icos257+ vsin2a? Vp cos^r+gsiu^’ 

(5) ^ B*J co s a dx 

J a+6cos(2a;+o) Voos(jr+yS)’ from (4). 


287. Case m. ^ linear, Y quadratic. 
The proper substitution is now X=-. 

y 


Let 




dx 


']{ax+h)Jpx^^q3ii+r' 


Putting aa;+h = l, we have, by logarithmic differentiation. 


dx 
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t.e. of form — 5 -^ 

y* 

Hence the integral has heen reduced to the known form 

If % 

a}jAy^+2By+0’ 

which has been discussed in Art. 80. 


Ex. Integrate 


'-/p^ 


ch 


(a—1 )/n/^-45J-|-2 


Let a? - 1 = - , and therefore 

2 / ^-1 y 


Hence 


=- ( ^ f 

J sJX—iy—tfl JV2— 


(y+ 1 )" 


= COS“^ 


yH -1 


1 ^ 

e_cos~l . 

{x- 1 )n/2 

288. Foims reducible to Case ni. 

Again we note the varieties of integrals which may be 
reduced to the present form by a suitable transformatioa, 
for instance: 


sin BdS 


^ ^ I(aco8 B-\’d)'s/pcoa^6+gooBB-i-r* 

r dd 

J (a cos 6 -i-d sin 0)\/p cos^ 0 -f- g sin ^ cos 0 -hr sin’^ B ’ 

, . r sm ^cos 6d6 

J (a cos2 0+b sin* 0) cos* 6-\-q sm^ 6 cos^ ? sin* 9* 

f dx 

J x(aaf^ + bxr'^)^pic^ + 

(»>/, - 


put cos 0=07. 
put cot 0=07. 
put cot^6=x. 


put 


from (2) 


etc. 
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289. Remarks. 

It will now appear that any integration of the form 

I* <j>{x)dx 

](ax+b)Jpx'^+qx+r 

can be effected, ^{x) being any rational integral algebraic 

function of £C. For by division we can express ■ in the 
form 

M 

where n is the degree of <l>{x) in x, 

is the quotient, and M the remainder independent of x. 

We have thus reduced the process to the integration of a 
number of terms of the class 

f Ex^dx 

and one of the class 

f Mdx 

J (ax + b)s/px^ + gcc + r 

The latter has been discussed in Art. 287, and integrals 
of the former class may be obtained by the reduction formula 
of Art. 240, viz. 


2m — 1 


o^-VlW!* +qx+r = {m- l)r/„_ 2 + — ^ g/„_i + mpl„ , 
that is, 


/ ^^.rn- wya^^+g'a^+r 2m — 1 m-l r j 

^ TTbjp 2m p m p 

Ex. Integrate /= f cZa?. 

By division ^+^+2 

a?+l ^ ^.87+1* 

• j-[( ^ ^ 2 \ ^ 

Va724-1 (^4-1 )n/^1/ 
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Then 

/o==sinh-i^, 

Vi = n/ ^ + 1 j 

sc f>J ”1“ 1 1 

/ 2 = 2 ^7 reduction formula (m=2), 

r sc^sIx^-\-\ 2 y o^Jsc^+l 2 /- ^ ■ — 

/, 3 ih 3 jn/TO. 

j. a^sla^+l 3 ^ S(^\lsc^-^1 3 1 /-o-n • ^ 1 • i, , 

4 4 4^2=— 4 4* 2^^/•^' + l + 4• gSinh-i^; 

and for the last part of the integral, viz. 2 J s put ^ + 1 = ^; 


oZ!a? _ 

x+l~ y * 


. f dec f * 1 ^ f dy 

i(.r+l)N/^l" J 7 ” Jj2y^-2y~hl 

= — j=f -=^=:-= — j=.sinh-i (2y - 1) 

N/2W(y— i)2+i x/2 ^ 


1 . , ,1-^ 

V2 1+^ 




= ^^-^^^+lWF+I+|V^ 

1 1 —/c 

- g sinh-izr - smh-i ^q:^* 

290. Extension. 

Further, we are now in a position to effect any integration 
of the form 

f 0(a;) db 

Jx(^) ^/px^+qx+r' 

where </>(x), x(^) rational integral algebraic functions of x, 
and all the factors of x(^) are real and linear. 

For putting partial fractions, as described in Arts. 

140 to 146, 
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10. Integrate 
11 Show that 


x^{x-a){aj—h) 


[CoLLEaBS, 1876.] 


f — ■ ■ z P~ : dx — cosh"^ (2.37 - 3) + cosh”^ . 

[St. John’s, 1883] 

2. Integrate (p.>9). 1887.] 


13 Integrate 


dx .... f dx 

W5Hi+l’ [Coll., 1879.] i [«, 1883.] 


(“0 /(TT^ 


/ (I +4^1-^ - 

14. Integrate 


<"» /<- 


(l-2icWl+4ii;' 


[I. C. S., 1888.] 


[Tmnity, 1890.] 
[Coll., 1892.] 


16. Integrate 


f dx f x^dx f 


■ 

(^ + l)(a7+2)(^+3)* 

[Math. Trip., Pt. L, 1920 ] 


291. Case IV. X quadratic, F quadratic. 
The integral is now of the form 


I' Mx-\-N ^ 

) {a^x^ + 2hiX + Ci)7o^*+26iX+c, * 


where a linear factor has been inserted in the numerator, as 
in Case II., for the same reason. [See also Art. 1894, Vol. II.] 
Before beginning the integration we make the following 
preliminary remarks: 


292. (1). The numerator of the subject of integration is for 
the present linear. We shall consider later, as in previous 
cases, a numerator which is any rational integral algebraic 
function of x, viz. <p(x). 


293. (2). The cases are excluded. 

For (a) if b^=a 2 C 2 , the expression ^a^^+2b^+C2 becomes 
rational as regards a?, and such integrations have been already 
considered. 
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would be resolvable into partial fractions either of the form 


and the forms of integral resulting have already been con- 
sidered in Articles 287 to 290. 


294. (3). may be regarded as positive without loss of 

generality, for in any case in which this is not so, we may 
change all the signs of the factor and finally 

change bach the sign of the result when the integration has 
been effected. 

Hence we assume: (1) positive, (2) positive. 

295. (4). We shall assume the subject of integration real. If 
b^>a^c^, the expression a^^+2bp+c^ has real factors, and 
may be written 

sa 2 {a;— Xi)(a;— Xg), say, where Xi<X 2 . 

In order that the radical should be real, we must therefore 
confine both the limits of integration to lie 

either between — oo and X-, 1 , . .i- 

- . ^ ^ V when a„ is positive, 

or between X 2 and -|- 00 , J ^ ^ 

or between Xi and X 2 , when is negative. 

If & 2 ^<a 2 C 2 , the factors of a^^+2b^+c^ are unreal, and 
the condition ‘positive is all that is necessary that the 
radical may be real for all values of x. The limits of inte- 
gration in this case may therefore be any real quantities 
whatever. 


296. Reduction to a Canonical Fokm. 

(5). Leioia. Any three expressions of the forms 

can be in general simultaneously thrown into the forms 

-Pfi+Qfs. 

where fg are linear expressions of forms x^x^, sc— 
respectively. 
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In order to do this it is necessary to determine the eight 
quantities (P, Q), q^); and we have eight 

linear equations to find them, viz. 

Pi +3i = <^v P2 +?2 = P +Q = M, 

Pl^l +5i^2 = -^1* P^l +^2®2 = PXt^ + Qx,= -iV, 

p^x,^+q,x^^= Cg. 

It follows that 


1 , 

1, 

“1 


1 , 

1, 


iCj. 

^2» 


= 0 and 



-K 

x^, 

X 2 
*^2 > 

Cl 



rf 2 
•^2 > 



Also, as the consideration of the cases in which JT or F are 
perfect squares is to he rejected, we may assume £c^ not equal 
to x^. 

The determinants give at once on division by x^—x^, 

a^x^x^+b^(x^+x^)+CT^^O,'\ . 

a^jx,+b^(x^+x^)+c^ = 0, J ^ ^ 

i.e. ^ ^1+^2 ^ L _ . 

^1^2 ^2^1 ^1^2 "*^2®! ^1^2 ^2^1 

whence x^ and x^ are determined, being the roots of 

{afi^—a^b^)p^—{c^a.;^—c^a^)p+{b^^^^ ( 2 ) 

'i.c. ^ — Bp~\~A. — 0f 

where A, B, 0 are the co-factors of a, 6, c, in 




That is, p is given by 


a, 

6, 


61. 


^2» 

1, 





^2> 


The remaining six quantities are 
the equations 


P^ 


= dA -\-bB~\-cGm 


= 0. 


^2 I 

found at once by solving 


px^+qx^= - 61 , 
which give 

(Pi.2i). 


or 



or 


-N,] 


(3) 


(P2» ?2)» 


(P, Q) respectively. 
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297. It may be remarked that the equations (1) may be 
reproduced immediately from the functions 

by the simple rule • 

‘‘For cc® -write for 2x write and leave the 

coefficients unaltered.” 

Ob h 

In the case when ^ = equation (2) has one root infinite. 

Now therefore the general theorem of our Lemma fails, and 
the case must receive separate consideration. 

298. (6). In this case, viz. — = r^» the three expressions are: 

Cba Do 


A2 / ^\2 7,2 

Mx+N, +0,-^, 

h b 

and putting x+-^ = i =^-\ — - , 

they are 

and therefore are simultaneously reducible to the forms 

Pxf+ei. 

ie. the same as if we put ^ former transformation. 

€b b c 

299. (7). When -1=:^=^, the two quadratic functions are 
^2 ^2 ^2 

the same function, and the integral takes the form 




= f Mx+N 


I dXf 


j{ax^+2bx-{-c)^ 
and a reduction formula may be used to connect with 

^ax^+2hx-]-cy 

which has been considered before (Art. 85). Or the integral 
I may be deduced from the latter integral by differentiation 
with regard to c. 


300. Illustrative Examples. 

Ex. 1 . In the case 

3a?~n 

( 7 ^- 103 )^ 11 ^- 70^+155 ’ 

Tarjarg - 23(^i + ^g) + 103 =0,1 whence .<i7i + ^ 2 — 6 , 
lljyiJTg “ (.a?! 4 -^ 2 )+ 155=0 JJ .a:i.r2 = 5, 

and therefore ia;i=l, ^? 2=5 (the order is immaterial). 
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Also p + q= 7,1 or =11,1 or =3,1 

2o + 5^?=23,| =35, [ =11, 1 

giving Pi= 3 1 or ^ 2 = or P= 1,1 

^1= 4, J J Q— 2. j 

And the transformed re'iult is therefore 


^1 + 2^ 2 


Ex. 2. In the case 


J?— 3 

(3a^ - 30^+ 79) ’ 

■we have — =t*> 

3^2-30^+ 79=3(.17- 6)2+4, 
6^-50.r+131 = 6(r-5)2+6. 
Putting ^-5=^, the transformed result is 

^+2 

(3f2+4)N/6|^6‘ 


301. Taking the general case then, we suppose for the 

\a. 


present 


1’ ^2 




Z = 26ia;+Ci=Pi^i2+gi^2^ 

F = a 2 a; 2 + 2620 ;+ Cg 

where ^ 2 =^""^ 2 > 

so that = 

Also, we are to use the transformation 


_ . _a£B^+2b£±^ 

X’ a,^x^+'2i)^x+c^ I’lK^+gi^a* 


1 dy Pa^T+gafa ??iA+gi^2 


?1. ?2' 





3i. 3a 




say. 


Now 


Pi +9'i = P 2 +?a “ ^2>| 
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\ G= ttifej— a A = {‘piX-^+qi^d — ( Pi+ ?i) (Pir’’i+ 

= (Pi?2-Mi) (a^i-iCa) = + ^, 


%.e. 


Z= + 


^2! 

^1» ^2 


= 0 


when expressed in terms of the original coefficients. 

The points on the graph of 

_ a 2 £ M - 2&^+£2 . 

^ ^ a^x^+2hjp+c^ ' 

where the ordinate has a maximum or a minimum value, 
Le, the “ turning-points,” are given by 

^=0, i-e. by |i^a=0, 

and are therefore at ^i==0 and ^2“^* a/=a;j^ and ir=a?2; 

and the values of the corresponding ordinates, viz. and 
are plainly ^ _ 

Vi=— and ^2=”' 

3i Pi 

We shall suppose the graph such that x = x^ gives the 
minimum ordinate and the maximum, and that X2'>Xi, 

Again, clearly y=— is an asymptote, and the curve cuts 

®i 

the y-axis where y = It cuts the jr-axis where 


^e. 


in real points P, Q if 
in unreal points if 


It cuts the asymptote where 


i.e. where 


262®+ C2 _ ^2 
ajX^+ 261® -h q "" 

1 a^C2““^2^i I ^ 

”” 2ai&2— ^261"” 2 C 


i,e. at a point P at a finite distance from the y-axis, unless 
ajb2'-'a2hi=:0, a case for the present excluded. 

There are three cases with which we are concerned, ie, in 
which some portion of the graph lies on the upper side of the 
flj-axis, otherwise ^/T would he unreal. 
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( 1 ) 


Fig. 17. 

( 2 ) 



Pig. 19. 

302. These are typical cases. It will be seen that we have 
taken x^>x-^ and the turning-points both on the right-hand 
side of the j^-axis, x-^ and x^ both positive. The student 
will have no difiSculty in making the necessary modifications* 
for any particular case in which the numerical values of the 
several constants are given. It is to be observed that and 
are necessarily both positive, for has been taken positive, 
and the roots of 





294 


CHAPTEE Vm 


are imaginary ; also that pg both be negative, for 

is to be real. Moreover, .^2 is the positive one, 
for pJXx being regarded as the mcuxirmum ordinate. 

As unreal values oi X»jY (ie. K^Jy) are to be excluded, 
and X is to he regarded as positive, it will be clear that we 
shall only be concerned with those portions of these graphs in 
which y is positive, and the limits of integration of 


J XVF ** 

must be such as to lie within the boundaries of such regions 
as make this true. 

In Fig. 17, j/ is positive from 00 to aj=-[-oo, and the 
limits may therefore be any real quantities whatever. 

In Fig. 18, y is neg^/tive between ( = Xi) and 

x = OQ ( = \)l therefore the limits may be anything 
between —00 and or between and +00 , both 
limits to lie in the same region. 

In Fig. 19, y is only positive between and and 

the limits must both lie between these values of x. 


303. The Integration after Preparation. 

We are now in a position to proceed with the integration of 


J XjJ 




which we shall, to begin with, suppose to have been trans- 
formed as explained to the form 

r-f 


. dx. 


Y 1 X^ 

Putting ■^=y,vre have da= 


also, 


y~yi= 


P2_M!±24f= 

M!±24“_?2^ 


\2>i- <li 

l2>2. ?a 

2>2. S 2 


iL. 

q-yZ asg-asi q^Z’ 


/ZEl ^ 

L_ 


the signs of the 
ambiguities being 
governed by the signs 
of fa and fi. 
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i.e, botli+^® iix^<X2<oi^, 

first — second +^® if x^<x 
both — if X <x^<X 2 , 

As the typical ease we take x^<x^<x and both signs positive, 

!^=- if expressed in terms of the 


and note that 


original coefficients. 

Substituting in the integral 

= --1 / ~^ r -p. f I ^ f 1 

'2-K'y x^—x^ Ui'iJ'^yiVi—y) J 

if be -f’'*; or, 

-; - ^ ■ f— ^ sin-i Ji— ^ siuh-i 

if be negative. 

And the suitable modification is to be made in these general 
results as to signs of radicals and reality of form in each 
numerical case which may present itself. 


304*. The IifTEORATiON without a Preliminary Tbans- 

FOEMATION. 

If it be preferred to pass directly to the integration with- 
out the preliminary transformation, we proceed as follows : 


Let 

Then 



f Ma;+2V 


J (ajjc^+ 2biX-\- 

y= 


“f“Cj 

i.^ = 

a^-\-b2 aiX-]-bi 

2y dx 

Oj^a^+S&jas-f-Cj 

(Oafs + ftj) (biX+Cj) — {a^x-^b,) (SjOs+Cj) 


XY 
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where J is the Jacobian of the two quadratic expressions 


VIZ. 




2ai£c+25i, 


2622^+202 


Hence 


J_ 

2Z2‘ 


Let ccp cCg be the roots of the equation J=0, and 2/2 
corresponding values of y Then the points (a5i,2/i)> (^ 2 ^ 2 / 2 ) 
are the" turning-points” of Le, the points of maximum or 
minimum ordinates of the graph. Let y-^ be the minimum 
ordinate, y^ the maximum. 

The equation giving x^, i.e. J=0, is obviously 


— (Citta— 02^1)05+ (b^o^—h^c^ = 0, 

ie. Gx^ —Bx+A = 0, 

where 4, B, C are the eofactors of a, 6, c in the standard 
determinant 


A = 


6, 


^2’ ‘'25 ^^2 I 

and we may write J s -l-4C(a;“a?i) (sc— ccg). 

Again, any straight line y— ft. will cut the graph of 

^ a^x'^+2b^+Ci 


in two points which are coincident in the two cases fx=yi 
and jn = y^. 

Also y 

Hence, when jj. = y^ or y^ the numerator must contain 
(aj— sci)^ or {x — x^^ as a factor, and the equation 

(ag — 2 ( 62 — 6 i/x)a?+C 2 — Ci/x = 0 
must have in these eases equal roots. 

Hence, the necessary values of ^u, viz. and are the 
roots of the quadratic 

(&2-^i/A)^=(o2-aiAi)(c2— Ci/x), 

i.e, (cti02+ 0^2^! ~~ 26162)^4- ( b ^^ X 2 C 2 ) =0, 
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(cc ~-~Oj 

and y ^ > 

[a^ supposed positive, 2/i < ^> 2/2 >^> V intermediate between 
and Figs. 17 and 18], 

Thus cc— a; 3 L=dt 




X^Xo = i ■ 




^y-Vv 


K2/2-«2)^ 

the signs of the right-hand sides 

being both positive, if x^<x^<xi 

the first positive, the second negative, if x^<x <x^\ 
both negative, if ® < ajg . 

Substituting in the original integral, and taking < ajg < ^ 
as the standard case, we have 


_ f Ma;+y ^ , 
“ 4C] {x—x^){x—x.^ ^ ^ 

-if 


Mx^+N 1 Mx^+N 1 


0/2 23 2?J Jy X 

1 Mx.+N f f dy 

- 2G 




1 

-®i JV2/(y2-3/) 


2C X, 


or 


= +Ji' cosh-M +(? cos-w if be positive, 

= + X sinh-^/J — — <? sin-M if yj be negative, 
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where J* and G are constants, viz. 

-n Mx^+N f ^ Mx^+N j 

jF= 7 > = l ■■ = sla^—a^Vn, G = -7=1=1== Ja.y^’-aoy 

for it has "been seen above that C {X 2 -~x^) = jB^— 4)AC. 

The suitable modification is to be made in these general 
results as to sign of radicals and reality of form in each 
numerical case which may present itself. 

305. Gompaiison of the Processes. Constraction of Examples. 
Considerable arithmetical simplification accrues from the 

treatment shown in Art. 303, but of course at the cost of the 
initial reduction to the canonical form. 

The method there shown indicates a method of construction 
of such examples, for the values of Q> ^2 

are there all at choice, due care being taken that are 

both taken positive, and that pg? ^ot both negative, as 

explained in Art. 302. 

[See a paper by Eussell, cited by Greenhill, Chapter on the 
Integral CcdcvlusJl 

306. Various Forms of the Coefficients. 

The two coefficients may be thrown into various forms : 

for since (Art. 304) 

is a fraction with {x—x^^ as a factor in the numerator when 
or with {x—x^^ in the numerator when yu = 2 / 2 J have 
by comparison of coefficients 

and (« 2 -®iS/ 2 )® 2 +(& 2 -&i 2 / 2 ) = 0. 

so a,nd y-^^ 2 +j 2 

and ajb^—a^^ = K=C (Art. 301). 


?i+9’i = <h> 

ya+g-j = 

-hi} 


• n — ^ 1 ^ 2 +&i 

' ' ®2-2!i ’ 

• -n -Vrth 
“ ^2 « » 


®,a;,+6i . 

r — r ’ 

0^2 "vj 

_ ® 2 » l+^'2 

?2- — ;r— ’ 
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whence we have the following modifications of the coefiicients 
in Art. 303, viz. : 

P P _ __P / 

^Kj>^(x^-x,) ^K(a^x^+b,) Jp,VB^-IaC 

_ _ ifa^g+iV^ / 0 

(x^ —x^) JK {a^x^ +&i) v B^—4iAG 

_ McCg-t-iV j 


And similarly for the coefficient involving Q. 

30T. Convenient C-eneral Form of the Eesnlt 
It appears then that if and be respectively the 
minimum and maximum ordinates of 


/ Y\ 

^~a^x^+2b,x+c^\-X)^ 

and a ?2 the corresponding abscissae, and if Mx-\-N be 
written in the form P{x—x^)+Q(x^x^), then the integral 


(Mx+N 

J Z^/T 


dx 


can be written, amongst many other ways, in the convenient 


form 






PPi cos-^ 


—QQi cosh"^ . 


or 

— PP, sin“^ A 

1 ^ 

—QQi sinh-^ . 

p-> 



'^2 



according 

as 2/i is +^° or — 

ve 

f 



where 

II 

> 

1 

and 



CtlOg— 


O'A- 

-«A’ 


provided 


308. Remark. 

It is further to be noticed that the two quadratics involved 
in this discussion, viz. 

{b^^—a^c^)y^-\- {a^c^+a^o^-2b^b^)y+ = 0, 

are transformable the one into the other by the homographic 
transformation a 2^+&2 

'^^'~‘a^x+b^ ’ 

The one gives the ordinates {yi>y^y the other the abscissae 
of the turning points. [See Salmon, EigJier Algebra, p. 173.] 
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309. A Special Case. 

It remains to discuss the case we have so far excluded, 

viz. when = 

^2 ^2 

In this case the asymptote of the graph of 

/ r\ ^ 

^ a^x<^+2b^x+c^ XJ ’ ^ ^ a/ 

does not meet the graph at a finite distance from the ^/-axis, 
and one of the two turning points has disappeared. It has 
been seen that the expression can, however, be written 


y= 




where 


Pi=ai 

5^2 “® 2 > 

^=X—Xj^ 


“ +^® by Art. 294, 




<h 

K 


fl&2 

= +” by Art. 


294, 


2ydx Vii^+q- 

Also f=0 gives the turning point, viz. y=y^\ and 

obviously is =2?, The only forms of the graph with which 

we are concerned are the four following. Cases, in which 
the graph lies entirely below the a-axis, give rise to entirely 
unreal values of \/n Note the symmetry in all cases of the 
graph about an ordinate through the turning point. 
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Fig 22. 


with corresponding forms if be negative, viz. 



Fig. 23. 


In the case negative, the graph is entirely 

helow the a>axis. 

310. When the graph cuts the a?-axi8,as in Tigs. 21 and 23, 
at points P, Q, JY is unreal for the value of cc intermediate 
between F and Q, i.e. intermediate between the roots of 

a2!r2+262a?+Cj=0, 
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if be positive, but real for such values of rr, if be negative. 
Hence, in the first and third cases (Figs. 20 and 22) the limits 
of integration may be any whatever ; in the second case (Fig. 21) 
both limits must be in the region from — oo to the smaller root 
of the quadratic, or in the region from the larger root to +oo ; 
or in the fourth case (Fig. 23), being negative, JY is unreal 
for all values of x which are not intermediate between these 
roots. Thus in the fourth case the integration is only to be con- 
sidered when both limits lie intermediate between the roots of 


And in the fifth case, viz. n/F is unreal for 

the whole range a;= — oo to aj= + oc . 

We have also 


^ 9i 






j-0 f 

The first falls under the class discussed in Art. 277, and 


splits up into two integrals, viz. 

Ml ^nf ^ 


or 


or 


'2 

P 2 


Sin" 




+^2 


2 ^Ti(Piqi-p£i) 


- cosh' 


-1 

^P^^Pii^+9i 


2 VJ5i(3)i32-J>2?i) 
the real form to be chosen. 
For the second integral, 


—VM.) > — P2 y 


dx Q r 1 

^JxVr~ ^Piq2-PA)\:^'^y f ^ 

..:9. 

= ^ ^ f 

2 ■Jqi{p^i-Pigi)j'^y{y-yi) 

Q 1 f d y 


according as 
y> or < 2 /i, 
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2.6. 


or 


or 


= Q 


Q 

1 


cosh**^ 


41 


inh-^ _i 


Vi 

I 

Vi 


■ COS- 


fclie real form 
to be clioaen. 


Hence we have 

(1) (35i?2-Mi) +'°. 2/i and +« 

I = . ■ = •[' — ^ cosh~^ y-\- -^cos~^ a/"' yl ) 

( 2 ) (yi32-P2?i) 2 /i and .*. +« +«, 

7 = . ^ - r — ^ cos-1 y +-^ cosh-1 a/ • ‘ yl ! 

n^Mi— ? i? 2 '- n/Ji ^32^-1 

(•"*) (Pi32-P23i) Vi and .-. +”, p^ -™. 

I = i= r — ^ sinh-i J _JL 2 / — ^ sin-\/2i yl ; 

'Jpx%-Vi<l-y vpi v_2)g Vgj vg/J 

(4’) (.Pxii-Piii) yi and .-. 

Z = - — ■- — \-~ sin-1 sinli-i J _?!_ J ; 

'^Pih—PiPHPi ^Pi '/?i ^-32^J 

cit b 

results of similar forms to those obtained when — =^r^. and 

' 62 

again the coefficients may be expressed in various forms. 


311. We note that the first of tlie two integrals, which has 
been referred for its integration to Art. 277, for which the 
substitution would be P 2 i ^+^2 — y^’ might equally well be 
obtained by the substitution 

z>i^*+3r^’ 


ie, the same as used in the second integral. Upon this sub- 
stitution being made in the integral /, we get a result of form 
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In the first of these we substitute for JX its value in terms 
of y, viz. 

In the second we form —y= ^ C , 

^1 A 

and substitute for ^ its value, viz. 
as shown. 


312. niastrative Examples. 

Ex. 1. Consider the integral 

f 3^-:/ ■ dir, 

J (^2?® — 2^ + 1 ) — -hi 

(a) without reduction to the canonical form, (b) first reducing it as in 
Art. 296. 

(a) Putting 

Jl dy 2^-1 3,2?- 1 

2y (3ir"‘2;r*— 2a?+ 1 32?*-2^ + l 

jv(a;-l) 

“ jrr X^' 

The turning points are given by ^=0 and 57=1. Tfa?=0, y=l; if^=l, 

y— i- 

2^* — 2r+l .37® 

3ir*-2ir+l"X’ 


1 ar»-ar + l 1 («-!)». 
y 2 ar»-ar+l 2“ 2ir ’ 

. V2 1 

a: Vr^’ ^-1 'Jl4y^' 


assuming jr>l ; 


r f ^r-l X^dy 
JX^Xy' 237(37-1) 

=1 rA , 2 

2 J \37 37-1/ 


-U( 


^/2 


Vy{i -2^) Vy(y-i) 

- cos-Wy + ^/2 cosh-^As/^ 


' " VS' -Sti + V 2£r 


— 237 + 1 


2,r + 1 ‘ 
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The graph of the traasformation formula in this case is shown in Fig. 24. 



And the signs selected refer to values of .i:> 1, and we have 
/j = — C 08 “^ \/y + ^/^ cosli“^ 

if A-i, Xg limits and both > 1. 

If X lie between 0 and I, we have 


sTx _ 1 

Vi— ^ 


and 


Vx 


Jai 


^-1 ^/2\/y-i' 

and wo shall have 

/2 = " cos“^ cosh“^ s! 2y J 

if Xj, Xg both lie between 0 and 1 
If x lie between — oo and 0, 

^ 1 

X 

and w^e shall have 


- and — 7 = 

vl-y ^-1 


s/§, s/y - 

/g = 1^ + COS”' s/y — cosh”' 

if Xj, Xg be both negative. 


If one limit, Xi, falls on one side of a turning point, say .r=:l, and 
0<Xi<l, and the other, Xa, on the opposite side, i,e, X 2 > 1 , the 
integration should be conducted from the lower linnt to the turning 
point with the corresponding result, say /g, and from the turning point 
to the upper limit with the result 

(b) Next let us transform to the canonical fonn 






before integration. 

Here, by the rule of Art. 297, 




dx 


+^ 2 ) + 1=0, I ; .^i.r2 = 0, Xi 

2^1 ^2 — (^1 + •'^2) + 1 =0 ;/ = 0, 


.^2=1 ;J 
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Pi + 9i = 3, A + 3-2=2, 

i’+«=3, 

ei = l. ?2=1, 

«=i; 

••i’i = 2,-) ^2=1. 1 

J>=2,- 

5i = tJ y2=lj 

«=i;j 

■ f 2^1 + ^2 





^ , 


^1=0 gives y = l, 
^2=0 gives y = J. 

l-y=£L 

^ Z’ 
^-^=2X>- 

■■■ 


-. ■ 1 r c^y 

2JVy(l-y) v/2J-^y(y-J) 
= - <!os->>^4-^/2 co3h-‘V^, 


as before. 


3 :. 2 . Asa case wliere consider the integration of 

/=r ^^-9 


Writing 3 = f, 


/=r ^^-9 , 

J (^-6a?-{-10)V6F^^* 

(^3? =s 

9-^2 


^ ^ —10^ 1 7'2 

•• 2 yoi| 9-f2 and d^=__^dyi 

• r=_J-r5|+6 , 

4J VF ^ 10^ TVS- 


Let 
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Now (|^+l)y=9-^^ and X = = 

Therefore /^|cf^ = Vr6/;^P^=2v/l0sinW^ 

= 2«yi0 sinh-' • 

Also, at the maximum ordinate, ^=0 and y= 9. 

. Jx _ v'lo 

I ijQ-y 

taking ^>3, i.e. ^as +’*. 

Therefore, in the second integral, 


\/l0. 


(sinlr^'J . — +~sin“i-A/ — 

V V ^2 ^ 6^4- 10^ 5 3 > A-® - 6.r 


— \ 
6.r+10y‘ 


The graph of the substitution formula, 


is shown in Tig. 25, 


^ a!»-6.r+10’ 



Fig. 25. 

y attaining its maximum -value 9 when .27=3, and being negative for all 
values of a? except such as lie between 0 and 6, and as we confine the 
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integration to real values of n/ F the liniits of integration are to be such 

sjx 

that both lie within the region from 0 to 6. Also the sign of changes 
as a: increases through the value 3. Hence the signs adopted above 


•when WQ take 


VlO 


apply to values of .r between 3 and 6. 


For values between 0 and 3 we must use — 7 === mahe 

the corresponding change in the sign of the part of the result dependent 
thereon. 

313 Forms reducible to Case IV. 

As in previous cases. Arts. 281, 286, 288, attention is called 
to the varieties o£ form of integrals dedueible from the case 
just considered, viz. X quadratic, T quadratic. 


(1) Thus f — = ■ reduces to 

' ' J a8in^tf-h2bBmff-hc 

/ Ix + M da 
a 


(2)/; 


€U^ +■ 2bx -t- c 4/1 

Xsin 0 4- Jfcos 


asin*^ + 2i>sin6^4-c 

La^F 


d6 reduces to 


h 


dco 


(4) j, 

(5) f-^ 
' Jasi 


<LX^ + 2647 + C Vl 

Xsiu B + ifcos ^ + -y jrt 
cos®6/4-2icos^4-c ^ ’ 

Zrsin Q + Jfcos % 


—a;* J ' 


if sin O^x, 


Mdx 


asin^^ -h 26sia ^cos Q + ccos*^ 

XsinhM + Jf , 

du^ 


de. 


4- c 

similarly, 
by putting tan 
similarly to (1) 
similarly to (2). 


sinh* 4- 26 sinh w + <3 

/Zsinhii 4 - Jrcoshz£4-iV' j 
J asinh^^ii + 26 sinh 

/ -tsinh-if 4- J/coshti , 1 j. i. 

^ ^ Jasinh®1^4■26sinh^^cosh4t4cco8h®^t J ^ «— a?. 

(8) If in ^ ^ Ma + F da 


^ f {<h^ + 4 Cl) 4- 262^1; 4- C2 

we put a7=«+i, dr*=^l— 


/s 


f 1 

Vi 


■s 


dz 

)[»' 

('■4) 

\ + 26i 



l+rfi 



SPECIAL QUAETIC FOEMS OF F. 


309 


where are written for Cj + 2ai, Cg -{- 203 respectively ; so that 

j-_ r {Afz^ ■¥ Nz + M){z^ - \) dz 

J +■ 2hii^ + d-^z^ -t- 2b^z 4- -f d^^ 4- 4 

Hence, if i?* be a “reciprocal” quadratic function of and X, Y 
reciprocal quartic expressions in we can integrate 

r Y 1 

I— J “ I ) by the substitution a + - 

(9) Similarly 

r (Mz^ + JVz-Jf/}(z^-hl)dz 

J (aiZ^ 4- 4- diS^ — 2bi2 4- ai)J<i^ + 2h^ 4- - Ib^ 4 Oa 

integrates by the substitution 3--=4r. 

z 

314?. The Case of F s a Reciprocal Quartic. 

Let Y be any reciprocal binary quartic expression 

= 02:^ + 4&c3 + H" 

r/jjs ^ doc 

Then 7= J — - — reduces at once to the form 

f dz 

J A/Quadratic* 

by the substitution x-j-^ = z, whence ^1— ~^d25s=cfe. 

For Y = (x^ +^^+4b(x 

= x^[az^ f 462 ;+ 6c — 2a] 

= aa;2|^^2; + ^^ if= 2(25^— 3ac-|-a^); 


reduces at once to the form 


• 7= - 

" sfi 


2b\^~ K V-al IK 




which, by Arts. 80, 81, 


= A sinh-'^,, if K te -f 

s/a icVA 

4= cosh"^ if 

Ja x-J—K 

if a be 

V— a Xs/K 


and £t+’"®, 
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Note that if K be positive, the factors of Y as expressed in 
terms of z are real ; 
if K be negative, unreal ; 
and that aY+Kx^ is a perfect square. 


315. A Similar Case. 

In the same way, if 

jr ^ ax^+ ecaj®- 45a;+a, 

the integration of 

_ f- +1 can be effected by the substitution a?— 
For Fi=a;»[a(^a5»+l)+46(a:~)+6c] 


1 


= 21 . 


= cc5®[a2;2+ 462+ 6c+ 2a] 


„r/ 46*-6ac-2a*n 


where E, = 2(2b^-3ac-a^) 

-If dz ..If 

dz 


O* 

=: sinh-^^^^^^^, if El be + 

fij Of XsJ El 

-^cosh-^-^^^=, if be — 

*J(i X\l El 

' and a +-'^®, 

-7=eos-i /=\ifobe 



also, Fi expressed in terms of z has real or unreal factors, as 
is +^® or — and aY^+K^ot^ is a perfect square. 

In the integrations of these two articles, since the final form 
exhibited is arrived at by the conversion of a function of z into a 
function of F, or of F^, in which process a square root is extracted 

{e,g. sin-^ ~ (az _ +^ ^ _ ^ 

it is desirable to check by direct differentiation the sign of all 
numerical results obtained. 
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316. Other Forms. 
The substitutions 


,11 11 

aj+- = -, X — =- 
X z X z 


respectively reduce 

f a;^— 1 dx 

i^iTf 


and 


f?!±l 

ix^-l 


dx 

7r;’ 


Y and denoting the same quartic functions as before. 
[See Greenhills Ghajoter on the Integral Calculus, p. 41.] 

For taking = - we have, differentiating logarithmically, 
X z 


1--0 


dz 


x^-l 


dx= , - 

,1 z x^+l 

x+- 

X 


dx= — ■ 


xdz 


and 


JY =x [a2:”2+4ffe2:-i+6c— 2a]^ ; 

dz 


1 dx _ 


j tt-|--4525-j~(6c — 
whose integral can be written down by Art. 80. 

And similarly, if a;— - = -, 

X z 

5C^H-1 , X dz 
dx= 


fa;®+l dx 


and f a;^+l dx j* ^ 

1 s/ ^ 1 J^/c^-l-46^2J”l-(6c-4-2ot-)25' 

whose integral can be written down as before. 
The integrals 




f ^ 

]a^x^+b^x^^ 7 y’ 

1 X dx 

a^x^+h^x+a^ Jf* 



are reduced to forms already considered by the same sub- 
stitutions, and are therefore integrable. 
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Similarly, if F =ap%*4-462W^+6cx:*+465'a:+ag'* 
Fi s 4623a:* 4 - 6 ca:®— 46 ga;+ag*, 

the integrations of 
Cpn^—q ^ ^ 


I 


VF’ 

yx^—q dx 


yx^+q vy 

(px^+q dx 
{px^+q dx 


can be effected 
by tbe respective 
substitutions 


^px^+q dx 

Jy ®*-3 ’ ■Jy; 

Ex. Consider tbe integral 

/= f (■!■•*- 


23a:+|=0. 


. 2-1 


i®+: 


2 1 


Here 


/= 


r 

i xl\ A- 


u 


^}Vi 

^ xj 

2 

-1 


and putting ^+1=., 

Put — zdz^wdw\ 


Ib+w^ n /5 


1 . 

= -r7Sin- 


Vs * n/w ®+5 VB 

siu-i 


/ 7=T 


317 . Bimuniiig np. 

It will now be clear that any integration of the form 
f ^(a?) dx 
J i^ix) ^ax^-f^bx + c 

can be effected, where ^ and *i/r are rational integral algebraic 
functions of x. 

For if be put into the form 

i,{x) ^ 

2 Aa :"+ 2 ^+ 2 (^:^+ ZI ^ a : 2 ^.JjYo 

'^■^[A'x»+B'x+C')” 
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as explained in the chapter on Partial Fractions, then of the 


resulting integrals 

f x^dx is reducible to a lower order by Art. 


]Jax^-\-hx+c 240, and integrable. 

(2) 

r dx 

has been considered in 

J (cc — a) Jax^ + hx+c 

Art. 287. 

(3) 

r dx 

reduces by the method 

J [x—^yjax^+hx‘{-c 

of Art 290. 

(4) 

r {)s!x-\~ jj!)dx 

has been considered in 

J [Ax^+Bx-^G)>Jax^-^hc-{-c 

Art. 291. 

and (5) 

f {\''x-\-u.'')dx 


J {Ax^-^Bx+CYJajx^-{-hx-{- 

c 


is best got by differentiation with regard to G of the result 
for the case where s = l, as will be explained later. This 
method may also be adopted in (3). 


318. General Consideration op the Position. 

We have therefore now completed the integration of the 
most general function of x of form 

A + BjR 

C + D^R’ 


where A, B^C^D are rational integral algebraic functions of 
X of any degree, and JS is a rational integral algebraic function 
of X of degree 1 or 2. 

For rationalissing the denominator, 

A + B^R {A+Bj^(C-I)jR) 

Q+D^R 0^-D^R 

_AC-BDR {BC-AD)R 1 
- 0^ -D^R “ ■ VS 


P M J_ 


say, 


where P, Q, M, N are rational integral algebraic functions of x* 
fP 

Now J g integrable by the methods of partial fractions ; 

and if ^ be put into partial f fictions, dx can, as has 



314 


CHAPTEE VIII. 


been explained, be expressed as the sum of a finite numbexr 
such terms as have been discussed in the present chapter, 
each term may then be integrated. 

Hence the theory of the integration of 



is novT complete, where R is linear or quadratic. And it will 
be noted that the integration has been in all cases effected i^i- 
terms of the knowru algebraic, logarithmic, inverse circular or 
inverse hyperbolic functions. 

When R is of higher degree than the second, it has bo^^ 
seen that in some special cases the integration can still 
effected in terms of the elementary functions, but for 
general discussion of the eases where R is cubic or quart ic, 
we shall require the elliptic functions, and in general for forxns 
of Ji of higher degree than the fourth, we should require fcli© 
functions Imown as hyperelliptic. 


aEKERAL EXAMPLES. 

1. Obtain the following integrals : 

(i) j"(l (ii) |(1 -f -f- 


(iii) + 

(v) 

' M 1+® 


(ir) |(l+a:)-i(l + 

... 

(™)jl 


-X 1 




3. Show that 
dx 


[Barnes Schol., 1887.3 


f M- ^ sin-4^-^^±M±PJl±^ \ 

}{x-p)^a+2bx+c!r? {_(<,+ 2^+q,2)jV I {x-p^b^-ac J 

■where p lies between the roots of (H- 4 - ca? = 0, supposed real 

[Trinity, lS86and 1891.3 
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4. Show that 


f l=cos-^5 ifa<b. 

J(a:2 + a2)^^m“ a-JW^ b\x^ + a^ 

and =— j=i=cosh-i?/^^-J^j it a>b. 
dhJcL^ — & V ic + 


6. Prove that 


f {x+l)dx ^ cosh-'l ^^ ~ 

J(2!b 2-2»+ 1)73*2- 2a:+l V 2*2 - 2*+ 1 

- 1 /3:k‘-^ - 2a; + 1 


<ia; 


6. Integrate 

/:\ f (3a; + 4)ia; f 

J (5a;2 + 8a;) N/4a;2 _ 2x + 1 ’ J (a;2+ 2aa; + + 2aa; + c^* 

where a<&<c. ^ 

7. Integrate (i) ^P====p=p=. |.g^ jo„i,>s, isss.] 


(«><=)• 

,... f ^ 

J sin ^>/a cos2 ^ i sin^ 6^ + c 

8. Find the values of 

sinxdx 


[St. John’s, 1889.] 
[Teinity, 1888.] 


f sina;< 

J (cos X + cos a) V(cosa; + 

(ii) [— : 

J cos (a; + a 


cos /3) (cos X + cos y) bt* 1890.] 


(a; + a) \/ cos {x + /?) cos {x + y ) 


9. Integrate 




-a;2 


) (a^ - flta; + x^) (a^ + 
transforming by the substitution 

x^-{-ax+a^ = 7/{x^ -ax + a^), 

10. Integrate (i) 


dx, 


[7. 1890.] 


[a, 1884.] 


(3a;2 - 10a; + 9) a/ - a;*-^ + 10a; - 13 

!(* - 1) (* - 2)7(* - 3) (a: -T)' [Coil., 1892.] 

(iii) f 

^ J(a;2 - + 

(iv) f - {^-o)dx ^ 

J (a; - ^)(a; - c)(x - d)Jx - e 

(v) f (g + 3)<?a; 

J(a;2-i-a;+ l)\/a;‘^ + a;+2’ 
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11. Integrate 

(i) 


[Coll., 1901.] 


(li) 

Jv®*+®®+i 


12. Show that 




f /sin (x - a) 

J \ sin (£C + a) 

<fa; = cos acos“'^('^5^') - sin a cosh"^(^5HL?Y 
\COS a/ \sin a/ 




[Coll., 1901.] 

13. Integrate 

(1) ' 

fl-2®* ll+x^ , 

|l+2®Wl-®**‘^*- 

[R. P.] 


(ii)j 

r dz 

[R. P. ; Euler, C7./., 

VOl. IV ] 


' ( l H- (s / 1 + £C^ — x^) 



r dz 



\{a^-ax- x^)sjax + 

[Oxir. I. P., 1900.] 

14. Evaluate the integral 

f dx 



J(a2 

- tan2jB)(/i2-.tan2a;)^ 

[Math. Trip., 1886.] 


16. Prove that 


Jsi] 


— - ] cosh“i sin (g + g) ^ 

sina;sin'^(2a;+a) \/dii a sina; ‘ [Coll., 1892.] 


16. Show how to integrate 

|(/® + S') (0®“' + i® 4- c)^ dx, 
where « is any positive or negative integer. 


[o, 1890.] 


17. Show that L. 


J (o + 26® + ca?)i (a + 2J® + ca2)4’ [Trinity, 1889. ] 
18 Prove by the substitution 

= {aa? + 26® + c)l{Az^ + 25® + C), 
where A aaA AO- Efi are positive, that the integral 

{Mx + N) dx 

J {Az^ + 2Bx + u + Ux+c 

L 

where and \ are the roots of the quadratic 

(a-XA){c-X.C)-{b- A5)s = 0 , 
and Pi, P^ are definite constants. 


becomes of the form 
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Integrate completely the function 
•C+ 3 


(2a;2 - 10a; + 1 7)^/4?^26®+l9’ 

[Math. Trip., 1891.] 
, Prove j v/tanh^a - tanh^ic^ia; = ^ (1 — sech a). ^ 

I. Integrate |(a2 + J2)-i(a;2+«8 + J2)-V (foi. (-qx. II P., 1902.] 
f sin,®a; dx 

21. ntegrate J(i -fcos^a;)^! ^-cos^aj + cos^a;* [St. John’s, 1882.] 

r _ dx 


19. 

20 , 


and evaluate 


22. Show that 


Jo 


dx 


) {x - a) xJAx^ + ^B x -t- G 
is transcendental unless A<L^-{-2Ba’{‘C^0. [j. M. Sch. Ox., 1904.] 

Establish the results 

dx 


and 


<->j 
<“> J^ 

lOW 1 

j:: 


(a;- l)\/a;‘^-4a;*f 5 n/2 JK- 1 


— — I - - 

(a - 2)^(3 + a® - 2*“) -Jlia - 2) 

[Coll, a, 1890.] 


23. Show that 

r+^ {\-ax)(i-hx) 


dx 


T 2 - aft 


i(l - 2aa;-}-a2)(l 2 1 - rt2?' 1884.] 

24. Describe the steps vrhereby the integral of a rational function 
of a single variable, x, can be obtained. 

Prove that if the sign of summation refer to the suffixes 1 , 2, 3 
in cyclical order, the integral 

- c^) 

is a certain constant multiple of 

(X . af{x - hf{x-c^r^{x - c^r\x - g-i. 

[Math. Trip., 1896.] 

25. ^ Determine the degenerate form of the elliptic integral 

f I — I — — . st; , Si Sn 

J\/4 (t^ — 5j)(s - 52)(‘^ “ •%) 

when ^2 is made to coincide with 5^ or with [Int, Arts, London-.] 
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/j* 

26. Prove, by means of tbe substitution = 




da: 


-2 


{a-y)4{x-a.){x-fi) J(<i—y){y-fi) 

2 

AT* — I - 

J{o.-y)(fi-y) 


tan“^ 

th-i 


-y 

y — X- a 


27. Prove that 


la - y X- ^ 

\ yS - y X- a 
[Int. Arts, London.] 


£ 


dz 


(1 -}-ic)(2 +a;)v'ic(l -x) 


28. Show that the integral 

f. 


-x) \J2 JsJ 

[Math. Trip. 1, 1912,] 


dx 


J xJSx^ + 2a; - 1 

is rationalized by the assumption z = (l + 2/2)/(3 -y^), and hence, or 
otherwise, find its value. 

Prove that if wi be a positive proper fraction, the value of the 

above integral when taken between limits \ and — is the same 
^ 3 2 + m 


as when taken between limits - 


and ■ 


771(2 

[Math. Trip. 1 , 1910.] 

29 Prove by means of the substitution 

(t-x a-d c-y 
x-h~' h - c y -d^ 

that, if m be any positive quantity, and a>h>c>d, 

A \(a-x){x-c)y«-^ 

{a.-x){x-d) \ {x-b){x-e) {‘«<' 
a-d h—c J 


■It 


{(a-a!)(e-g)V 


7JZ-1 


(a-x){x-d) {b-x)(c-x) y 


dx. 


d-d 


b-c ! 


[Math. Trip., 1878.] 

[See Wolstenhohne’s MoUhematical I^rohhTnSi NTiimhers 1900-1903 for a 
group of similar examples.] 

30- By the transformation 4- — integrate 

X 


C j)x^-q (h 

j -f q 


2 + 2^ C^f • ® C, I . , iv. , p. 22. J 
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31. Apply the transformation — to integrate 
Vl +334 


(i) 

32. Show that 


.. f\/l +334 j r x^dx 


[Euleb, (7./., IV.] 


f W_?2?A_ f -1 ^ 

J sin ^^cos2^ 4/cos 26> ^ /ycos2^' 


33. Show that the transformation 

{(a + ia:'‘)^-6V“} = (^0 
will reduce the integration 


to the form 


1 f 


1 

1 + 




(a + ia;”) {(a + Ix^)^ - 

[Euler, G./., iv., 53 and 56 ; Peacock, p. 305 ] 

34. (i) Show that 


and (ii) integrate 
35 Integrate 


J ( l - a !) Vl - a !“ Vl-a;’ 


[Peacock, p. 309 ] 


(1 

r2-Zx ll+Xj .... fsin®0+2oos®5 

J 2T35 J cos Me 


[St. John’s, 1881.] 


36. Show that 


J V a^-x^ x~2^°>=hj+l(y-cfr 


where 


(»)j 


CC2 + 1 


dx 


V a^ - c*3:* 


Xs/a - 2 

R * _ 


I ~ 1 Jl -ax^ + x"^ Va - 2 -1 ’ 

[Hall, 7.0., p. 326.] 
37. If F(x, y) be a rational algebraic function of x and y, show 


that 


Jl+x^)(x + \/l+ x^y dx 
may be integrated by the transformation a; — sinh {q logs). 
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38. Show that 


' cos d dd 
1 . 


(i) J(cos2^)’*< 

= I sin ^(3 - 1-2 cos 2 ^)n/co 3 26/+ g^-sin“i(v^2 sin 0)* 

(ii) r . -^^=iog( — 

Ja Vsin-^a- sin^^/ ® \cos^ + \/siii“a-sm^6^/ 

« £*“'"'""h($+(Tpns1‘^' •]■ 

39. Show that 

1 13 

40. If <l>(x) = aQi--^a^^ + -^^a^x^+ ^ show that 

(i) i|'cos=6<^(sine)i^=l^a„+|QY, + |(i^J)'a,+ .. 


[Anoltn.] 


(ii) 

9^ 

=llH 

i/iy . 1 

3\2/ ■'■4x2.4/ ■‘■5 

(iii) 

^-1 

T 

4a; 

' 3‘''1.2.4/ ^5*X2. 

41. 

Integrate 




(i) 

f 

sin 26 dd 


1 Vsin‘d+4sin*flcos26i + 2cos‘5' 


wj 

' (2®+»+ !)>/«* + 4^V4^Tij+'i ' 


[Anolih.] 


42. If J be the Jacobian of two quadratic functions of s 

®i=“i®*+2JiIb + Cj, «3=02a:2 + 26ja- + Cj, 
2(aia: + i,), 2(b^g + Ci) 

2{a^+h^)^ 2{b,^ + e^) , 

show that if = 0, = 0 have no positive roots, then 
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43. By means of the identity 

I (a + sin^a;)” cos a? (1 + a - sin^ic)** sin x dx, 

prove that 

= ( 1 + «)» - 2 1 (1 + a)"-i + 2* (1 + »)»-» 

[WoLSTBNHOLME, Problems^ No. 1929; Wiogins, E* TimeB^ No. 13323.] 

44. Show that 




#1^2 


+'‘(7. 


1.3.5 


-a«-»+ ... 


"‘(P+2)(p + 4)0) + 6)" 

-nn (P + 0(J’ + 3)(;» + 5) ^ ,^g 

(ii) a" + "C, «"~^6 +• "Cjj > ■ - 1'/^ vtv a**"’^* 

' ^ *i) + 2 “'(jpH-2)(jp+4) 




1.3.5 


- 4 . . . 


®(? + 2)(i>+4)(i>4 6)' 

^®(l> + 2)(j» + 4)(y46)^“+‘'^ *+•••• 

45. (i) Integrate 


j. 




.'£® •l-2.'r^-a;2+ 1 




tO.\. I. P..19a3.] 


(ii) Integrate 


(3ic*-~ l)dx 


(iii) Prove that 
cl 


( L *^3 ^ eos g+ ^ <^*38*** ^ „ Ij?"* /»> 

( I -{- sin 0 cos By^ " 9 
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46. (i) Show that 


I -a-hic)- 




(ii) Evaluate 

J. (m-1)! 

How could your result he applied to the summation of series *? 

[ct, 18S6.] 

47. Discuss the integration of 

m p T 

i -fVry, f' a'+-hx\n /a+bx\l /a-\-hx\»~] 

where / denotes a rational integral algebraic function of the 
quantities indicated. [Lacroix, a I,, ii., p. 35.] 

48. If I(x) he a rational integral algebraic function of x, show 

f +l fU\ -I 

-T=== = 7r^, where k is the coefficient of -- in the product 

— 1 V i “ X““ (X) 




John’s, 189L] 


or where k is the constant term in the expansion of 

[CoLi., 1892.] 

49. If /(a) be an arbitrary algebraic polynomial of degree » — 1, 
d« 

where ^ is a constant, then 




50. Prove that 


X dx (X, 

COS X cos(a - a;) 


51. Show that if a he less than unity, 

r tan“ia 

Jo 1 -I- a^cos^a;”^ a 


[HiONU. TJniv-] 


[Coll., 1896.] 


Ca. 1891.] 



GENERAL PROBLEMS. 


323 


52. Integrate (i) f sin-i 

62 [5,1881.] 

(ii) f ^ Vi - i sin^^. 

J cos</> [St. John’s, 1886.] 

53. From the definition of a BesseFs fanction, viz. 


*^n (^) “ 2*^ r 


^ fn ^ 

(w+l)L 2(27i+2)'^2.4(27H-2)(27t-i-4)' 


derive the results 


1 - cos a; 


w 

= 1 /o(2Jsin ^)sia 
= 1 /i(zsin^)d^. 


[OoLL., 1896 ] 


54. Integrate (i) 


(a; + 1)® {x^ - 1)‘ 

1 

n/1 H- 3 sin a; cos a; + 2 sin^ x cos^ x * 

1 

n/( 1 +■ sin x) (2 + sin x) ' [Math. Trip., 1897.] 


55. Show that 


1 sin^^a;sin7ia; da;=sin2 nXj-l ^ •' J- , 

J dx\. sin 7ix J ’ 

where the form of the function <#> is defined the relation 
<kh)=-^ /.-a 

- (m-2)^} {•»? - {m~ 4)^} 

m being a positive integer and renot being of the form +(»B,-2r), 
where r ia a positive integer not greater than 

[MEath, Trip., 1897.] 

56. Draw graphs of the transformation formula 
{a^ + 2b^x 4- Cg) + Cj 

corresponding to those of Arts 301 and 309 for 

-H 26^^ 4 c^. 
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GENERAL THEOREMS. 

319. Various Limiting Forms expressed as Definite Integrals. 
The definition of an integral, viz. 

where h^a+nh may be expressed as 


j- h — a j f h — (i\ 


and can be used for the evaluation of a certain class of 
limiting forms. 


Ex. Find the value of 


Lt 


”=« L 


22 


32 


L?l3-fl3^7t3+23-r^^3^.33 

This may he written as 

?:=r!=i r2 

n 11 I 

" n -3’ 






.]• 


and talcing - as ^ and dx 
n n 


“i' [l<>g(l+^)]^ =ilog.2. 

320. In the same way 

where may he evaluated 


324 . 
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Let u= [(l>(a)<p{a+h)^(a+2h ) ... ^(a+wA)}” ; 
then logM=-{log^(a)H-log^(a+A)+ ... +log ^(a+rA) 


+ ... H-log ^(6)} 




and therefore if we write 


a+(b-a) -=® 
{b-a)^=ds, 


the limit of log m is j" dx. 


Hence X«„=,«,{0(ce)^(a+A)0(a+2A) ... ^(a+wA)}", 
^ ^ h-a 


where A=- 




[see Diff, Calc,, p. 6, Ex. 3]. 

Ex. Find the limit when w =* oo of 

{ 0 + W 0 +1) +!■*) - }"• 

Calling this expression u, 

log.-l[l.g(l +^) +log (n.g)+ ... + log (l+jj)} 

n n 

and Lt log ^ log (1 + x^) dx 

=log2-2f(l-j^)dv 
=log2-2+2 |=| + log 2-25 

1 A I n ’--4 TT -4 

.-. X««=« ® ■*■ 2 =2« 2 
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Examples, 

1. Determine by integration the limiting values of the sums of the 
following series when n is infinitely great . 


0) 

-L-+ 


1 





71 + 11 

[a, 

1884.] 

rii\ 

71 

4- ^1 I 

. 1 

n 






+ 11^* [OXEORD, 

1888.] 

(iiil 

1 

+ ^ h ^ 


. 1 



sj2n-‘. 

1^ V411-22 sJSn- 


\/2?i2 — ii^ 






[Clare, etc , 

1882] 

(iv) 

^ -f sin^ ~ + sin^ — -1- sin 
nK 2r^ 2?i 

271^ • 




h being a, positive integer. [St. John’s, 1886.] 

2. Show that the limit when n is increased indefinitely of 

{n-7nf , . 3 

n in Zn f 

[Colleges, 1892.] 


3. Find the limit when n is indefinitely great of the series 


4. Evaluate 


' ii-l . n / 2»-1 . J 3 it -1 . , Vw 2 -l 
n in Zn ‘ 

[Colleges, 1890 ] 
[-N/2a2?2, - 1 n/ 4ahi - 1 ^/6a%^ — 1 ‘ - J 


5, Evaluate 


, -1- -I 

{«* + 1®)* (re2 + 22)T {n2 + 


i} 


[0. S., 1901 ] 


General Theorems on iNTEaEATioN. 

321. Various Propositions. 

There are certain general propositions on integration, many 
of which are almost self-evident from the definition of inte- 
gration or from geometrical considerations, the truth of some 
of which the student will have noticed for himself, but which 
require to be definitely stated. It will be assumed that all 
functions occurring in the following theorems are finite and 
continuous between the limits ascribed, unless the contrary 
be specified : 
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322. I. J <j>{x)dx—^ (f>{z)dz, 

for if \]/{x) be such that 

and therefore such that 

each integral is equal to \J/(b)—ylr{a), 

In other words, the result being necessarily eventually inde- 
pendent of X or Zj it is plainly immaterial whether the letter x 
or the letter z is used in the process of obtaining the indefinite 
integral previous to the substitution of the limits. 

f b rc n 

(l>(x)dx=\ <p{x)dx+\ ^{x)dx. 

For if yf/{x) be the indefinite integral of 
the left side is ‘\lr(b)—\[r{a) 
and the right side is 

{rlr(c)-i.{a)}+mb)-i.{0)), 
which is the same thing. 

Further, it is equally clear that 

f b re M re n 

(f)(x)dx= \ (p{x)dx-{-\ <f>{x)dx+\j>(x)dx-+,., “hi cfo?, 

where c, d,e,f,... leave any real quantities which lie in the 
region from a to b for which ^(jc) has been assumed to be 
finite and continuous. 

Let us illustrate the fact geometrically. 
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Let the curve drawn he the graph of ^=^(^5), 
eqnations of the ordinates 

iV,P„ 2V3P3, ... N,P, 

be a?=a, 05=0, a;=ci, ... (c^^k, x = b 

respectively. 

Then the above theorem in integration expresses the 
obvious fact that 

Area + Area + ... 

H-AreaiS^sWi^s- 

324. Ill j <f>[x)dx^ dx. 

For, with the same notation as before, 

the left side is —\p'{(i) 

and the right side is ‘-~{^(o)—'\fr(b)}. 

An interchange of the limits, therefore, changes the sign 
of the integraL 

325. IV. [ <l>{x)dx=\ <p(a—x)dx. 

Jo Jo 

For if we put a;— o— Z, we have dx^^dX ; and 
if x—c, Z=0 ; 
if a!==0, Z = a- 



Hence | <f>{x)dx—- 


^\{a-X)dX, (by HI). 
J <J>(a—x)dx, (by I.). 
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Geometrically this expresses the obvious fact that, in esti- 
mating the area OO'QP (Fig, 27) between the y and a-axes, 
an ordinate O'Q, and the curve PQ, which is the graph of 
y=s=^(aj), we ma^ i/ we liJce take our origin at 0\ O'Q as owr 
7-axis and O'X as our X-axis, as it cannot affect the result, 
whether the elements of area are added up from left to right, 
or from right to left. 

326. V. |%(a:)da:=j“^(a;)<fo:+j'’vl>(2a-a!)(fo. 

For, by II., 

I ^{x)dx==^ ^(x)dx-\-^ <l>{x)dxy 

and if in the second term we put x— 2a— X, we have dx = —dX, 
when x=a, X-a; 
when 2 c = 2a, X—0, 



Thus the second integral on the right side, viz. 

I 2a pO 

f/)(x) cfo = — I (^(2a—X) dX 

= ^%(2a-X)dX (by III.) 

= I <p{2a—x)dx (by I); 

.*. J <p(x)dx^ J <p(x)dx-{-^ <j>[2a—x)dx. 

The geometrical interpretation is, that if we are estimating 
the aiea OO'QP (Fig. 28) between the ^ and x axes, an ordinate 
O'Q, viz. a;= 2a, and the graph of y—<j>(x), viz. the curve QP, we 
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may if wo like take 0® and Oy for o«r axon for tho ptHion 
ONRP, NB being the mid-ordinaie, and O’ V for axow in 
tho second portion, thus finding ouch [«u1. soparaUdy, and 
then adding together, a 6ict obviously 

327. VI. Plainly, if b<i mieh that 
<l>{2a 

this proposition takes the form 

r2a /*a 

J (j){x)dji!~'i\ </>{x)dx; 

and if ^(®) bo such that 

(/>{2a~x)=z 

j tj>{x)dx^0. 



In the first case there is symmetry a)>oul the mid onlinalo 
NR (Fig. 29), and tho whole an*a OO'QHP in Hindi /i rase is 
double that of ON BP. 



In the second case 0(a) ^ —0(a), i.c. 0(a) ^ 0, and fin* rurvo 
cuts the a:-axis at N (Fig. 30). viz. wln-re x «. and (Irntj^l. 
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the regions ONF, O'NQ are equal in absolute area, the second 

integral of Art. 326, viz. 1 ^(2a— £c)dcc, which is referred to 

Jo 

O'X and O'Y as axes, represents (—the area O'NQ), for all the 
ordinates are affected by a negative sign. 

Hence, the algebraic sum of the two is zero, the one 
cancelling the other. 

There is now symmetry about the point N. 

328. This principle is very useful in the integrals of the 
trigonometric or of any periodic functions. 

Thus, since sin”.j; = sin” (tt - at), 

Jo Jo 

And since cos^'''^^= -cos2”’^^(7r— j?), 

^ coa^^'^^a:ch=0; 
so also since cos^*^^=cos“^ (t - a), 

Jo 

We may express these propositions in words, thus : 

To add up all terms of the form sin^xdx at equal in- 
defnitely small intervals from ^ to t is to add all such 

terms from 0 io ^ and double the result For the second 

quadrant sines are merely repetitions of the first quadrant 
sines in the reverse order. 

Or geometrically, the curve 2^=sm^a; being symmetrical 
about the ordinate f^he whole area between the ordi- 

nates 0 and 'TT is double that between 0 and • 

Similarly, the second quadrant cosines are repetitions of 
the first quadrant cosines with opposite signs, and therefore 
a term of form cos^”^^ a? c?a; in the first quadrant is cancelled 
by the corresponding term in the second quadrant, but a term 
cosJ^^xdx, the index being now even, is duplicated by the 
corresponding term in the second quadrant 

Similar remarks and geometrical illustrations apply to 
other cases and for wider limits of integration. 
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Thus 


j^8m^'^^a!dx=0, 


for the third and fourth quadrant elements cancel those from the first 
and second. - 2 ^ 


cos®"’''^^rf.a?=0, 




cos”*^c^ 




cos^”.a? (iir, 


and so on. 

329. VII. A Periodic Punction. 

If <p(x) = ^(a-l-x), 


pt>« pa 

^(x)dx=nj^^(x)dx. 


For, drawing the graph of it ia clear that it consists 

of an infinite series of repetitions of the part lying between 
the ordinates OPq, (a; = 0), and NJP^, (x = a), (Fig. 31), for 
(p{x)=^</>(x+a), 

and therefore writing x-\-a for x, 

<p{x+a) = <j>{x+2a) — ^(cc+Sa) = etc. 

Also the areas bounded by the successive portions of the curve, 
the corresponding ordinates and the cc-axis are all equal 

ra p2a p3a 

Thus j <p(x)dx=^ <j>{x)dx=j ^(£c)ci!a?=etc. 

Ca r2a I'na 

and I <p(x)dx—\ (p{x)dx-\-\ d>(x)dx-\- +\ (p{x)dx 

Jo Jo Ja ' J{n-l)a 

— n^^<j>{x)dx. 



O N, Na ^ 


Fig. 31. 


Thus, for instance, since sin*”a7=sin®”(ir + a?), 

J sin*"j?d:r=4 f sin^^a!da;=8 r I, E 

Jo 271 2w-2***2 2 
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3.30. VIIT Arbitrary Change of the Limits. 

In estimating j (l){x)dXj the limits may be altered arbitrarily 

to p, q, provided x be transformed linearly in a suitable 
manner. 

Take x= Let A and B be chosen so that 


i.e. 


and 


a=:^+5p,'| 

h — A -\~Bqy J 


whence A = ~^ — , 
q-jp 

q-p q-p^ 

dx = - — -d^. 

q-p 


B= 


b—a 


Then 


^ W (byl.). 


-p q-p 

The geometrical significance of this is that instead of find 
ing the area of y==<l>{x) from x=ci to x=b, we may find the 

of 6 — a / /aq—bp , h—a A 


from $—p to ^=g'. 

Let the two graphs be drawn (Fig. 32), and let AA , BB , 
two ordinates, viz. x=cij x—b in the one, correspond to PP , 



00', two ordinates, viz. |=p, i=q in the other; then e^h 
element of the distance AB is reduced to a corresponding 

element of PO in the ratio |^, whilst there is a transference 
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of the origin a distance ^ ^ in the positive direction of 

the cD-axis if this quantity be positive, or in the opposite 
direction if negative. This alteration in the graph leaves 
the number of units of area in the portion of the graph 
considered unaltered, the effect being merely that of drawing 
the graph on a different scale, the ordinates being altered 
^ ^ 

in the ratio , whilst the breadths of the elementary strips 

are altered in the inverse ratio, leaving the areas unchanged. 


331. IX. If <p{x), \/^{x) be single-valued continuous and 
finite functions of x, of which the latter retains the same sign 
between a and 6, then 

I <p{x)yf/' (x) dx (^) (^) 

where a<^<b. 

For I ^(x)-Klr(x)dx, by the definition of an integral (Art. 11), 

+cj>(b-^h)ylr{b-h)l 

Now, of all the expressions 

<p{a), <p{a+h), <t>(a+2h), ... <p{b—h), 
let be the greatest and the least. 


Then <p{a)\f/'{a)+^{a+h)\p'(a+h )-\- ... +(p(b^h)\lr(b—h) 
and > <p{i^[^{<X')-{-yjr{a-^h)‘^yl/'(a'j-2k)~j- ... — ^)]- 


Hence 


and 


>Hii) f 

Ja 


and therefore must = ^ (^) J (x)dx, 

where is intermediate between and ^(^ 2 )- i 

a value of x somewhere between a and b. 

It has been assumed that yfrijx) is positive for the range 
from 0 - to 6. If *^(3/) be negative throughout, the order of the 
inequalities is reversed, but the final result remains the same. 
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332. Cor. I. Asa case of this theorem write (j>\x) for fp(x), 
and 1 for 

Then iVla:) dx = ^'(^) |^1 dx =( 6 -a) f (^), 

or putting b=:a-\-h and ^=a-\~0h, where 0 is a positive proper 
fraction, 

<(> {a-\-h) =^(a) -\-h(l>'(a-\-6h)y 

subject to the condition that (f>(x) and <pXx) are finite and 
continuous functions of x for the whole range of values of x 
from a to a-^h. [See Diff. Ode., Art 139.] 

333. Cor. II If has a finite value for all values of cc, 

O' it follows that 1=1 <l>{x)dx is finite if a and h are 

J a 

finite, for if ^(^i) be the greatest and ^(^ 2 ) ^be least of the 
values of (j>{x),I lies between <l>(ii)(b—a) and and 

is therefore finite. 

334. Cor. III. If w, 5 ^ 2 , W 31 — be all single-valued functions 

of a;, finite and continuous for all values of x between a and 6 , 
and if the series to an infinite number of 

terms be uniformly and unconditionally convergent for all 
values of x between these limits, and f(x) the limit 
towards which it converges, then the series 

px pa pa 

Uyix+X U2dx+\ v^dx-{- . . 
j a J a J a 

is also convergent for values of x between a and &, and con- 

p® 

verges to the limit j f{x) dx [This theorem has already been 

proved in Art, 34 from a slightly different point of view.] 

let be the remainder after n terms of the given series, 

so that r> r/ \ 

Wi + W2"l"^+ Rn — f{^)' 


rx rx rx rx rx 

ic^dx+\ u^dx+X E^dx= \ f{x)dx. 

Ja J a J a J a Ja 

Now, hy supposition, jR„ is finite. Let and be the 
greatest and least values of as x changes continuously from 
a to b. 
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Then f*U„cfo lies between S!„{x—a) and E^{x~a). 

j a , 

Moreover, R„ vanishes by hypothesis when n is indefinitely 

increased, whence K X also vanish in the limit ; 

/. I B^dx vanishes in the limit, 

X 

Hence f u^dx-\-\ ukdx+\ 'ihdx-\-... 

J a ja J a 

converges to the limit | f(x) db. 

[Sebret, CoJctd Jnielgr., p. 108.] 

335. Cor. lY. If a continuous function /(x) can be expanded 
in a series of powers of x convergent for values of x between 
0 and a, 

say, + + 

x^ 

then AqX+Ai-^+A 2 ^+--^ 

is also a continuous and convergent series tending to the limit 
^ f{x)ds. [Of. Art. 34] 

336. Cor. V. 

|y(®)d<r=jV(0)+ir/'(0)+^r(<))+ ...] cUc 

=a;/(0)+|/'(0)+^/"(0) + ..., 

convergent between the same limits for which Maclaurin’s 
series, which has been used, is convergent. 

This gives a means of expressing an integration by means 
of a series. 

33T. Lemma. A Theorem due to Abel. If Sr he the sum 
of the first r terms, and Sr the sum of the last r terms of the 
seiies 

^ + ^+W3+...+^r+ — 4* Wn> 

each term being real and finite, but not necessarily all of 
the same sign, and if 

2 and o- be the greatest and least values of Sr , 
and 2' and o-' be the greatest and least values of 8U 



GENERAL THEOREMS. 


337 


and if Og, a^, ... a„ be n positive finite quantities arranged 
in descending order of magnitude, and if 


S — (liili -+* 0^2 Wg H- ^3^3 -1- ... -1- 
then we shall have a^S > S > o^tr; 

and if Gg, ag, ... be arranged in ascending order of 
magnitude, then ^ ^ c ^ ^ / 


For 


=ai(Si) +a 2 (S 2 “^i)“l‘%(S 3 ~"^ 2 ) 

+ + S„_i) 

= (cti ^2) “[’^2(^2 ^3) “b (^3 — ^4) 

“f* . . . “f* (^n— 1 ^n) "b > 

and ai—ttg, a^—Os, ... positive quantities; 

^ < 2 [(ai + (02 + ... -f [cin-l — ^n) “b®n] 

and >0- [(«! -as) + (Oa- 03) + (a^ ~a4) + . . . -f (a„^i -f a J , 
/S<ai2 and 8 >(h<Ty Le. a^'l> 8 >ai(r> 

In the same way, writing the series from the other end, and 
if4a„, a„_i, ••• descending order of magnitude, 

an2'>S>a^cr\ 

This theorem in inequalities is due to Abel 
W e note also that if o&i, ••• ®t» 'vvere all negative, the 

same theorems would still hold, except that the inequalities 
would have been rever*sed, viz. 

ai 2 < S < diT and < /S < 


338. X. Applying Abel’s inequality theorem to the case of 

the integi*al r6 

J <|>(x)^|r{x) ix, 

where ^(x) and 1 /^( 0 ;) are finite and continuous functions of x 
for all values of x between the limits a and 6, and <j>(x) positive 
and continually decreasing throughout that range, and writing 
^(a), <p{a+h\ <p{a + 2h\ ... ^{b-k) 
respectively for o^, ffg, ^ 3 , ... 

and A>/r(a), 7i\P‘{a+2k\ ... h\Jr(h—1i) 

for Wg, Wg, ... 
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and taking the limit when h is indefinitely small, we have 
/S=[ (/>{x)\f/'{x) dx, 

J a 

^ ffi 

a^=^(j){a)\ \Jr{x) dx, 
a^cr = (l>{a){ \J/^(x)dx, 

J a 

where are the limits corresponding to the greatest and 

least values of f i/r(a:) dx for different values o£ ^ between a 
and 6; 

dx><f}{a)^^^yjy{x) dx, 

and therefore j’’j>{x) -^{x) dx=^{a)^^ -^{x) dx 

for some value of £ intermediate between a and h. 

Similaidy , if ^ (a;) be a continually increasing function, 

<j, (6) dx > yfr{x) dx > <j>{h) -^{x) dx, 

where are the values of ^ which make [^\lr(x)dx 

greatest or least, and therefore ^ ^ 

= <f>(b)^^<j>(x) dx, 

where ^ is intermediate between a and h 

339 From the l^t remark of Art. 337 it appears that the 
^me ^eorem will be true when <j>{x) is negative throngh- 
out That IS, that provided ^{x) be continually positive or 

same sign throughout this range, 

{<l>i^H{x)dx = ^(a) fV(a;) dx 

J Ch 

^f(x)ir(x) da:=^(6) Ox, 


or 


j? "‘■»e f i. 

value 01 X between a and b ie 4— /t-l/q/t; \ i ✓% - 

some positive proper fraction’. ' ^ 
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340. A Theorem due to Oesiau Bonnet. 

If ^'{x) be negative, i.e. 4>(x) decreasing, but <f>{x) changing 
sign in the interval from x=<t to x=h, and therefore ^(6) 
negative and (j>{a) positive, write 

^(a!)-^(J)==x(a!); 

then x'(®) is negative and xf*) is positive from a to h. 

[ ^(a:)->/r(a!) (foi= [ [^(&)+x(!i:)]>/'(a:)ia! 

Ja Ja 

= ‘^{ai)dx 

= (&) •+ x(^)] 

341. Finally, if <p'(x) be positive, i.e. <p(x) increasing, but 
changing sign in the interval between a and 6, and therefore 
(p{a) negative and ^(6) positive, write 

then x(^) is positive and ;((aj) is positive from a to b. 

/. f (p(x)\l/'(x)dx 

Ja 

nb 

=<p{a) [^j* 

==^(a)| >//-(a;)(fa;+[^(a)+x(fc)]J^^/^(a;)d^ 

= <j5>(a)| yl/'{x)dx+^{b)^ \l^(x)dx. 

Hence, in all cases where the differential coefficient of ^(x) is 
a continuous function, retaining one sign between the limits> 
though (f>{x) itself may change sign, 

j* ^{x)^}f{x)dx==^<p{a)^^^jr{x)d^ (h) J (a:;) dx 
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for some value of ^ intermediate between a and 6, (/> and 
being finite and continuous throughout. 

This theorem is due to OssiAN Bonnet. 

342. XI. (i) Since 

+^2^2 “I" 

we have upon putting 

ai=^(a), ^2= 0(a+A) ... an=</>{b—h), 

h^=^\jr(a), bQ=y}r{a-i-h) ... A), 

and taking the limit when h is indefinitely small, 

(ii) If , O3 , . . . d^i 

and b-yi ^3 > • • • b^^ 

he two sets of positive quantities, both in descending or both 
in ascending order of magnitude, 

XorSafiy— 2a,^2ar6r ^0 
[for 2a^,(ar— aa)(6r— 6s) is positive]. 

And it follows as in (i) that if 0(a;) and ylr{x) be finite, con- 
tinuous, and positive, and <j>{x) and ^'{x) be both positive or 
both negative from x=d io x=b, then 

If (j/ and yjr' are of opposite signs the order of the inequality 
is reversed. 

General and Principal Values of an Integral. CAUcnr. 

343. XII. The Definition of Integration. Modifications. 

In our summation definition of integration, as 

-^/i=o^[^(^)+ 0 (q^+^)+^>(^j+ 26)+ +0(6 — A)], 

which has been denoted by 

f 0(aj)d5c, 

J a 

we have assumed 

(1) 0(x) finite and continuous and single- valued for the 

whole range from x=a to x=6. 

(2) a and 6 to be both finite quantities. 
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This definition will fail when these conditions are not satisfied, 
and will require modification. 

We have also (Art. 18) extended our notation so as to let 

1*00 

1 <l)(x)dx stand for the limit when b is indefinitely increased 

of yjr{b)—yl/'{a) where similar extension 

when the lower limit becomes infinitely large. The subject of 
integration itself, viz. <j> (cc), has been so far, however, in all 
cases, understood to he finite, single-valued, and continuous 
for the whole range of integration from a to 6, whether that 
range be finite or infinite. 

344. Infinities of the Integrand. General and Principal 
Values. Cauchy. 

When ^ {x) becomes infinite between the limits of integration, 
say at the point cc=c, where a<c<b, and nowhere else 
between a and b, our definition holds 

from x—a to x=o—e 
and from a;=c+); to x—b, 

where e and rj are two positive quantities which may be taken 
as small as we please. 

f b , 

^(x)dx is now to be understood as meaning 

X«.=orf ^(a!)da:'l. 

11=0 L-J a J ‘J+i? 

This limit may be finite, infinite, or of vmdeterinined 
value. 

It is called the Gbnebai Yalue of the Integral. 

When >1 =€, Caught has named the limiting form derived, 
the Pbincipal Taiue of the Integral, viz. 

which may be finite or infinite 

A similar modification of the original definition will 
obviously be necessary when the subject of integration, viz. 

attains an infinite value more than once between the 
extreme limits of the integration, viz. between a and 5. 
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If the infinity of ^{x) occurs at one of the limits, say 

at the upper one, then the integral J tj> (x) dx is to be under- 
stood to mean “ 

Lt,=A <j,{x)dx. 

J O 

Again when the upper limit is infinite we shall understand 
! to mean 


I <p{x) dx 1 

^{x)dx 

J a 

and when the lower limit is infinite we shall understand 
mean 

► dx. 


1 (j> (x) dx to ; 

J (C 




When tlie integration is from — oo to +oo we shall consider 
the integration f ^ (x) dx to mean 


J-co 


djtfsiO I dXf 

j-i 


which we shall refer to as its G-eneral value ; i.e, 

€ and T} being small positive quantities independent of each 
other, and when j]=e we shall refer to 



as its Principal value ; i.e. 

345. Cleometrical Illustrations. 

a ^ph be drawn of y = <p{x), and let OA = a. OC=c, 
OB-6. Then at C (x=c) there is an asymptote parallel to 
the y-axis. The graph may be such as to approach the 
asymptote from opposite sides at the same extremity (Fig. 33), 
or from opposite sides at opposite extremities (Fig. S4,t In 
the first case there is no change of sign of 0(a:) as x passes 
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through the value c. In the second, ^ (a?) does change sign 
Let the inscribed rectangles be drawn as in Art. 11. Let 
PjNr Ps^s be the ordinates at distances j)e and qc on 
opposite sides of the asymptote; then it is clear that 

Cauchy’s “General Value” of I (l>{x)dx is the limit of 
area AATyP^Pj^zharea Ns BP ^ Pa 
where e is indefinitely decreased, i,e, where NrG, CNg are 
indefinitely decreased in such a manner as to retain a 
definite, but arbitrary ratio to each other, viz. piq, whilst 



the “Principal Value” is what this becomes when NrC, CN^ 
ultimately vanish in a ratio of equality. 

This treatment in either case excludes the area bounded 
by PJ^^rNsPsC^ Pr in Fig. 33, where <p{x) retains the same sign 
or the difference of the areas NrCco PrN^^ N^C (^co)PgN^j 
where <p(x) changes sign as x passes through 0, as in Fig. 34, 
when both ordinates NrPr and N^Ps are made to approach 
indefinitely closely to the asymptote. 

There is no advantage in prescribing beforehand the relative 
speeds at which the ordinates NrPrt ^aPa are made to approach 
the asymptote, viz. by making the approach in the ratio of 
some definite but arbitrarily chosen quantities jp, q. We 
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leave the choice of these relative speeds till after integration, 
and thereby retain command of the mode in which the 
ordinates are made to close up. 



Fig. 34. 


In understanding j <f>{x)dx to mean 

^ ^^^27+1 i> (ic) dajJ, 

where €, rj are two positive q^uantities, we can ultimately make 

^ = ^ in our investigations of the « General Value,’’ and if 

we take that is €=»;, we shall have Cauchy’s 

“Principal Value.” 

346. When the inscribed and circumscribed rectangles are 
drawn in the Newtonian manner (Art. 11), the pairs in 
immediate contiguity with the asymptote are in area [Fig. 35] 
e(p{c) and 
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Tlie circumscribed rectangles are numerically greater thao 
the inscribed ones. They* are of infinite length ^(o), and of 
infinitesimal breadths e and tj respectively (Fig. 35). 


00 



These areas then are “ undetermined ’’ quantities until we 
know the nature of <f>{c). If the orders of the infinitesimals 
be higher than the order of the infinity f^(c) their limits 
are zero. If of lower order their limits are infinite. But, in 
the latter case, if <p{x) change sign as x passes through the 
value c, we may be only concerned with the difference of 
these infinities, which may be finite. 


34T. If <j){x) becomes infinite at a point x = c, the general 
way in which it does so is by the vanishing of a factor in its 
denominator. 


Let where F(x) contains no factor cc— c, and 

therefore retains the same sign as x increases through the 
value c, and n is positive. 

We are only concerned to discuss the behaviour of 
this function in the immediate vicinity of the asymptote. 
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Therefore we may take our limits a, h so near to x=c that 
F{x) retains the same sign throughout, and if A and B are 
the greatest and least values of F{x) in this interval, 



is intermediate between A 


dx 

a(x—c)» 


and B 


r. 


dx 

[x—cY' 


Hence we may confine our discussion to 


dx 

]a{x — cy 


And it 


will he convenient to push forward our origin to the point (c, 0), 
so that the tZ-axis coincides with the asymptote, and we then 
have to discuss the limit of 


f 




where 


a=c — a, 


This expression has the value 


I 

n-1 


U-L-. 


1 1 -L_ 



(a) When m is < 1, ie. 0 <»< 1, the limit is finite, viz. 

and is independent of the limiting value of This is then 

both the General Yalue” and the “ Principal Value ” 

The first and last elements in the summations, viz. 

and being respectively and (w <1) vanish 

independmUy of each other. 

(b) If 1, the limit to be discussed is that of 


L_+_i L\ 


which is infinite in general, when e and rj diminish indepen- 
dently and ultimately vanish in any arbitrary ratio of 
inequality. Hence the ‘‘ General Value ” is infinite. 


But when n is odd or of the form 


2X+1 


(X and tJL being 
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integers and X > /x), the infinities will cancel each other when 
e, 7} ultimately vanish in a ratio of equality. 

The Principal Value is therefore finite, and 


n— 1 a"“^J 


2X4-1 

when n is odd or of the form infinite if n is 


an even integer or of the form 


2X 

2m+1 


, (X>^). 


(c) When n = l we have to discuss the limit of 

f't+rf. 

J -a 35 J 1} 

or putting cc= — ^ in the first integral, 

i.e. log^+i^log^• 

This limit depends entirely upon the mode of approach of 

the ordinates N^Pr, NsPn (Fig 34) to the asymptote, and is 

undetermined till that is settled. 

€ ^ • • • 

When where jp, q are any finite quantities to be 

^ ^ j3 7) 

chosen, the limit is log — +log-^, and is arbitrary, depending 

oc q 

upon the choice of jp and q 

When jp and q have been chosen equal, that is when e, rj 
vanish in a ratio of equality, the limit becomes log ^ • 

Hence the General Value is an arbitrary quantity; the 
Principal Value is log — • 


If n be of the form 


2X+1 


becomes unreal when x is 


2jU ’ 35” 

negative and the first integral is unreal, from —a to — e. 
Excluding this we are then only concerned with 


C^dx 


T 1 r 
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’which is real and = - 


T ■a:rT if ^ < 1, and infinite if > 1, 

n—l / 3 ”~^ 

and may be referred to as the Principal Value of the real part. 

348. We next consider the case when the infinite value of 
^(a?) occurs at one of the limits, say h 

(p{x)dx is then to be interpreted as Lt^=Q\ (l>{x)dx, 

a Jn 

which is called the “ Principal Value.” 

Let = where f{x) does not contain the factor 

x—b, and therefore does not vanish when x=b; and let n be 
positive. Then, 

(a) if u be < 1 and if we can find some quantity y between 
a and h such that throughout the range of values of x from 
y to 6 the numerical value of f(x) does not exceed some finite 
quantity A, the Principal Value will be finite. 

For f <f>{x)dx=:{ ^{x)dx+[ </>(x)dx. 

Ja Ja Jy 

The first of these two integrals is finite, and in the limit 
the numerical value of the second is not greater than 

mor»™r 




the limit of which, when e=0, is — ^nd there- 
fore finite. ^ ^ 

(6) If, however, w >■ 1, and if we can find some quantity y 
between a and 6, such that throughout the range of values of 
X from y to 6 the numerical value of f{x) is greater than 
some fimte quantity B throughout this range of values of x, 
and ii f{x) px’eserves the same sign throughout that range, 
the Principal Value of the integral will be infinite. 
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For, as ])o£orc, 

f b—e ry r&-e 

(ji(x)dx=\ <l> (x) dx+\ (j> {x) dxy 
a J a J y 

the first of the two integrals being finite. 

I b — e 

(/> {x) dx is greater than 

the numerical value oi 

f‘b-e 1 r 1 In 

which becomes infinite when e vanishes. 

(c) Lastly, if w=l, and if, as in the last case (b), such a 
quantity y can be found as tliere described, tlie numerical 

value of Lt,^o dx is greater than the numerical value of 

J7 

^ dx J dx . e . 

the numerical value of which is infinite, and therefore the 

1 6 . 

c/i(cc) dx is in this case, also, infinite. 


349. To sum up these Statements.* 

If it be possible to find a quantity y between a and b such that 
the numerical value of <j>{x){x—h)^, that is /(a?), does not exceed 
some finite quantity A throughout the range from y to h, and if 

n< 1, then the Principal Value of ^^^){x)dx is finite. If it be 

possible to find a quantity y between a and b such that the 
numerical value of (Ji{x){x — b)^ does exceed some finite quantity 
B throughout that range, and if <f>{x){x—hY does not change 
sign throughout that range, then iin^l the Principal Value 

of <p(x)dx will be infinite. 

Obviously a similar rule holds for the lower limit by re- 
versing the order of integi-ation, i e interchanging the limits. 

*Sorret, Calcul Ini^gial, J? 100. 
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350. (a) Consider 


fi dx 


Here the subject of integration, viz. 
limit 


1 

Vi 


is infinite at the upper 


We have to consider 






Then 4i{x)*J\—x 


1_ 

n/TT^’ 


which is < 1 for the 


whole range 0 < a? ^ 1 or for any part of it, and the index of the factor 
1 - ^ is which is < 1. Hence by Art. 348 (a) the Principal Value is 
finite. 


It is of course obviously equal to 



iie;=o{sin~^(l — €) — sin"'^0}=sin”^ 1 - sin-’ 0=2 . 


(^) Consider 



Here the subject of integration, viz. , is infinite at the upper 

limit. Let (x) = . Then (^) ( 1 - = — - — 5 , which is < 

and does not change sign for all values of x from . 37=0 to a? =1 or for 
any part of that range. Also the index of the factor 1 -.ris ie. > 1. 
Hence, by Art. 348 (6), the Principal Value of this integral is oo . 


351. Consider 


p log a; 

10 «n 


dx, where 0<7^<l. 


(Serret, O.L, p. 103.) 



00 . 


When X is made to approach zero indefinitely closely, the integrand, 
viz. <f>(x)~}ogxJj”, increases numerically without limit. Take a quantity 
p lying between zero and 1-n, so that jo is positive and <1. Then 

<l>(x)^xflogx has a turning point at x^erp^ vanishes at 37 = 0 , and 
whilst numerically decreasing to zero as x diminishes from e-J to zero 

is always numerically less than — Moreover p+n a positive index 
less than 1. 

Hence, by Art. 349, the Principal Value of this integral is finite. 

352 Suppose that /^ /(^) d^rhas a value which is finite and determinate, 
when/(^) becomes 00 at 57 = 0 . (a < c < 6.) Then this value must be 

fi^)dx + J^^J(s)dxj, (A) 
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/. 


wliatever be the ratio of jt? • g, and if this limit were not independent 
of p q, this General Value would not be determinate 
The Principal Value is the case when p=q=l^ 

f{x)dx + (®) 

The difference of these expressions A and B is 

and this limit must therefore vanish whatever the ratio p . q may be if 

h 

f(x) dx is to have a finite and deterniinate value 

Cauchy * calls such integrals “ Singular Definite ” integrals [Integrales 
definies singulibres], viz those in which the subject of integration becomes 
infinitely great at the same time that the limits differ by an infinitesimal. 

In order that p and q shall disappear, the first integral must be inde- 
pendent of jo, the second of q^ when € is indefinitely diminished. 

For example, in the case 

/_ P wherea<c< 6 ; 

h... 

and the limit when €=0 is zero and independent of ^ 

Similarly for the limit is independent of 5 , and the 

integral / is determinate 

See Williamson, Int. Calc, pages 128-135, Moigno, Calc Intig 
Serret, Calc. Int, pages 91-107 ; Bertrand, GI, p. 117, for further 
information as to General and Principal Values. 

353. Successive Integrations. 

Successive integrations of a function may be expressed in 
terms of single integrals. 

Let u be any function of x. 

Then will 

n! ic=x-^u--C,x”-^^xn+ 

_... + (-l)’>ba;n„, ^here 


♦ Serret, Calcul Integral, p. 107. 
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For 

=x^udx—^xudx 
1 1 

—x^u—^xu, 

and the theorem is therefore true when % == 1. 

Also, integrating each term of the stated result, assumed 
for the moment true, 




rx^-^^ 1 1 "I 

ra?" 1 1 "I 

^Ln 1) D n J 

+ ... 


n+l n n— 1 


Hence, the right-hand members of the several brackets add 

f— 1 
w-1-1 D 

Therefore, multiplying by n+1, 

+ ”+*C c(!*M— ...+(_ 1 )«+i 

i.e. if the theorem be true for the operator i-e. for 

n+1 integrations, it is true for i.e. for n+2 integra- 

tions j which establishes the inductive proof, for we have 
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shown that it is true if 71 = 1, whence it is true for w=2, etc., 
and generally. 

The theorem shows that a repeated integral such as 
nil udxdxdxdx 

can be expressed in terms of single integrations of 

^udx, ^xudx^ ^x^udx, ^x^udx. 

This theorem is given by Todhunter, Integral Calculus, 
p.V2, qv. 


MISCELLANEOUS EXAMPLES. 

1. Integrate (i) 

2. Prove that f (5>r). 

3 . If A'‘«a + 26aj + ca:2, gLow that 1^ can be made to depend 
r dx 

Find a reduction formula for I cos Tna; sin^a; da;, and apply it to the 
sew = 4 . J [L.] 


[L .3 

[L.] 

[LO 


upon 


case 

4. Evaluate 


f— 


2a; - 3 


da; 


5. Prove that 
can be made to depend upon 


16a;+14^3a;B_ioa; + 9’ 
^ d^ 


1 

[L.] 




f** d^ , 

Hence show that if f{z) be an arbitrary polynomial of degree 
6-1, and d”'{Aa? + Bx + C)'* 


then 


|^/(ai)P„(a!)(fo!=0, 

where a, are the roots, considered real, of the quadratic 
Ax^-^'Bx + C^O, 
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6. Prove that the effect of the operation on a pei 

function a cos {nt + e) is to multiply the amplitude a by 

and to increase the angle + € by tan“^~. 

Write down the effect of the operation 

and generally, of the operation 

on the same periodic function. [Int Akts, Lo> 

7. When = ax^ +• 2 Ja? -j- c, prove that 

i=8W_|^ or -i=sin-i-^ 
Jy ^/a Jac-b^ -Ja Jb^~ae sj-a - 

the real form to be chosen, and deduce the value of the int 
in the degenerate case when a = 0. [Int. Abts, Lo^ 

i 

8. Find the limiting value of (n!)”'/7i, when n is infinite. 

9. Find the limiting value when n is infinite of the pa 
the sum of the n quantities 

72. + 1 71 + 2 u+3 n+7l 

% ’ ih ’ 71 ’ **■ n ’ 

and show that it bears to the limiting value of the root o 
product of the same quantities the ratio Be : 8, where e is the 
of the Napierian logarithms. [Oxford 1886, and I. P., 

10. If m is always equal to unity, and n is indefinitely | 
show that the limiting value of the product 

(1 +a*){l + (2a)*}*{l +(3o)«}^{l + (4a)<}i... {1 + (««)«}“ 
is [OxBOBD, 

11. Show that the limit of the sum of n terms of the series 

^ 

(?i2 + 12)(,i2^2. l2)"*'(7l2 + 22)(7l2+2.22)"^- ’ (7l2 + 71^) + 2^ 

when n is infinite, is _ -tt 

^/2tan“lV2-^. 

4 [7» 
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13. Find the limiting value, when n, is infinite, of 

tan^.Un|!:.tan|:...tan^r. 
2n 2n 2« 2nJ 


{ 


[Oxford I P., 1903.] 


14. Show that the limit of the product 

when n is increased indefinitely, is [Colleges, 1896.] 

15. Find the limit, when n is indefinitely increased, of 


if 

n I 


X 2x 

sec-+ sec — - 1 - ... + sec 
n n 


{71- l)a;Y 
n 


T 


where a; is <-^- 


Examine the case when x>-^- 


16. Find the limiting value of 

2 log 71 - log [(1 + 7i2)« (22 + 712)^ . . . (27l2)»], 
when n is indefinitely increased. [Oxford I. P., 1900.] 

17. Show from elementary considerations that when n increases 

indefinitely, .11 1 , 

approaches a finite limit intermediate between ^ and 1. 

[St. John’s, 1884.] 

18. If /(a;) =/(a + cc), show that 

f na fa 

^ /(») (is = (m - 1)J J(x) dx, 

and illustrate geometncally. 

19. Prove that f (l>{x)dx=\ </>(»- a?) da:, 

Jo Jo 

j 1. i.1. i. /i\ r icsin^-a; , ir T sin^’a; , 

and show that (1) I 5-aa5==ol 

^ ^ J 0 1 + cos^aj 2 J 0 1 + cos^a; 

and evaluate this integral when ti — 1 and when n—Z. 

20. If <#>(a;)= -<l>{2a-x), show that 

fZa Cb 

1^ <l>{x)dx=^ - j 4>{x)dx, 


[Oxford I. P , 1888,] 


[Colleges, 1886.] 
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21. Provo that f f — ^\clx, 

provided (f>{cc) remains finite when x vanishes. [St. John’s, 1883.] 

22. Prove that if f («), continuous and finite 

from to x^b, 

J* <l>(x)^'(x)dx==<l>{a-^ 6{b - 

where d is a positive proper fraction. 

23. Prove that CB/(sin x)dx=^^^ /(sin x) dx. 


24. Show that 


[St John’s, 1883.] 


I P^(^)<t^(c-x) dx-^ f(x)4>^(c-x)dx 

where /"(a) means the differential coefficient of /(a). [7, 1393.1 

25. Show that, if xp{£) = f <),(x)<l>'{^a - x) dx, 

Jo 

f (2a) - ^<^( 0 ) = [<t>(a)f - <j>{0)<l>{2a). [runtiTY, 1895 ] 

26. If /(a;, y) is symmetrical in x and y, prove that 

l-a)da:=§|^ ^/{x, 1 -x)dx. 


[Colleges a, 1889] 


27. Examine under what limitations the formula 


f dx = f' <l>(x)dx+ f “<^,( 5 ,) dx 

holds good 

Sh..u„t 


[Math Tripos, 1884.] 


-^^71. = 1 4-x -l-i -h ... -f r— , 

3 5 2?i+l’ 




show that when n and m are both infinite and the ratio n .m tends 
to a limit h\ j T> ^ 

- log 2 + log h. [Colleges a, 1888.] 
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29. Show that 




Sin 

cos 


^fcr+a - ntan~i^^ 


(a^+V^f 

+ A^-\rA^X + A^X^ + . . . + An-xX’>^\ 
Aq, A etc., being arbitrary constants, and also that it may be written 

®‘“(:dT^cos (6« + “) + -^o+^x»+ - 
and explain how the latter operation is to be conducted, 
ff 

^0, If ^ j ^ 

show that 


J'l = Tl«>g(l+«i) + l-f2> 


whore 


j log(l H-agSin^^)^^ 


and 4(1 + a 2 )(^ + %) = (2 + «h)®* 

Hence show that 

/, = ^log[(l+ai)(l + a,)^(l+a3)i .]. 
where 4(1 + Or+i) (1 + (v) = (2 + flr)^. 

31. Show that if n>\, 

ri 1 1 

1 tanh ~(l +logw). , t> -, 

Jq nx 71 ' ° ' [Oxford I. P., 1911.] 

32. How is the equation 

=/(&)-/(«) 

to be interpreted when /(a:) is not a single-valued function ? 
Illustrate your answer by evaluating 


r 


j Q cos* ^ + 6 * sin* 

where a and b are real and w is a positive integer. 


[Oxford I. P., 1912.] 

’17 


33. Remembering that J means the limit tended to by as 

the first of the two positive quantities €, 7 / tends to zero, and the 
second to infinity, prove that if tt>l, the value of 

J - e-^)x^^'~^dx 

IS zero if 7i>0, but not if 7i = 0. 


[Oxford I. P., 1917 ] 
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34. If f(x) be any function of x whiob can be put into partial 


fractions of the form 


then will 


[B. 

35. If 0<J<a, ai = J(a + Z»), 

prove that h<\<a-^^<a, a^-b^<^(a-h). 

Show that if (a + b) tan ^ cot <^ == a - & tan^ 6, 

then J {a^ coB,^ 6 + sin^ Oy^ dO — ^ cos^4> + b-^^sin^<t>y^ 


[Math. Trip , Part II., 1916.] 


36. Show that 


Jq sin0tan-i(sin = ^ (s/2-1). 

[Math. Trip , 1882.] 

37. Show how to evaluate J-5(a;, y)dXi where i2(a;, y) denotes any 

rational algebraic function of the coordinates a;, y of a point on a 
conic. [St. John’s, 1891 ] 

38. Show that if a be greater than unity, 


39. Prove that 


r xdx TT^ 

Jo - cos^x~^ 2as/a^ I * [0^- 1- 

at 


40. Prove that 


[St. John’s Coll , 1882.] 

' icsinccd^ir tt , . r=: 

fp- *= “ 7 = tan" V2 

, 2 + cos 2a; ^2 [Oxf. I. P , 1889. ] 


ffi 

41. Integrate when c lies between a and b. 


42. Prove that 


I a;’i(2-a;)”dia; = 22»j ixP^{l-xydx, 


43. Prove that 


[Oxp. II. P., 1886.] 


j 2 cos ^ X <b{sm. 2x) dx—\ <j> (sin x) dx. 


[St. John’s.] 
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44. Show that 


J a-c W2(a2 + c2)r^ - (a2 - c^f - 

is the equation of a circle. [Math. Tbip., 1882 ] 


45. Find the integrals 


•x\oi /e\« 


loga;c?a;; 


( 6 ) 


sm^a5tan^2 


[St. John’s, 1887.] 


46. Prove that 


47. Evaluate 


j‘ log (1 + tan a tan a;) tfos = a log sec a. ^ 

a 

[Tbin., 1891.] [Hall, I O.J 

• 1-a? /■ \ f x^dx 

l-W2Vl-2»*'“- [HALL,i.O] 

dx , ^ sec a; cosec X j 

(1 4-a?tana;)2’ log tan a; 


f 1 — Ctr 

[Trin., 1891.] 


■e».^±ldic 

[Hall, I C .] 

r a;e*^^a; 

I (6*- 1)8 • [Hall,J.O] 


^ sec X cosec x 


log tan X 


[Thin., 1884.] 


48. If = I (1 - a;2)ncos ax dx, 

show that a^In = 2ii {2n - 1 ) /„_i - 4w(ri - 1 ) J ,_2 1 

provided n > 1, 

n I 

Show also that {/ (a) sin a + (a) cos a } , 

where /(a) and g(a) are algebraic functions of a, of degrees J>7i, 
vdth integral coefficients. [Tbin., 1892.] 

49. Show that 

. .. fa;° + 1 dx L_cos-i^i/£E? 

Ja^- 1 Vl -0!B® + s* s/a -2 x®-l 

[Hall, I,C., p 325 and p. 346 ] 


f a;a+l dx 1 

Ja^- Is/l -0!B® + s* s/a -2 
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50 Show that 

jo + • ' 

[ANauiT.] 

51. Prove that 




[Anoliu. ] 


52. If 
prove that 


2 2 4 

!#> (®) = Oi* + ^ 0353+-^ + . 




(ii) 




l/2\* 1/2. 4\2 

5(3) +7(3.5; ^ 


rtii) +^j(o) +.. 


[ANOLI^.] 
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DIPFERENTIATION, ETC, UNDER AN INTEGRATION 

SIGN. 

354. Differentiation of a Definite Integral mth regard to a 
Parameter. 

A definite integral is by its nature independent of the 
value of the particular variable in terms of which the 
integration is effected, and its value depends upon any 
other quantities which may occur in the integrand or in the 
limits. 

Pirst, let us consider the dififerentiation with regard to c of 

the integral f <p{x,c)dx, where a and h are each finite 

J a 

and independent of c. We shall suppose also that <l>{x,c) is 
si7igle-vodued, finite and continuous, as also its differential 
coeffcient with regard to c for the range of mines of x from 
a to b. When c changes to c+Sc, suppose that the consequent 
change of u is to 

Then u-\-6'a=[ <j)(x,c-^6c)dx 

Ja 

and = [ [(/)(x,o-l- Sc) — tp {x, c)] dx. 

Ja 

Now <p{x, c+Sc) = <p{x, c)-\-Sc(f>{x, c+’QSc), 

where the accent represents differentiation o£ ^{x, c) with 
regard to c, and 6* is a positive proper fraction, c+O <5c being 
written for c after the differentiation is performed, i.e. 

=U.-o] V'(®. 0^9 Sc) ix =£ 

[See Arta 1898, 1902, Vol. II.] 
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356. Next, let a and b be also functions of c. 


and 


=f 


Now 


and 


mi 

Then ^+(5-?/= <p{x,c+Sc)dx 

J <t+6a 
Cb+Bb 

oM=| (t>{x,c+Sc)dx — \ <j){x,c)dx 

f6+S6 pa 

= j (p{x, G-{-8c)dx’-\- c+(5c) dx 

+ [^(^,o+Sc)—(p{x,c)]dx. 

•'a 

p6+fi6 

J ^ ^( k , c + Sc) dx=<l>{b-\-Q^Sh, c+^c) Sb (by Art. 332) 

i 

where and 6^ are positive proper fractions. 

Also c+dc)— ^(r, c)lda! 

Ja Sc 

has been discussed in the last article 
Hence, dividing the expression for Su by Sc and taking the 
hunt, when Sc is indefinitely diminished, 

gM_p g^(a;,c) db da 

and the conditions under which this is true have been stated 

above, vis. ^(a^c) and are ^ngle-valned, Jmite and 

contmu<^ functions of a: thron^hout the finite range x=a 
to x=b, inclusive. 

This IS a cMe of the theorem on partial differentiation, IM. 
Vale., Art. 160, viz. 


^_3m ^ db 

ic 'bc'^-ba' do'^-iib dc' 

356. Geometrical Meaning of the Process. 
tiaIon“^^‘ geometrical meaning of this diflferen- 

Jjet a^, a be the respective graphs of 

y=<j>{x,c), y=<p{x.c-\-Sc). 
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Let the ordinates of both curves be drawn at the points 
£c=a, £c= 6, £c=a+^a, flj=6+<56, 
viz. Aay, A'ya\ 

respectively. Let NQP be any other ordinate, and draw 
aS, I3R parallel to the a;-axis. Then [ ^(a;, c)£Za; is represented 
by the area AB^a. We have to difierentiate this area with 



regard to c. When c is increased to c+dc, a and h being both 
dependent upon c, area AB^a is changed to A'B'^'a, and 

^ A-nn area area ABBa 

— area ABpa=Ltsc=o ' ^ 


=LUc= 


8c 

PS'ya+BRP'S'-AA'a'y 


8c 


Lt 


Now 
PS' y a _ 


8c 


--Lt 


''^\NP-NQ)dx 

Ic 1 


Ja OC 


_ p 30 (a?! c) 

Ja 3c 


A1» 

8c 8c 

j.^ <^>(b,c)S+i8E^'S' 

So 


,,, ,<K. , r,/8i2/8'^'. 


Sc 
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and 


U^=Li 

60 


=Lt 


AA'Su+aSa'y' 

Sc 

^(a, c) Sa-\-aSay' 
Sc 




, area S' — Sbrea, aSay 

Tc 


Now, i£ the terminal ordinates A'a'j Aa and are 

finite, as supposed, the portions /SRjS'S' and aSay' are both 
of the second order of infinitesimals, for their breadths and 
greatest lengths are both first order infinitesimals ; and there- 
fore, when divided by Sc, they still remain of the first order 
of infinitesimals and disappear when the limit is taken. 

^ ^=\l^^^dx+4>(b, o)^-^[a,c)^- 

The student will see that the truth of this theorem could 
not be asserted without further examination if any of the 
ordinates of the figure became infinite, or if either of the 
graphs were discontinuous, or if either graph were cut by an 
ordinate in more places than one for any position between 
the extreme ordinates of the portion considered. 

When one of the limits is infinite the theorem may still be 
true, but special consideration is needed in each case. 

357. If the integral to be difierentiated with respect to c 
be ‘'indefinite,” ie, the limits not stated, say 

u=^{p{x, c)dx+A, 

where A is an arbitrary constant, then 

c) , 3 A 

'dA 

and A being an arbitrary constant as regards a?, ^ is also 

uC 
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an arbitrary constant as regards a:; and we may write the 

where A! is an arbitrary constant. 

358. Integration of a Definite Integral with, regard to a Para- 
meter. 

{ b 

<j>{Xy C)dXy 
a 

where a and b are not functions of c. 

Then, by the previous articles, 

c) dc].te=£||J^(a5,c) 

= 1 (i}(x, c)dx=u; 

Q^(a5, c) 

I Q (p (ar, c) dc = | Q ^ {x, c) rfcj dx. 


t,e. 


359. Supposing that instead of an indefinite integration of u 
we require a definite integration between Cq and c, say, regarded 
as independent of a and 6, then we shall have in general 

I Q 0(a;,c)dccjdc= j Q <l>{x,c)d^dx 

that is the order of integration is immaterial. 


then 

and 


For putting [ <j>{x, c) dc=f{x, c), say, 
Jco 

<p(x, c) dcj<fa5= j fix, c) dx. 


Ja 


also — 


0 f*’ 

"dc j 


<f>{x,c)dXy 

Ja 

<l>(x,c)dx^dc=^ (l){x,c)dx. 
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Hence both 


y c) ddO I dc 


and 


have the same differential coelEcient with regard to c, and 
both vanish when c=Cq. Hence they are equal. 

This theorem may be written 

n ^{XyC)dcdx=[ [ (j>{x,c)dxdc, 
a J a J cq 

and expresses that the order of the integrations may be 
changed. The theorem presupposes that the limits of inte- 
gration Cq and c are independent of the limits a and 6, and 
also that <p{XyC) remains single- valued, finite and continuous 
for all values of the quantities x and c between or at their 
limits. 


860. Notation. 

The notation of this “double integration” calls for expla- 
nation. It will be noticed that we have written 

iii: ^ (x, c) foj dc as J J (l>{x, c) dc dXy 

inverting the order of the dx and dc. The order o£ writing 
these symbols does not appear to be universally agreed upon, 
some authors adopting the opposite order. For the sake of 
clearness we may state that throughout this book the Tight- 
hand eleTnent and the right-hand integration sign refer to 
the first operaticnhy the left-hand element and the left-hand 
integratwn sign refer to the second. 

Thus I I y) da? dy will mean that 

J*bJyo 

(1) <t^[x,y') is to be integrated with regard to y, keeping a? 

constant, between limits y=y^^ y=y^, 

(2) That the result obtained is then to be integrated with. 

regard to x between limits x=x^ and x=Xi. 

A notation 'whidi carries its own explanation, and used 
when there is any fear of confusion, is 
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S61 Geometrical Interpretation. 

Writing y where we had c in c) and dy for dc, we have 
'fc'O establish the theorem 

lo [I dy^dx. 

Imagine the rectangular space bounded by 
a5=a, 03=6, 2/=Co, y = c 

"to be divided up into infinitesimal rectangles by two families 
of straight lines, the first set being equidistant from each 
other and parallel to the cc-axis, and the second set being equi- 
<ii8tant from each other and parallel to the y-axis, the distance 
l>^tween consecutive lines of each family being infinitesimal 



Fig 37 

Imagine that we have to find the mass of this rectangle, 
regarded as of variable density, such that y) is the density 
a.t any point (a;, y), and that the elementary rectangle whose 
oorners are (x, y\ {x+8x, y), {x+8x, y+Sy) and {x, y+8y\ and 
■whose area is 8x Sy^ is so small that the density may be taken 
laniform all over it, or, which will amount to the same thing, 
■that the density at any point of the small area 8x 8y difiers 
from that at a;, y by an infinitesimal. 

The mass of this small rectangle will be, to the second 
order of infinitesimals, 0(aj, y)8x8y. Let PQQT' and fiSS'P' 
Toe the two elementary strips whose common element is 8x 8y, 
'Then, in adding up all the elements of mass along the strip 
-PQQ'P'y we have 

in th-e limit when ^aj is indefinitely small. 
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Ux 


Then, if we sum the strips from y=o^ to y=c, we have in 
the limit, when Sy is indefinitely small, 

But if we first sum the elements <i>{x,y)&xSy along the strip 
RSS'R', we have in the limit, when Sy is indefinitely small, 

And if we sum these strips from x—a to x=b we have in 
the limit, when Sx is indefinitely small, 

And as the order of addition of these elements is obviously 
immaterial we perceive that these two results must be equal. 
Hence the truth of the theorem, provided ip{x, y) be finite for 
all points of the rectangle. [See Art. 1899, Vol II.] 

362. Successive Differentiation. 

Having established the equation 

we can differentiate again and again and successively obtain 
the second, third, etc., differential coefficients with regard to c. 
The successive results however, in general form, rapidly get 
complicated. Thus, for instance, we have 

_ c) j , 3^(6, c) db c><l>{a, c) da 

""Ja 3c2 3c Tc ^Tc 


36 \dc) 3c dc 


'd<j>[a, c) /day 
da \dc) 


Zdiia.cSda , .d^a 


which reduces to an expression with seven terms. 

Similarly, the third and other differential coefficients may 
be found when necessary. 

In particular cases there may he considerable simplification. 
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363. Many important results can be derived from these 
theorems, and new forms deduced, by differentiation or 
integration with regard to letters which have been regarded 
as constants in a previous integration. 


Ex. 1. For example, taking the case 

I ^ -7 -f - r tan~^ '\I~TT si I'J’l) =■ 

Jq cr 6 cos ya + b 2 Jo" ^ 

yfe have, upon differentiation with regard to «, 

Z*' dc ^ / TT \ TTCt 

Jq (a + b cos .r) W ~ _ h 2 \i' 


Differentiating again with regard to a, 

dx I “d Tra 


Jo (^6 + bcoS.vy 

or, with regard to b, 


ir 2ar‘-\-b^ 


co'S,xdv 


I 0 xa S-TT ah 


Jo ^ cos .r)3 2 db (^2 _ 2 (^2 „ ^,2)4* 

__ /'"■ a' + b' cos r j tt a' (2a^ H- &-) — 3abb' 

Hence, 7 —n r.dx— - — ^ — , 

/o (rt + icos^y 2 (a2_52)4 


Generally, 


etc. 


f 

Jo 


dx 


Jo (a+bcoavy^ 


cos^^.vdv 


r 

Jo 


Jq (a+bcoaxy^ 


(_l)n-i 3 n-i 1 

(-!)"-» 3”-' 


1-1)1 " 96«-Va2-'62’ 


Ex. 2. Clearly 


/' 


e^dx ^ — ; 
a ’ 


Also |a:"e‘“c^r=le**.r» = e«“jj^.r”, 

« \ a «•* J 

[hit. Calc for Beginners, Art. 213.] 
Show that these results are identical. 


Ex. 3. Starting with / = i 

® /o a 

we have , 

by 91. differentiations with respect to a. [See Art. 1897, Vol. II.] 
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Ex. 4. From such integrals as 
dx 


k 


we can deduce 



dx 


f(a,: 


dx 


«/: 

(»)/, 

<*>/, 


{ayp^ + 261^17 + Cl ) Vajj^ 4- 262^4-^2 

dx 


»)/; 


ipx + g) (flw?® + 2 -h c)^ ^ 


(ai^ir^ + 26i.?7 + c-^f-sl 4 2 ^2^ + Cg* 

dx 


* («i5:?2^26i:t4Ci)(a2^4262^4C2)^* 
by respectively differentiating the first n- \ times with regard to g, 

or once with regard to c, 
or the second w - 1 times with regard to Cj, 
or once with regard to C2, 

when once the primary integral has been found (Chap. VIII.), and this 
will often be more convenient than the employment of a reduction for- 
mula. Differentiation with regard to other letters, 5?, a, Z>, aj, 61, or 
62, will give other integrals 

For example, by Art. 276 (supposing hp>aq^ a and p positive), 

^ ^ 2 

y p y a 


px+g 
» ax+b' 


Therefore 


/, 


(ax+b)(px-^q)^ *Ja{bp-aq) 

^ ^ r 1 

(ax+ hy*(px 4 q)^ (^-1)1 36”“^ L^/a(bp -aq) y py ox+hA 


and 

/, 


af^^dx 


(a^4&)* 


r 1 sin-1 J“ J y^+gl 

(pj:+e)l («-!)! 3“"-‘U/a(Jp-(i5) > j) >' our+ij 


etc. 


Ex. 5. If g = N/(a2 4 A) (6* 4 A.)(c* 4 A), prove that 


We have 


r('^+_j_+_i iwrd\ . 

/o \aS+\+62+\^c'+A, A,j~^=0- 

<^A. dA 

Q ~^+I'*'b>+\'^c‘+X’ 


.'. the integral in question is 



Similarly 

Jo \a^4A 6®4A c® 4A/ g io g* L^Jo cebc‘ 
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If we have 

Jo Q 2 Jo a^+A Q 


and the above equation may be written 

di di di___ 1 

5^2+32,2+532- ^2>o* 

For several useful illustrations of such integrals, which occur in problems 
on the attraction of ellipsoidal shells, see Analytical Statics, by E. J. 
Routh, vol II, pp 100-101. 

364. Differentiation op a Multiple Integral with 

REGARD TO AN INVOLVED CONSTANT. 

It will be sufficient to take the case of a multiple integral 
of the second order. 

Consider J= f cZajj dy <j>{x, y, c), 

JiKo •'Vo 

where c, x^, x^, y^, y^ are all functions of some quantity t but 
not involving x or y 

Let | 9 i(a:, y, c) dy = F{z, y, c), 

where x is regarded as a constant in this integration, so that 

then r ,f,(x,y,c)dy- F(x, yi,c)— F{x, y^, c) = v, 3 «y. 

J Vo 

Then J = f vdx 

JXq 

Differentiating by the rule of Art. 355, 


dt 


C^^dv J , dx. dXf, 


where and are the values of v when x receives the values 
Xq and respectively. 

'dv 


Thus, substituting for ^ , we have 
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This may be written in tlie more compact form 

® ='• "'I 


A similar process may be applied m cases of Multiple 
Integrals of a higher order. It is to be understood that all 
limitations with regard to the nature of 0, and the range of 
integration, which correspond to those described in Art. 355 
for the case of a single variable, are supposed to be assumed. 


3G5. Remaindee after n teems of Taylor’s Seeles 

EXPRESSED AS A DEFINITE INTEGRAL. 

Let f{x) be a function of x which is finite and continuous 
throughout the range of values of x, from x=a to x=a~{-h, 
as also all its differential coefficients as far as/^”^(£c). 

Let 2 be an intermediate value of x, (z<Ch), 

Considering the integral J f{a+h—z)dz, we may 

(1) integrate directly as j^— /{a+A-- 2 :)J — /(a+^)— /(a), 

or (2) apply the rule of continued integration by parts 
(Art. 95), viz. 

[zf' {a+h—z)+^^f"{a+h—z)+^^f'"{a+h~-z) + ,., 

i.e. A/'(o}+|/"(a) +f/"{a) + ... + -|^/(«-i)(a) 

fh ^n—1 

i.e. f{a+h) =f(a)+hf (a) +^j/"(*)+^*/'"(a) + ... 
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Hence the remainder after n terms is 

= dz. 

By theorem IX , Art. 331, this is equal to 

ie. ^J’'{a+k-C} 

for some value of f lying between f=0 and ^=h, which may 
bo written ^=(1 —B)h where d is a positive proper fraction. 

J^n 

Hence i2„=— which is Lagrange’s form of re- 
maincler (see Diff Calc., Art. 130). 


366. Ebmainders after (m+1) terms Lagrange’s 
Theorem and in Laplace’s Extension, expressed by 

MEANS OF A DEFINITE INTEGRAL. 

It is easy to find an expression for the remainder after 
(7i»+l) terms in Laplace’s extension of Lagrange’s theorem 
Calc., Art 518). 

Lagrange’s theorem states that if z=^y-\-X(j)(z) and u be 
any function of z, say /{z), then the expansion of u in powers 
of X is 

«=/(2) =/(«/) + (jy)/' iy) +p ^ [{<i> iy)] ®/' {»/)] 

and Laplace’s extension states that if z=F{^-{-x<l^{z)}, 






and contains the former as a particular case 

Take then z = F{y-i-X(j){z)}, and consider the integral 


where 
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We shall write <f>Ft for etc,, to avoid the multi- 

plicity of brackets. 

Putting 72^=0, we have 

Again, differentiating In with regard to y (Art. 355), 

-ix<pFyy‘(fFy)(ry) 

=nI,^i~x^(i>Fy)«^(JFy ) ; 

Putting n— 1, 2, 3, ... successively in this result, 

I.-. (« 

h-j 

etc.; 

whence 

m-fFy= x{<i>Fy) | {fFy)+^yh 

--(«! W^lrt+J 

= etc., 

and /(.)=/J’y+a;(^J'y) |(/J2,)+^|.[PVP|-7IV|]+.-. 

!B» d:«-i n-^ d -_T 1 d« , 

+Ji JT 

The remainder sought is therefore 
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This includes, as a particular case, the remainder after 
(n-|-l) terms in Lagrange’s theorem, when z=y+X(f>{z)y viz. 

citedby Professor Williamson {Encyclopaedia Britannica, “Infini- 
tesimal Calculus,” §161) as due to M. Popoff {Comptes Rendus, 
1861), the demonstration of which by M. ZolotarefF, quoted in 
the Encyclopaedia Britannica, is similar to the above. 


GENERAL EXAMPLES. 


1. Prove that 

n.^ 


and verify the result by performing the integration first. 

2. If A be the area bounded by a parabola and its latus rectum 
(4a), prove 

(1) by differentiating the integral 4 1 sfmdz with regard to a, 

J 0 

(2) by first integrating and then differentiating with regard to a, 

dA Ua 
da 3 

3. Apply the method of Art. 356 to prove that 
2 


€ 


-X^dx = l-TrC, 


and explain geometrically each step of the process. 

Obtain the same result by first integrating and then differentiating 
the result with regard to c; and also geometrically. 


4. Show that if 


w=j* e-^^-^dx, 


,dhi 


then 

provided a be positive. 

5. Show that /(a;-i-c)c?a; = 2'‘/”-i’(2c). 

6. If f{x + c) = /(a;) for all values of x, show that 

^f(y + ass)dy 

is independent of z. 


[Tkinity, 1888 ] 
[a, 1883 ] 

[a, 1887 ] 
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7. Prove that 


r dx T (-1)^/1 3.10V, /o^-t 

J „ (0*008** + 2«+l [« VaSa'^j3 3;8/ • 

8. Prove that if » = (a"+i")J J’{(a - J)®} ii®, 

where denotes any function, j8 and a being independent of a and 
ft, and n being a positive integer, then 


{K+6»)(|+|;)"-212}«=0. 

= J <#>(05, t)di, 


[OXTOBD, 1886,] 


where c is a function of u and a, prove that 


[a, 1885.] 




where a and J5 are functions of x and «, prove that 

1 1. Comment upon the application of the rule of Art. 355 to the case 

A f ^{^)dx 

Prove that in this case the true result is 
1 j*^ x<ii(7^ dx 

® J -a 

J Hfi) 

<^(^, a)d9^ 

A») 

we have + .^{P(«). a} g- <^{/(a), a} g 

Do you consider that this formula fails in the case in which 

If SO, to what extent and in what respect ? 
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Prove that in this case 

du _ sin a sin^ 0 dS 

/ . ,o . 

rl - sin* 2 sin® 

Make any remarks that occur to you as to the reasons for the 
peculiar form which the general formula assumes in this case. 

[e, 1884.] 

13. Show that the equation 



ceases to hold for ic = 0. [Math. Tripos, 1897.] 

14. Find a curve in which the abscissa of the centroid of the 
area of that portion bounded by the curve, the coordinate axes and 
an ordinate is proportional to the abscissa of the bounding ordinate. 

[Colleges, 1878.] 

16. A vessel in the form of a right circular cylinder with vertical 
axis and a flat horizontal base is fllled to varying depths with liquid 
of varying density. If the depth of the centre of gravity of the 

liquid be always - of the immersed portion of the axis, show that 

2-n 

the density varies as (depth )«”i. 

16. Find the general equation of all solids of revolution for which 

the distance from the vertex of the centroid of a segment made by 
a plane perpendicular to the axis, is proportional to the height of 
the segment. [Todhuhtbb, Integral Calculm, p. 198.] 

17. Find the form of the curve for which the area bounded by 
the curve, the coordinate axes and an ordinate is such that the 
moments of inertia of this area about the coordinate axes are in a 
constant ratio. 

18. A body moves from rest at a distance a towards a centre of 
attraction varying inversely as the distance. Show that the time of 
describing the space between fla and will be a maximum when 

1 

j^It may be assumed that j • 

[Tait and Steele, Dynamxca of a Particle.} 
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19. rind the density of a parabolic plate as a function of the 
abscissa in order that the distance of the centroid from the vertex 
may vary as the square root of the length of the plate. [a, 1881.] 

20. rind the equation of the curve such that the area included 

by the ordinate at any point, the axis of x and the curve is in a 
constant ratio to the area included by the ordinate, the axis of x 
and the tangent. [Math. Tripos, 1882.] 


21. Prove that 


A f * f “ 




'dx. 


2a\/a - X 

Under what circumstances will [ :? ( ^) }yQ independent of a ] 

Jo sja-x 

[Todhuntbr, Int. CWc.] 


22. If tan ^ sin = sin 

verify that 


1 .... d<f> 


drj^ 


tan^^sin^^ 
[Math. Tripos, 1896.] 


23. Prove that 
cos bx 




dx^O 


24. Verify that 


[e, 1884 ] 


satisfies the differential equation of the hypergeometric senes, viz. 

x^y 


when ^ > 0 and 7 > 


^(1 ” ®)^-2 + {r - (« + /^ + = 0 , 


25. If 
verify that 



cos B 


{A B\og{x sin^^)} dO, 


d\ du 
^dx^^ dx 


q^xu^O. 
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26. Prove that + cos <l>s/x^ - 1)" dil> 

satisfies the equation 


[St. John’s, 1892.] 


27. Show that the difierential equation 
dhb a b 


« j , f” a sin + 6 cos _ 

IS satisfied by ^b=\ dz, 

^ Jo + 

Write down the complete solution. [St. John’s, 1883.] 

28. If \/5^^cos e cos{n/ 7 log {Jx sin 6) + a.}dO^ 

prove that 

29. Prove that 

J (cosh a; - sinh a; cos <#>) ^ d^ = ^ 

Prove also that if 

P = j* (cosh X - sinh x cos d<f)f 


[St. John’s, 1889.] 


d(l> 


2n+r 

0 (cosh a; - sinh a; cos «j5») a 


dP If 


cos d<f> 


2 Jo (cosh a; - sinh a; cos 


[a, 1886.] 


30. If ^=f 

X Jo 

equation 


cos(ma;"sin<^)cos» prove that y satisfies the 
^ 4- w Va:2n-2 y = 0. 

dx^ ^ [a, 1886 .] 

31. Verify that 

3, = I «•“ r [^ + JB log { Z7i (a, + J ij®) } ] dw, 
where Z7j = + J jM + ij, log FZ7j = J 

and the limits are given by e'^VU-^ — 0, satisfies the equation 

(«2 + M ^ + K + h^) ^ + (“o + V) y = 0. 

provided [Spitzes, Gre/ie, vol. Iiv.] 
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32. Ycrify that if x be positive 


and if x be negative 

«= C?i - ff'' 


dt 


solves the differential equation 


d'^u die « ^ 


33 Prove that 


» 

cos a IT 

Sin o arc eos dd = -^{l - cos a). 


34. Prove that 


f \ 1 + ax dx 

J.'«5rr5 


- = 7rsm“^a. 


[Petzval.] 


[Trinity, 1886.] 


[OxyoRD 1888 ] 


^ wr^’ 

35. Establish the known result 

r.i?i5-,7r-l2£? 

Jo(® + *)* “ ’ 

and hence prove that when ?i is a positive integer 

/ ^ r logs: , 1 I, 111 ll 

jo(a+*)'“^“‘^ (« + l)a’‘+*V®®“ l“2 5 nj’ 

lo “ (n + l)a”-^* { (t ~ P “ 2 * “ 32 “ • • " n*) 

[Math Tripos, 1883.] 

36. If the operator A, applied to a function of a, has the effect 
of changing a to a + 1, and subtracting the original function, show 

that f* 

A I <l>(Xj a)dx — 1 A<^(a;, a)dxy 

Ja Ja 

where a and h are independent of a. 

Prove that 


Jo ^ ’ »(“+!) •(“ 


+ 71 -) 

[Bertrand, C./., p. 183.] 
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37. Given u= I differentiating twice we have 

Jo I +35 

6 pa:® cos 


da® 


^cosoa: 


But this is indeterminate when x is infinite. Discuss the validity 
of the differentiation. [Bertrand, Cal h \ U , p. 181.] 


38. Is it true that 




If not, why not ? [See Art. 1899, Vol. II.] 

Evaluate each side separately and compare the results. 

[Bertrand, Cal Int .^ p. 187.] 

39. If P+ tQ= <^(a: 4- ly), show that in general 


and 




Examine the case <t*(x + ly) = taking a = 0, a = 0 and J = oo . 

[Bertrand.] 

w 

40. If f(x) “ (2 - (1 - a; sin® dO, show that 

» 

= cos2^[(l -a;cos®0)"^-- (1 -xsia^dy'^'idS. 

Hence show that as x increases from 0 to 1 , f{x) increases from 

[0. S., 1898.] 


to 00 . 

n/2 


41. Prove that 

there being n integration signs in the left member of the equality. 

[R. P.] 

42. Show that 

d® 


dc® 


■ fo f* 

<l>(X’hy + c)dxdyy^ 9<#>(3c) - 8<^(2c) + <l>(e). 
.Jo J 


[OXJT. n. P., 1890.i 
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43. Show that the quartic function 

Qs 4 - + idx + e 

can, in general, be expressed in three different ways as the sum of 
two squares where 


P = o"^ [(oa: + 5)2 + 3 (ac - 52) - 2\] 

and P = a~^A.”^[2 (av + 5) A + a^d - 3a5c + 25®], 

A having any one of three determinate values Ag, Ag. 


Verify the evaluation of the integral form 

“ *^3) + (As ~ A|) AgHan”^ ^ 

+ (\j-A,)Vtan-i^]|A, 


where 


A--(A2 “ Aj)(Ai — Ag). 


[Math. Trip., 1897.] 


44. Show that 


1(1 + = 


(^ + r~ 1)! 


\daj 1 - a 

[I as, 18912 ] 
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PRELIMINARY TO INTEGRATION OF WHERE 

Q IS A RATIONAL QUARTIO. DEFINITIONS 
OF ELLIPTIC FUNCTIONS. ELEMENTARY CON- 
SIDERATIONS. 


367. In many problems of both pure and applied mathe- 
matics, such as the investigation of the length of an arc of 
in ellipse, or of a lemniscate, or the time of a finite oscilla- 
tion of an ordinary simple circular pendulum, integrals occur 
in which the integrand contains a square root of an algebraic 
function of higher degree than the second. 

Now the integral 



where Q is the general biquadratic function 

aQa^+ 4 aj^a^ -f 6^2X2+ 4 !a^x+a^, 

cannot in general be integrated by means of the circular, inverse 
circular, or inverse hyperbolic functions, though it has been seen 
that for particular values of the coefficients this may be possible ; 
for no such function is known which will, on differentiation, give 


rise to the general expression as its differential coefficient. 

Hence, in discussing such an integral as this, we are in a 
position similar to that which would have occurred if we had 

required the integral f . . . === before the inverse circular 
\ sj a — j— ox “j** C2/ 

or inverse hyperbolic functions had been discovered. The 

r d/X 

integration even of the case J would then have pre- 
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sciited a difficulty. And the necessity for the consideration 
of sucli an integral would have formed a suitable starting- 
point for the investigation of such functions as would have 
1 

coefficients. 

And the whole theory of such functions could have been 
built up from this starting-point. 


or, mcr 




for their differential 


368 For instance, let 



dw 


Then J(0)=0. 

Let X and y be two variables connected by the equation 


^ I .0 

J\~x^ VI— 2/^ 


i. e, F\x) dx-{- F {y) dy = 0. 


The integral is F (a;) + F(y)= constant ( 5 ;), say, where z is 

the value of y when x vanishes. 

But multiplying by — Vl — 2/^ 

dxJl-y'^+dy-Jl — x^^O, 


and we can integrate this by parts, viz. 


xJl — y^-\-^x “ constant = 0, 

and the part under the integration sign vanishes. 

Hence, xjl — y'^ -\-ys/\--x^=z, say, where z is the value of 
yiix vanishes. 

Hence we have the addition equation 

F[x)-\-I{y)=F{x>JT^^+y.JT=^), 
and if we then choose to write sin”^ (a supposed unknown 
symbol) for F, we should have 

sin"^ X + sin"^ y = sin-^ (Wl —y^ + «/ >/l — aj^) , 
or writing sin“^aj=0 and siir^y=<p, 

sin ( 04 -^)= sin 6 \/l— sin*^ -|- sin ^ 1 — sin*^ , 
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and we should thus have arrived at one of the fundamental 
propositions of trigonometry, and could have built up the 
general theory. 

Such is actually our position with regard to the integration 

of 1^, or, more generally, where M and N are 

rational integral algebraic functions of a;, and Q is a rational 
integral algebraic polynomial of degree higher than the 
second, say the quartic 

Q = , 

and the absence of knowledge of any function which, upon 
diflFerentiation, would give a general result of this kind long 
barred the progress of geometers. 


369. It was natural that after having exhausted the dis- 
cussion of integrations which could be expressed algebraically 
or by means of logarithms, or by inverse circular functions, that 
is in terms of arcs of a circle, that investigators should turn 
their attention to such expressions as could be integrated by 
means of arcs of an ellipse or a hyperbola. Thus Colin 
Maclaurin, in his Iluxims, vol.ii.. Art. 799, of date 174*2, 


discusses “the fluent of 




or as it would now be 


2jxx—l* 

expresses 


as 


the arc of a rectangular hyperbola of semi-axis unity, viz. 
drawing a tangent at the vertex A of the hyperbola, centre 0, 
and a circle with the same centre and radius x cutting the 

tangent at the point M, then letting the bisector of ACM cut 

the, hyperbola at E, arc A 7?=^ f — ^ — - which we leave 

^}Jx(aP—l) 

to the student to verify. 

370. The real starting-point of the general theory of such 
integrals, which have been termed Elliptic Integrals, from 
their intimate connexion with that curve, may be taken to be 
Fagnano’s discovery* that upon every ellipse or hyperbola 
it is possible to assign in an infinite number of ways two 

*Eagnano, Prodvzioni mcU^maticke^ tom. ii. 
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arcs whose difference is equal to an algebraic expression, and 
that the lemniscate jouit de cette singuliere propri^t^ que 
ses arcs peuvent etre multiplies ou di vises algebriquement, 
comme les arcs de cercle, quoique chacun d’eux soit une 
transcendante d’un ordre superieur.”* 


371. Definitions. Various mathematicians, Euler ,f Lagrange, J 
Landen§ and others, turned their attention to this matter, and 
much progress was made. But the chief advance was due to 
the investigations of Legendre, first in his Mimoires sur ks 
Transcendantes ElUptiques, 1793, and, after a long interval, in 
his Exerdces de Galcul Integral, 1811. In this last work he 
treated the general reduction of the integral 



where P is any rational function whatever of x, and Q is the 
quartic function 

showing that in all cases the integration may be made to 
depend upon that of three fundamental integrals, viz. 
dd 


E {e, fc) = f Vl -ifc' sin*0 = (* A dd, 
Jo Jo 


dd 


0 (1 +w sin®0) VI — sia*0 

* de 


n(<5,fc.n)=J 

which he calls the “ Elliptic Integrals of the First, Second and 
Third kind respectively," k being a real constant quantity less 
than unity, called the modulus, and n any constant whatever. 


I where A=>/l—fc^sin^6, 


372. Legendre m a footnote, (pages 18, 19) of the Exercices suggested 
names for these functions, but it does not appear that the names were 
generally adopted, except as to the initial letter E and 11 still used for 
the second and third. He remarks : 

“Ces fonctions r^unissent un si grand nomhre de propri6t6s, que 


♦Legendre, Exercices de Calcul Integral, ISll. 
t Euler, Novi. Com. Petrop , tom. vi. et vii. 

X de TuHn, tom. iv. 

§ Math Memoirs, by John Landen, 1780. 
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quand elles seront plus g6n6ralement connues, on jugera sans doute 
n6cessaire de leur imposer un nom particulier, et de designer la 

fonction de c et <f> 6gale h cornine on d6signe I’arc dont le sinus 

est ou le nombre dont le logarithme est y. II seioble qu'on carac- 
t^riserait assez bien la fonction F en lui donnant le nom de Nome^ 
parce que cette fonction a la propri6t6 de r6gler tout ce qui concerne 
la comparaison des fonctions elliptiques. Peut-^tre conviendrait-il en 
mtoe temps de donner lea noms d^Epinome et de Paranome aux fonctions 
^ et n que constituent les deux autres esp^ces.” 

373. Legendre established addition formulae for each of 
these functions analogous to the trigonometrical formulae for 
sin{0±0), cos(d±^), whence their whole theory may be 
deduced, as for the ordinary circular functions of trigo- 
nometry, and their numerical values calculated and tabulated 
for definite values of k and n. This having been done, they 
are available for numerical use, as in the case of the circular 
and inverse circular functions. 


374. All three of Legendre’s standard forms are compre- 
hended in the one formula 

n r^T— r^ A-fjBsin^g d6 

’ L Jo~Jo H-msin®0 Vi-Psin*^' 

The cases are 

A = l, 5=0, 7^=0, H^F{e,h\ 

A=l, 5 = -A;2, %=0, H=E(9,k), 

A=-l, 5=0, H^IL(9,k,n), 


37.5. The ** Complete Values.” The Real Periodicity. 


The function 


.4+.Bsin^0 1 

14-wsin20 ’Jl—k^sm^9 


obviously goes through all its values four times, as 9 increases 
from 0 to 27r, and then repeats the same cycle. The values 
in the second quadrant are merely repetitions of those in 
the first, passed through in the reverse order. 

It is clear then that 


w-M>[=r-w 


2 » 


=etc., 


s 


and that 
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We may call ^ quarter pericxi of the integral H. 

In the case of the first elliptic integral, this “complete’* 

integral -===== is denoted by or K, and called the 
J Q ^ i iCi sm tf 

real quarter perioi of F(dy h). 

Similarly, and IIx are written for the “ complete ” integral 
of the second and third kinds respectively, ie, when the limits 

are 0 and and , IIi are the respective quarter periods of 

E(d,k)^ndIL(e,kn). 


Thus 


de 

sin20 



de 

s/1 — sin^^ 




l^analogoi 


lus to cos“^a; 




In this respect these integrals resemble the length of the 
arc of an ellipse, or of any oval symmetrical about two per- 
pendicular axes. In fact, as will be presently shown, one 
of them, E, represents the length of an arc of an ellipse 
measured from the end of the minor axis. And it was 
this pai*ticular fact that led Legendre to style them Elliptic 
functions. 

It will be noticed that the “complete” values are not 
numerical until the values of A, n are assigned, but are func- 
tions of A and n. 


376. It is not the object of the present chapter to discuss 
elliptic functions at length, nor to establish the mode of 
Pdx 

to one of the above canonical forms. These 

matters, as well as the addition formulae, will be postponed 
for later treatment. The present chapter must be regarded 
as an introductory description of such functions, so that the 
student will gradually grow accustomed to their use in cases 
that may appear in treating of the rectification of ellipses 
and other curves. 


reduction of 
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377. The JacoMan Notation. 

r9 

In the integral u=\ -===== it is usual to call the 

superior limit 6 the amplitude of u, and write it as 

0=amw, 

and in accordance with the usual notation for inverse functions 

do 


Thus 


am 


-10 = f -j=J. 

J 0 n/1 — I 


-k^ sin^0 

If X =sin 0, we have x =sin am u, which is abbreviated into 
x=Bnu and ifc=sn“'5C. 

Similarly, Jl—x^= cos 0 = cos am m, abbreviated to cn w ; 

X 

-===tan0=tanam^ abbreviated to tnw. 

^/T^ 

The quantity Vl— ^^sin20, which we have called A, may 
be written A(0), (mod. k), or A{0, k) when it is necessary to 
put 0, k in evidence ; 

n/ 1— 

which is further abbreviated to dn u. 

Thus dn w s Aam u^A9 = Jl —k^ sin®^. 

The names of these expressions, sn Uy cn u, dn w, are spoken 
as spelt, ie. each letter read off. 

378. Differentiation. 


From the integral itself 


1 


d9 Vl — ^^sin20 dnw 
Hence we can differentiate each of these functions. 

Thus 

d d . ^ ^d9 T 

~snw =j-sin0~ cos0^= cnwdnw, 
du du du 

d d A *0 d/9 n 

= 3 -cos 0 =— 8in0^ =— snwdnw, 
du du du 

d j d /= — TO » sin 0 cos 0 ^0 

j-dn u = j-n/I— ain2^_ j~ = ~l^siouQXiU. 

du du V 1 — k^ sin^0 

It follows that any expression involving such functions 
may be differentiated by the ordinary rules of differentiation. 
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379. Integration. 

Conversely, we can integrate various forms involving such 
functions. 

Thus sn^^, 

Jsn u&n.udu== — cn u, 
fsn u(tnudu= — p dn u. 


380. The elementary transformations are merely those of 
ordinary trigonometry for single angles. 

Thus cn^ w = cos^ 0 = 1— sin^ 0 = 1— sn^ w, 

sn^ti = sin^ 0 = 1— cos^ 0 = 1 — cn^ w, 
dn2w= 1—^2 sin20 = ] — ^2 


tn u 


an u 
cnw’ 


, . cn 1 

ctn u s cot am u = =7 — > 

sn w tn w 


sn^t^ +cn2«^=l, 

dn2«^4-ifc2gn2^--l^ 

etc. 


381, If tr=sin0, , 

which, ezhihits the quartie nature of the radical. 


The( 


and 


I ® CKC 

— F=— ■ - - may then be written as 

0 V ( 1 2/^) (1 — 

a;=sn^, (mod. k) ; or as sn(w, k ) ; 
w=sn"^a;, (mod ^); or sn“^(cc, A). 


382. The earlier authors treating of this subject, Legendre, 
Euler and others, regarded the direct integral u as the func- 
tion to be studied, and 0 as its inverse. 

The course followed by all later writers, Abel, Clifford, 
Ferrers, Cayley, Greenhill and others, is to regard 0 as the 
direct function and u as its inverse. 
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383. The inverse nature of u is expressed in calling it 
and this is in conformity with the simple case where 
*=0, viz. ^ ^ 


whilst 








Jon/ 1— a;2 


=sin’"^£c, 




dx 


-=sn“^ {x,k). 


384. Complementary Modulus. 

It is desirable to introduce a new quantity h' such that 

k' is called the complementary modulus 

385. Transformations. 

Each of the functions, sn u, cn % dn tn u, can be expressed 
in terms of the others. 

Ifsnw=a;, cnu=\/l—x^ ^ 


dnw=N/l --Pa5^=^/l —k^sn^u 
X sn sn w 


tnt4=- 


/r^2 cn^^ 7l — sn^w J 

If cnw=a;, sni4=\/l~a?^ -^n/I— cn^u, 


dnw=N/T=A;2(l-~a;2) =>Jk'^+k^cn^u, 
Vl— a ;2 Jl—cn^u 


tnw = 


If dnw=a;, snu= '^^ ---— 
k 


cnu 

Jl — dn^w 


cnw=- 


Jk^ — I -f £c‘^ Jdn^u — k'^ 


tnu = 

If tnw— a;, snM= 
mu= 


dn'W= 


s/l — x^ 

/ 1— dn^w 


~ydn^u-k'^' 

X 

__ tn-u 

Vl+a:* 

n/ 1 +tn2w’ 

1 

__ 1 

\/l -|-aj^ 

Jl H-tn^i^' 

yr+fc^ 

ll + k'^tn^u 

Vi 

“ \ H-tn2% 
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386. Inverse Notation. 

With the inverse notation the same formulae would be 
written 


8n“‘a:=cn~‘Vl— a:®=dn-i-yi— ^ ? 

Vl-x*’ 

cn-ia!=sn-i jr^=du-^JW^+¥^= 

X 

dn-i;r=8n-i^^S=cn-i::^^EI! =fcn-i^^IE^ 

* * 

tn“^® =sn~^— =^=^=cn~i— =i=_ 

Vl+O!* ^1+X^ -JT+^- 

387. Ex. 

008^) 


Similarly 

on-i ( .J2£a2e-co8 2g^ J l-eo82g \ _ /sin 0 . \ 

i-cos2g V (^i^> 


ilg- 

388. Dlustrative Examples of Reduction to the Legendrian Form. 

1. Consider /= f*- 
Jo « 

Let ;i 7=6 sin 




•/“ V(a2- 


^ cos 6^ <3?^ 


N/(ai2-i2sm20J2cos2 0 


0=am(a/), 


6sin Jsn (at/) , mod.—, 


r 1 6\ 

a \h^ a) 

2. Consider the c<ise /= / ^ ~ . . 

J® v/l-A-*’ 

Put ^=cos 
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'j« sin0Vl + cos 


Je sin0vi+cos* 9 

_ f L P 

io Va-sm*^ -JiJO N/l-isin^^ 
6?=am(/^/2); mod.^? 

'i;=CIl /n/I, 


3. Consider 


7= I ■ . -— - , where a<h< c<x. 

» •/« N/4(a7— a)(^— 6)(^— c) 

Let - a = (c - a) coaec^ 6. 

7- r* - (c - g) 2 cosec^ 6 cot 6 dd 

\/4(c — g) cosec^ 0{(c — a) cosec** ^ — (6 — a)} {(c — a) cot® ff} 

r« dO 

Jo \/(c — «) -(6~g)ain®d 
I dO 

Jo > c-g 


0=ain (\lc-al) , mod 
(Vc-a7) ; 

.. 7=-Ti=sn“^ V“ — “)' 

vc-g \^x — a* ^c — a/ 


4. Consider the case 


(X<1). 


jx 

Put :*? + A = (1 + A) cos2</>. 

Thus, 

1^ — (1 + A) 2 cos (/> sm j) ci?<^ 

n/iL - A+ (1 + A) cos2<^}{(l + A) -(1 + A) cos®</)}(l + A)'cos2^ 

:=2 

Jo \/2- (1 + A)sin®<^ 

Jo 'yi--^sm^<t> 
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I=Jlcn-i(Vf^» V-^)- 

If dP=cos20 and A— cos 2^, 


Similarly, 


i=^^sn-l(^, cos/3)). (Art. 387.) 




These integrals are useful in the rectification of a Cassinian ovaL 
6. Consider the integration 

Tutting a? =s c sin 

I=jr 'casin'* ^(fd=a ^ — ^sin^^d^ 

6, Consider the integration 

_ r* ^ — a® , , 

i=/ ’wherea:>c>a. 

Here we may put 


cila;_ a^)sina> ^ 

do) coB^ (t) n/c^— a^sin^oj * 


' \/c2— a^sin^G) 

o c^-a^sin^to-a^cos^o) 


= / sec^o) .-r ----=- —^ 

^0 ^/c2-^^2guJ2^ 

sec® wVc* — sin'-^o) dw - 
—tan wV c® - a® sin^o+J ^ ^ 
=taa(oVc®-a®siii®(u+ f ~ 


r cfidi 
Jo — a® 


'0 VC®— a®sm*<o 


/■" (c® - g®) — (c® — a®sin®(o ) ^ 
Jo — ti® sin® 0 ) 
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= tan cosAc* — a^sin* oj + - — 


a2) dig 

Jo 


— a Sm^O) 


- ^ sin^o) do) 

~taTia)\/c2-a?sin*a)+^-^^ 

the integration needed in the rectification of a hyperbola. 
7. Reduce the integral 


1= 

Je ^ COST 


cos*6^+6^sm^ 9 


d+62sin2 6> + c2 




to Legendrian form, taking a > 5. 
W rite 6 tan ^ = a cot 

Then 


^ 1 , iO 

l+pcot^x 


¥ 


_£x 


Hence 


r_ 

\/{a^ 


s/a^-hbH&n^e 


^ {a^ + c^) + (62 + c2) tan* 6 
0 a cosec 


dO 


sin-^;(+a2 cos^;^ 


J 'O a cosec x a6 dx 


. r 


a^b^dx 


[a* - (a* — 6*) sin* x] b'^ sin-^ X + cos*x 

_ tt*6* dx 

Jo [a* - (a* - 6*) sin* x] (6*+ c*) a* — (a* - 6*) c*sin* x 
a*6* dx 


W(62+c2) / a2-i2 . „ 

a V62 +c 2 . (jS ;> 


.. /=- 


a V6^+c® 
an integral of the Third Species. 

This integial is needed in the rectification and quadrature of a sphero- 


389. The Simple Pendulum. Dynamical illustration of the real 
periodicity of jK 

Consider the finite oscillation of a simple circular 
pendulum. Let 9 be the angular displacement of the rod 
from the vertical at time t, a the extreme value of 9, on the 
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mass of the bob, a the length of the rod. The line of 
zero-velocity in this case cuts the circle described by the 
bob at two points A, A' between which the bob oscillates. 



The energy equation is 

^ ma^d^ = mg (a cos 6 — a cos a) 

= 2mga ^sin^ | — sin^ ^ 


giving 





0 

2 


t being measured from the instant at which the bob i)asses 
through its lowest position. 


Let sin ^ = sin| sin ^ ; 


*. d9 = 


2 sin 5 cos <l> d<l> 


T- 


sin^ 5 


••• *=V- 
>10 


f * d4> 


^mod. sin-^, 


• ’9 .a 

^.e. sm^=sin^sn 
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When 0 = a, and 0=0, and the time to this point, 

viz. T, is given by 



and is the quarter period of the whole time of a complete 
oscillation. Writing K for it appears that the function 



is periodic and has a real period 4ir. Thus or K is called 
the “ quarter period of the integral F!' viz., 


Hit- 


d<f> 


where /c = sins. 


:■ ' - , W laCJL C /i/ — OAU. X • 

./c2sin^0’ 2 

For an indefinitely small oscillation a is infinitesimal and 
ordinary formula for a small oscillation. 

2 V Of 


390. Complete Revolutions. 

Case of the pendulum making complete revolutions. 



C 

Fig. 39. 


In the case when the line of zero velocity is at a height h 
(> 2a) above the lowest point and does not cut the circle 
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described by the bob of the pendulum, the velocity of the bob 
is not exhausted when it arrives at the highest point of its 
path. The rod then makes complete revolutions and does not 
oscillate. In this case the energy equation is 


\moL^8^=^mg\h--a\—(toB 6 ] ; 



Let $ = 2<f>, 



The time of a half revolution is given hy — ^ 

2 


and 




2a 


F,; 


9 . . 6 \/2qh^ 

- = ^=am-g|-<, 8m5 = sn-^f, 


2a 


. 2a / 0 l2a\ 

(““2’ VtJ- 


.391. Legendre’s Formulae. 

Legendre gives (Exercises, p. 199) a list of results connect- 
ing various integrals at once by elementary means with the 
first two standard integrals of Art. 371, viz. 

f B jg f>9 

^^=F{9,Jc), \Ad9=^E(9,h). 

These we may usefully reproduce for reference, and they will 
furnish a useful set of examples for the student to verify. 
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Examples (Legendre). 

Prove the following twelve results : 

_ c^dO 1 ,v ^2gin^cos0 

— 4 

[Putting P differentiating, we obtain, after 

dP k'^ 

a little reduction, integrating we obtain 

the result stated ] 


lo A 

cos^f? d9 

r® sec^f? d$ 

f ® tan®0 d9 

L A“ 


= Y2i^-E) 

= ^(E-k'^F). 

= ^^{Mme+k'»F-E). 
= ^{At&ne-E). 


taa®|d0 n 

= 2A tan^+P—SP. 

A A 

sec®£(i0 n 

— = 2Atan^H-2J’-2B. 

A ^ 


8. J AsQ(i^GdO= Atan^-f-P — E. 

9. I* Ataii*0<i0= At&ne+F-2E. 

10 j“A»d0 = jAsmO cose + ^^^E~F 

Oh2 1 ^'2 

11. j Asin20(i0 = — -yAsinficos^H — 

f o 1 4- ^'2 

A cos®^ d9= I A sin 6 cos 6+ E — ^P. 


392. Further discussion of Elliptic integrals is reserved till 
Chapter XXXI Enough has been written to explain their 
nature, and the student will be able to employ the notation 
when wanted in the intervening chapters. 
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EXAMPLES. 

1. By putting 


&.nd that 
z 


f 1 dz J_ d$ I ^ 1 ^ 

“”’Ja;>/a;(l + 6a; + aj2)“V^ J^^/l - J sin® “ \/2 \ ’\/2/' 

lat 

l-sn(MA/ 2 ) / T 1 \ . 1 ,/ 1 -a; 

= ^ — =/, (mod. -7=), *.e. w = -7= sn ^ I ^ , "Tt). 

l+sn(ws/2) \ J2/ J2 Vl+a; n/2/ 


2. Prove that 

and that F^{d, -53^^.)=: 1*574745 very nearly. 

3 . Prove that 

£ 2 ^ ’ 22 . 42 ^~ 22 . 42 . 6 ®^ ■ /■ 

4 . Prove that 

Di { 0. i, n) = I [1 + (1 P - ») 1 + (^ fc 4 - 1 + «*) ^‘ 

+ (rri^ - + 1 m 

+ ...] if 71. be <1. 

6. Establish the truth of 


w (> 


snw+ 


cnuj 


cnu snu 
w snii cn74 


1 \2 / 1 \2 
- 4-1 cnu+ I = 


snu/ 


(i.-J— Y. 

\ sn w cn ti/ 


1 


cn 7^ + sn w sn w mu 


/ 1 \ / 1 \ /sn u on M\ , 

W-““) 

(d) |j:£^=/_L_£^V 

^ l+cnit \sntt snuj 
6. Prove that 

( 1 ) dnhi-¥cn^u=ld^. 
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7. Prove that 


( 1) -j- = 2 sii u cn w dn w, 




Bifu cn u dn w du — 




p-hi ’ 

(3) = cos-1 a>b. 

^'}a + boiiu ^/a2_i2®°® U + Jchm^’ 

8. Prove 

2 sn u cn z; = sin (am u + am z;) + sin (am ic - am v)y 
2 cn u cn «; = cos (am u + am i;) + cos (am m - am v). 

9. By putting a; = a cos show that 

dx 1 /a; _]_\ 

as/2^^ \a’^/2/* 

10. Prove [ ■ — ■== J^cn-^ iV 

aN/2 Va? n/ 2/ 

V l~+z 

- — show that 

f “ da; ^ -L^ 

N/a^ + a;^"'2a^^ + \/2/ 

12. Prove that 

j: 


da; 


X Ja^+ 2a^a^ cos 2a + a;^ 


1 -/a; 2 -a 2 . \ 

= 77- cn-^ ( —y ■„ , sin a ) 

2a Va;2 + a2’ / 


13. Prove that 

snAr=l, cnZ=0, dn K^k', tnA’ = oo. 

14. Prove that 

d 

(1) ^ (sn + cn w)" — n (sn it -h cn (cn it - sn it) dn it, 

/m f/79 Ml/79 xj j (^-2snlt^-cnlt)’’+^ 

(2) J sn It + cn My(k^Gn w - sn it)dn it dit = ^ ^ 

15. Draw graphs of y^Ld and showing that the former 

consists of an undulating curve lying entirely below the line y = \ and 
the other of an undulating line lying entirely above the line 3/= 1. 
Take the cases k^ — \ and h- == -J. 

Show that the areas bounded by these curves, the a^axis, 
the y-axis and any ordinate at a point whose abscissa is 9 represent 
^(0)and/''X^) completely. Examine what happens in the limiting 
casea ^ = 0 and A— 1. 
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16. Show that the complete elliptic integrals of the First and 
Second Species may be expressed as 

where /(a, &, c, a) is the hypergeometric series 

1.2CC+1 

17. Show by differentiating F{6y h) and E{d, Jc) with regard to k 

Hence, eliminating E and F alternately, show that 
f 1 1 - 3A;* ii? 1, , sin e cos 6 

+ — + TTs 0, 


A8 


n . T, sine cos ^ „ 

A 

and for the complete functions F^, i\ 

„ ..sd^F. \-3k^dF, 
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QUADRATURE (I). 

PLANE SURFACES, CARTESIAN AND POLAR EQUATIONS. 

393. The process of finding the area bounded by any 
defined contour line is termed Quadrature, or, which amounts 
to the same thing, Quadrature is the investigation of the 
size of a square which shall have the same area as that of 
the region under consideration. 

The closed contour may consist of a single curve or of a 
system of several arcs of different curves or straight lines. 

As we shall, in most cases, have to form some rough idea of 
the shape of the curves under discussion so as to be able 
properly to assign the limits of integration, the student 
should be familiar with the rules of procedure adopted in 
the tracing of curves for the various systems of coordinates 
by which they may be defined, Cartesians, Polars, etc., and 
for such information may be referred to the author’s treatise 
on the Diflferential Calculus, Chap. XII. 

394. It has been already shown (Art. 11) that the area 
bounded by a curve whose equation is y=<p(x), any pair of 
ordinates, £c=a and x^b and the aj-axis, may be considered 
as the limit of the sum of an infinite number of inscribed 
rectangles , and that the expression for the area is 

J ydx, or J (f>{x)dx^ 

and it was assumed that <p{x) is a finite and continuous func- 
tion of X, which does not change sign between these limits. 
In the same way the area bounded by the curve, two given 

abscissae, y=c and and the ^/-axis is f xdy. 
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I£ the angle between the coordinate axes were w instead of 
90®, we should have the expressions 

sin 0)1 ydx, or sin to xdy 

for the area. 

395. Again, if the area desired be bounded by two given 
curves y=<fi[x) and y=\jr{x), and two given ordinates 05= a 
and » = 6 , it will be clear by similar reasoning that this area 



Rg. 40. 

may be also considered as the limit of the sum of a series of ^ 
rectangles constructed as indicated in the figure. If PQ be the 
portion of any of the ordinates intercepted between the curves, 
and Sx the breadth of the elementary rectangle of which PQ 
is a side, the expression for the area will accordingly be 

Ltsx=Q^PQSx, or f [(l>{x)—\p'{xy]dx, 

x-a Ja 

where the same assumption is made as before as to <j>{x) and 
being finite and continuous from x—a to 35 = 6 , and, 
moreover, 4j)(x)—y]/(x) must retain the same sign throughout 
the integration, i.e, the curves must not cross each other, and 
fpix) has been assumed >^jr(x) throughout. 

396. Case when the Coordinates are expressed in terms of a 
Parameter. 

We have regarded x as the independent variable. If this is 
not so the formula can be modified to suit the circumstancea 
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Suppose the curve defined by the equations 

and that the values of t corresponding to the initial and final 
ordinates are and t^. 

Then ySx=\l/-{t)^'(t) St to the first order, and in the limit 
ydx = j^V(0 ^'(0 

it being supposed that the integrand remains finite and 
continuous throughout, and that as t changes continuously, 
increasing from the value tj^ to the value « 2 » point 
(a?, 0) also travels continuously along the a;-axis from (a, 0) 
to (6, 0) without going over any part of its course more than 
once, and always in the same direction of increase of cc. 


397. Case where the Arc is the Farameter. 

If the arc of the curve be the independent variable, being 
measured from some definite point on the curve, then at a 
point at which the gradient of the tangent is >//*, we have 


(lx= cos }/rds, and we may write the expression ^ydx as 
dx 


\y 


ds 


or 


cosyj^dsy 


the limits of the integration with regard to s being the values 
of s corresponding to the beginning and end of the arc, and 
supposing that ycos^ does not change sign. 


In the same way we may write \xdy as 




or 


^xsinyp-ds. 


398. Area expressed by a Line Integral round the Contour. 

Let the formulae Jy cos Jasin^/rcfe be applied to the 

evaluation of the area of a closed curve consisting of a single 
oval. 

Let us suppose a measured from any point on the curve in 
such a direction that a person travelling along it in the direction 
of an increase of s has the area sought always to his left. Let \lr 
be the angle the tangent makes with the positive direction 
of the a>-axis. Let APBQ be the oval in question, and let 
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4L, BN be the tangents parallel to the y-axis. In the 
arc APB in the figure, >/r is changing from — ^ to +^, 
and cos is positive. In the arc BQA yfr is changing from 

Stt r 

to and cos yfr is negative. Integrating then I y cos >/> ds 
from A to B, through P, we obtain the area ALMNBPA taken 



positively, whilst integration from B to A, through Q, obtaine 
the area BQALMNB taken negatively. Hence, to obtain the 

whole area, it is necessary to take our formula as — Jy cos yf/' ds 

in integration round the whole perimeter in the counter- 
clockwise direction. 

In the same way and under the same circumstances the 
area will also be given by -l-Ja?sin\/rd5. 

This is the conventional mode of measuring s. If we 
measured in a clockwise direction the signs would both be 
reversed. 

399. Precautions. 

If the curve cuts itself once, having a node, as in the case 
of a lemniscate, it will be clear, from an inspection of the 
accompanying figure, that, in travelling completely round 
the whole curve, the directions in which the two loops are 
travelled round in continuously progressing in the direction 
of the increase of s, are one clockwise and the other counter- 
clockwise, and therefore, in conducting the integration com- 
pletely round we get the difference of the areas of the two 
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loops with either formula, and in the case of equality of the 
loops the total line-integral of xainyfr, or of ycosx//*, round the 
complete curve will be zero. If we require the absolute area 

^1 



O 


Fig. 42. 


JC 


enclosed we must therefore treat each loop separately and 
add the positive results. 

If in travelling continuously round the perimeter of the 
closed curve there be several nodes and several loops, we 
shall see in the same way that the total line-integral of xsin-Kj/ 
or of yoos\Jr, will give the difference of the areas of the odd 
and even loops. 

400. The student should examine the truth of the result in 



figures of other shapes — say a horseshoe-shaped closed curve, 
such as shown in Fig. 43. 
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Let ABODEF be the points at which the tangents are 
parallel to the y-axis, then if etc., be the ordinates, 

the integral 

“ cos *\/r ds yields 

-~Si,Tea> ANiN2B+&vesL BCN 2,N &>rea, CN^N^D 
+area DEN^N^—SLrea, EN^N^F+Si,Tea> FQAN^N^F, 
ie, the closed area ABGPBEFQA. 


401. If y be continuous, but ^ discontinuous at points on 

the boundary of the figure, as at ABCD in Fig. 44, the inte- 
gration must be conducted along each of the portions into 



which the perimeter is divided by the discontinuities, but the 
same rule holds, as before, viz. 

f B pC 

cos \I^idsi — j 2/2 ^2 ^^2 

— f ya cos ^3 dsQ — f jy 4 cos 4 d$^, 

Jc jd' 

or = ^ Sin ^^2 ^ sin ^^2 

-f a ?3 sin \j /2 ds^ + J sin ds^, 


suffixes denoting the several portions along which the inte- 
gration is conducted, and s^j 53 , 53 , etc., always being measured 
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"in the same sense” along the perimeter. Here the limits 
of the integrals are denoted by the points A, B,G ... of the 
perimeter successively arrived at in a continuous progress 
round it. 

402. If ^(q?) has an infinite ordinate between a and 6, 
say at x=c, it has been explained that the infinity can be 
excluded by taking 

I <f>{x)dx to mean <l>{x)dx+^ 

As, however, ^{x) will, in general, change sign in passing 
through an infinite value and the graph reappear from in- 
finity at the opposite end of the asymptote, it will be desirable 
to consider the areas on opposite sides of the asymptote 
separately, and, after evaluation, add the 'positive results to- 
gether. This is of course the same precaution we have had 
to take in Art. 395, in stipulating that ^{x) does not change 
sign between the limits, which would mean that part of the 
curve was above the oj-axis and part below, so that careless- 
ness in this respect would lead to a result which would 
represent the difierence of the two portions of the area 
required instead of their sum. 

403. Illustrative Examples. 

1. i’ind the area hounded by the ellipse the ordinates 

s=Cj and the a7-azis. 

Here 

— ^ Va* - flP — ~ — sin"^ J, 

a result obtainable without integration by reduction of the ordinates 
of the auxiliary circle m the ratio b ; a. 

For a quadrant of the ellipse, we put d=a and c=0, and the above 

expression becomes or giving irah for the area of the 

whole ellipse ^ 

2. Find the area which lies in the first quadrant and is bounded by the 
circle + ?/ = 2aa? and the parabola = ow?. 

The curves touch at the origin and cut again at (a, a). 

The limits for x are therefore from a!—0 to j?— a. 
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The area sought is therefore 

/o —a^—slax}da!. 

Putting x^a{\- cos 6) m the first 


Jq jo 4^4 



as of course might have been written down, being a quadrant of a circle 
of radius a \ and 


^axdx^sla 


Thus tbe area required is 


•■(M) 


3. Find tbe area 

(1) of the loop of the curve 

x(x^+f)=^a{a^--y\ 

(2) of the portion bounded by the curve and its asymptote. 


Here 


3^3=®a 


a-\-x' 


To trace this curve, we observe 

(1) It IS symmetrical about the ^-axis. 

(2) No real part exists for points at which ^ > a or < — a. 

(3) It has an asymptote a?+a=0. 

(4) It goes through the origin, and the tangents there are y—±.x. 

(5) It crosses the^-axis when a7=a, and at this point ^ is infinite. 

(6) The shape of the curve is therefore that shown in the figure 
(Fig. 46). 

Hence, for the loop the limits of integration are 0 and a, and then 
double the result so as to include the portion below the . 2 ;-axis. 

For the portion between the curve and the asymptote, the limits are 
^s=-atoji:==0 and double as before. 
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For the loop we therefore have, 

Area =2 /* 

For the portion between the curve and the asymptote we have, 

Area = - 2 T ^ 

The meaning of the negative sign is this . In choosing the + sign 
before the radical in tracing the portion of the 

curve below the as-oLoois on the left of the origin and above the x-axis on 



Fig. 46 


the right of the origin. Hence, y being negative between the limits 
~a and 0, it is to be expected that we should obtain a negative result 
if we evaluate the expression, 

xsO 

Lt'2iydx. 

x=~a 

Therefore we prefix the - before the radical before integration to ensure 
a positive result. 


To integrate put a7=acos 6 and . dx— — asm SdB* 


X ^ 

la — x 

a-hx 

ii: 



w 

= (cos d - cos^ B)d6 

- -(-ID-l'-j)-' 


And Area of loop == 2a‘^ ^ 1 - 
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Again, 

—'(■+!)■ 

and the area between the asymptote and the curve 
= + 

With regard to the latter portion of this example, it is to be observed 
that the greatest ordinate is an infinite one. In Arts. 11 and 394 it was 
assumed that every ordinate was finite. Is then the result obtained for 
the area bounded by the curve and the asymptote rigorously true ? 

It will be noted that the factor which occurs in the denomina- 

tor and gives rise to the infinite value of y has an mdex < 1 and positive. 
Hence (Art. 348) we infer that the principal value of the integral is finita 
Let us examine the case more closely, and integrate between -a+c 
and 0, where £ is some small positive quantity, so as to exclude the infinite 
ordinate at the point where - a. 

We have as before 

r.+.^ ^- 008 * 0 ) de, 

where — a-h€s=acos(r — 5), so that S is a small positive angle, viz. 

This integral is then 

ol” . a 0 sin2fin’r-fi Sf, 5 j /tt-S 7r\ sin2S“| 

af 1 ^ ^ 0 , sin25“| 

=“1-1- 4+2+8“ s+-^J. 

and approaches indefinitely closely to the former result 

^hen S IS made to diminish without limit to zero. 

4. Prove that the whole ai’ea of the curve 

is Tra\ 

Here, solving for y, 

r— — 

y — — 
a 

=3'i±3^2» 

where is the ordinate of a parabola and that of a circle of radius a. 
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The area of a strip parallel to the ^-axis and of breadth is 
[(yi +^ 2 ) - (ni -ya)] 2y2 

and tbe total area of the curve j the same as that of the 

circle, =7ra* 



404. The last example will suggest to the student that if 
the curve = {x)'±.Ja?-‘aP‘ be drawn, it may be regarded as 

constructed by means of two curves, viz. 

3/1 = ^ (cc) and 1/2 “ 

the latter being a circle and the ordinates of the resultant 
curve being the sum or difference of and viz. 

y = 2/i±2/2» 

and as in the parabola and circle of Ex. 4, the closed curve 
formed will be divisible into strips of length (jl/i+ya) — ( 3/1 — 2/2) 
and breadth Bx, and therefore of area 2y^ Sx, 

Hence the area in any such case is 2 1 j/ 2 da?= 7 ra^ and is 

the same as that of the circle. ^ 

This curve, if written in rational form, is 

(^)P ^y<i> (»), 

<}}(x) being supposed rational. And the areas of all such curves 
are = -Tra^. 
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Similarly, for curves of form 

which are clearly to be constructed as 

x=^(y)±‘Ja^-y\ 

and consist of closed curves of area ; or more generally 
still, if y^=f(x) be a closed curve whose area is A, then 
another curve can be constructed from it of form 

y = <{>(x)±.Jf(x), 

i.e. y^-2y,i,{x) + [4,(x)f-f{x)=0 

whose area is also A. 

For the areas of corresponding elementary strips parallel to 
the 2 /-axis are for the original curve and the derived curve 
respectively, 

%JJ{^Sx and [{^(a:)+-y/^)}-{^ 

which are equal, and therefore their sums are equal also. 
Similarly for 

2a:^(a/)+ [^( 2 /)P -f{y) = 0. 

405. In Art. 395 it is shown that the area between the 
two curves = and y=:yjr{x) and a pair of ordinates 
= h is 

It may be that y — ^{x) and y=\J^{x) are different branches of 
the same curve. This is really what happens in the various cases 
considered in the last article 


406. Ex. Consider the case of an ellipse 

ax^-\-2hxy-{-hy^=\^ h^<db. 
If yi, ^2 ^-re the ordinates for any abscissa x, 

2A 

yi+^2='--5-^» 




ax^ 3 
6 h* 


the length of the strip is 

/I aft “ A** o o . f b « 

yi-y«=2Vi — 
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Aiud the area is 

rxi 


f-Xt 

I (y ■” 2 ^ 2 ) between ordinates and 

J*i 



or for the whole ellipse 


X area of circle of radius 


slh 




Examples. 

1. Obtain the area bounded by a parabola and its latus rectum A 
series of ordinates are dmwn between the vertex and the latus rectum, 

{ 

parallel to the latter, viz. a, where r=l, 2, 3, ...w-l Show 

that they divide the aforementioned area into n equal parts. 


2. Obtain the areas bounded by the curve, the ^-axis, and the specified 
ordinates m the following cases 


(a) The catenary 


y=ccosh-, 


from x—0 to sc^h. 


(h) The logarithmic curve 2 /=e*, from x~0 to 

(c) The logarithmic curve 2 /=log«.r, from a'= 1 to x=h (A > 1) 


^ 

(d) The ellipse y=-N/a^ — .r*, fiom x=^\la^ — h^ to x — a. 

ct> 

(e) The hyperbola from ^=a to ^=6, 

a and b both > 0 ; first, if the hyperbola be rectanguiai , 
second, if the angle between the asymptotes be <o. 

(/) The curve 7/=j76*“, from ^=0 to ^=/i. 


3. Obtain the area (1) bounded by the parabolas \ 

(2) bounded by the parabolas y’^ — ^ax^ a?‘ — ^y. 

In what ratio is this area divided by the common chord in each case ? 
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4. Find the areas of the portions into which the ellipse 
is divided (1) bj the straight line y==c ; 

(2) by the two straight lines y^c^x—d^ supposed to cut within 
the ellipse. 

6. Trace the curve and find the whole area included 

between the curve and its asymptotes. 

6 Find the area between the curve ^ (a-\-x ) = (a - x)^ and its asymptote. 

7. Find the area of the loop of the curve 

y’^x 4- {x 4- af (x 4- 2a) = 0. 

8. Two curves in which yccx^ and two in which yazx^ form a 
quadrilateral ; show that its area is 

■where yj), (x^^ y^^ (x^^ ya), {x^^ are the coordinates of the corners 
taken in order. [Trinity, 1891.] 

9. By means of the integral ^ydx taken round the contour of the 
triangle formed by the intersecting lines, 

y=aia74-5i, 

y-a2^4-Z>2> 

y=a3a?4-63, 

show that they enclose the area 

2 (oj — 03) 2 (ujj — a{) 2 (a3 — Oj) 

[Smith’s Prize, 1876.] 

10. A four-sided figure is formed by the three parabolas, 

y2-9fl.r4-81a2=s0, 
y2-4aj;4-16a2=0, 
y2- ax^ a2=0, 

and the axis of x. Prove that its area is 12a^, and is equal to the area 
enclosed by the chords of the area. [Colleges a, 1886.] 

11. Find the curvilinear area enclosed between the parabola y^—Aax 

and its e volute. [Oxf. I. P., 1889.] 

12. Show that the area cut off from a semi-cubical parjibola by a 
tangent is divided by the tangent at the cusp in the ratio 64*17. 

[Oxford II. P., 1889.] 

13. (i) Find the area of a loop of the curve 

ay^^3^{a-^x). [I. C. S., 1882 ] 

(ii) Fmd the whole area of the curve 


[I as, 1881.] 



EXAMPLES. 


417 


14. Trace the curve and prove that its area is equal to 

that of the circle whose radius is a [I. C. S., 1887 and 1890.] 

15. Trace the curve :ir), and prove that its area is 

to that of the circle of radius a as 5 to 4. 


16, Find the area of the curve 

+ — 1 from 57=0 to 57=1. 

[St. John’s, 1881.] 

/jj3 

17 (i) Find the area between and its asymptote. 

(ii) Show that the whole area between 

y^{x — a) (6 — 5?) = 

and its asymptote is 7rc(a+i). [Ox II. P., 1903.] 

(iii) Show that the area between the cui ve 

y^x=^a^-a^x 

and its asymptote is that of a circle of radius a. [St. John’s, 1889 ] 


18. Find the area between the axis of 57 , the hyperbola 
and the line y =57 tan a, where 


- > tan a > 0. 
a 


[Ox. I. P , 1901.] 

If A be the vertex, 0 the centre, and P any point on the hyperbola 
prove that 


4:=«cosh^, y=6sinhg, 


where S is the sectorial area A OP 


[Math. Teipos, 1885.] 


19. Find by integration the area lying on the same side of the axis of 
X as the positive part of the axis of y, and which is contained by the lines 

y2=4a57, 

’®'t-y^=2cu7, 

57=y+2a. 

Express the area both when x is the independent variable and when 
y is the independent variable. [Colleges, 1882 ] 


20. Prove that the area of the loop of 

^2 

a{x-y){,x-iy)=f is 


[Coll. /3, 1891.] 


21. Find the areas of the two regions of space bounded by the straight 
line y—Cj and the curves whose equations are 

c^, 

y2 +4a72=4c2. [I. C. S , 1891,] 

22. Prove that the area contained between the curve 

(x + 3a) +y*) = 4a® 

and its asymptote is 3a®V3. 


[Oxr. I. P., 1901.] 
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23. Prove that the area of the curve 

(2^+y2) = 0 

is ^aK [Math. Trip., 1893.] 

24. Find the area of one loop of the curve 

0. [CoLLBOBS a, 1885.] 

25. Through the cusp of the evolute of a parabola, a line is drawn 

perpendicular to the axis. Show that it divides the area between the 
parabola and the evolute in the ratio 17 : 6. [C. S., 1896.] 

26. Show that the ordinate divides the area between (2a — x) 
and its asymptote into two parts in the ratio 

- 8 : 3w+ 8. [Math. Trip. I. , 1912.] 

407. Sectorial Areas. Polar Coordinates. 

When the area to be found is bounded by a curve r—f{9) 
and two radii vectores drawn from the origin in given 
directions, we may divide the area into elementary sectors 
with the same small angle <S0, as shown in the figure. Let the 



area to be found be bounded by the arc PQ and the radii 
vectores OP, OQ. Draw radii vectores OP^ OP^^^ OP„_i at 
equal angular intervals, so that 

p6Pi-P,OP2=...= P^,dQ = S0. 

Then by drawing with centre 0 the successive circular arcs 
PN, P^N^, etc., it may be at once seen that the limit 

of the sum of the circular sectors, OPAT, OP^N^y OP^N^ etc. 
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is the area required. For the remaining elements PNP^, 
2 , P^^P^f etc., may be made rotate about 0 so as to 
occupy new positions on the greatest sector, say OP^iQ, as 
indicated in the figure Their sum is plainly less than this 
sector; and in the limit when the angle of this sector is 
indefinitely diminished its area also diminishes without limit, 
provided the radius vector OQ is finite. 

Now the area of a circular sector is 

^ (radius)^ x circular measure of angle of sector. 

Thus the area required = |^Lt 2 the summation being 
conducted for such values of 6 as lie between 9=xdp and 

A ^ A ^ 

0=xOPn^i i.e., xOQ in the limit, Ox being the initial line. 

In the notation of the integral calculus, if xOP = a and 

A 

this will be expressed as 
ijVde or 

It is assumed that f{6) is finite and continuous from 6 = a to 
6 = ^ inclusive. 

408. If the curve consist of a closed oval and the origin be 
within it, the limits of integration to find the whole area are 
0 and 27 r, viz. the extent to which a radius vector must 
rotate about 0 to sweep out the whole area (Fig. 50). 



Fig. 50. Fig. 51. 


If the origin be on the perimeter of the oval, and if it be 
not a singular point, the limits will be from —a to +7r — a if 
the tangent at the origin makes an angle — a with the cc-axia 
as shown in Fig. 61. 
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In this case, if the initial line be an axis of symmetry, it is 
sufficient to integrate from 0 to ^ and double the result 
(Fig. 52) 



Fig 52. 

If there be a loop and the origin be a singular point on 
the curve at which the tangents make an angle 2a with each 

X 

Fig. 53. 

other, and if the initial line be an axis of symmetry, the 
limits for the area of the loop will be 0 and a and double 
the result (Fig. 63). 

409. Another Expression for an Area. 

Let (Xj^) be the Cartesian coordinates of any point P on 
a curve, (x+^sc, y-j-Sy) those of an adjacent point Q. Let 


X 

Fig 54. 

i^+Sr, 0+S9) be the corresponding polar coordinates. 
Also, we shall suppose that, in travelling along the curve from 
P to Q on an infinitesimal arc PQ, the direction of rotation of 
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the radius vector OP is counter-clockwise, and that the area 
to be considered is on the left hand to a person travelling in this 
direction (Fig. 64). 

Then, to the first order of infinitesimals, 
sectorial area OPQ 
aj, 1 

y+Sy, 1 
0 0 1 
^\{x&y-y8x\ 

Hence, another expression for the area of a sectorial portion 
of a curve bounded by a definite portion of an arc is 

\^{xdy-ydw) or 

the limits being the initial and final values of s, corresponding 
to the portion of the sectorial area to be found. 

Obviously we might take any other independent variable, 
say t, and supposing the curve expressed as 

a!=/(0. y=F{t), 

and that the values of t, corresponding to the beginning and 
end of the arc, are t-^ and respectively, 

sectorial area = 1 (0 “/(O -^(0) 

If the curve be a closed curve and the origin lies within it, 
the limits for 9 are 0 and 27r, and 



In the same case, if we take the formula 

\\{xdy-ydb>) or i j[/(0J’'(«)-/'(«)J'(0]*. 

the limits for t must be such that the point (x, y) travels once, 
and once only, completely round the curve 

410. If the origin lies outside the curve, as the current point 
P travels round the curve, we obtain sectorial elements such as 
0P\Qx (Fig. 55), including portions of space such as OPJQ^^ 
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shown in the figure, which lie outside the curve. These portions 
are, however, ultimately removed from the whole integral 

^^{xdy-ydx), 

when the point P travels over the element for the 



sectorial element OP2Q2 is reckoned negatively as 0 is de- 
creasing and ^6 is negative. 

411. Precautions. 

If the curve cross itself as in Fig. 56 , the expression 
\\{xiy-ydx), 

taken round the whole perimeter, no longer represents the mm 
of the areas of the several regions. For draw two contiguous 
radii vectores OP^, OQ^, cutting the curve again at Q2, P3, Q4 
and Pg, O3, P4 respectively. Then, in travelling round the 
curve continuously through the complete perimeter, we obtain 
positive elements such as OPiQi and OP^Qb* negative 
elements such as OP^Qb and OP^Q^. 

Now, taking all these elements positively, 

OP,Q^ -OP^Qa+OPsQa -OP4Q4 

= quadrilateral P1Q1P4Q4— quadrilateral P^QJPzQzi 
and in integrating for the whole curve we therefore obtain 
the difference of the two regions instead of their sum. 

Similarly, if the curve cuts itself more than once, the 

integral 2 gives the difference of the sum of 
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the odd regions and the sum of the even regions. Thus, to 
obtain the absolute area bounded by such a curve, we must 
take om limits for each area separately and obtain the absolute 
area of each region, and then oM together the results. It is 



obvious that in curves consisting of several equal regions, or 
loops, it will be suflQcient to ascertain the area of any one, and 
then to multiply that area by the number of the loops. 


412. Another Form. 

If we write we have 

X 

xdy—ydx=(x^dv, 

and accordingly we may transform the formula 


^^{xdy—ydx) into 


This is equivalent to a choice of new coordinates, of which 
one is the Cartesian abscissa and the other, viz. v, is the 
tangent of the polar angle 6. 

In using the formula, x is to be expressed in terms of v, and 
the limits of the integration so chosen that the current point 
(x, y) travels from the beginning to the end of the arc, ie. if 
a, l3 be the limits for 0, tana and tan/3 will be the limits 
for V, 
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In using this formula, however, care must be taken not to 
integrate through an infinite value of v. It must be remembered 

that t;=tan^ and becomes infinite when 0=^, or any odd 
multiple of ^ . 

413. For example, if we apply this method to the area of an ellipse 
putting y/j7=», we have 


and 




between properly chosen limits. Now, in the first quadrant v varies 

from 0 to 00 . Hence the area of a quadrant and therefore 
the area of the ellipse =7ra6. 

It will be noted that the formula 
Area=lf(xiy-y<fo:). i.e. 1 

is equivalent to half the sum of and 

of which has been shown to represent the area when the 
integration follows the complete perimeter. 

414. It may also be worth the student’s notice to remark 
that the problem of finding the area bounded by y= 0 (a;), the 

cc-axis, and a pair of ordinates x=a, x=b, viz. 4 = <p{x) dx, 

is manifestly the same as that of finding the mass of a rod 
of small section but of line density ^(a?), of length b—a, and of 
any sliape if x be measured along the rod. For the mass of 
a length Sx of the rod is <j> (x) SXf the limit of the sum of such 
expressions being required, when 8x is indefinitely diminished, 

between limits x^a and 03=6, that is | (x) dx. 

415. Hlostrative Examples. 

1. Obtain the area of the semicircle bounded by r=acos^ and the 
initial line. 

Here the radius vector sweeps over the angular interval from 
6=0 to 6='^. 

A 
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Hence the area is 

ir 1 • l=^> |’r(radius)2. 

2. Find the area of the leniniacate 

Here the axis is a line of symmetry ; the tangents at the origin are 



Fig. 67. 


The area is therefore 

3. Find the area of the pedal of an ellipse with regard to the centre 
With the usual axes and notation, the equation of the pedal is 

cos2 0 4- 62 sin^ 

and Area = 4 x ^ J^(a2 cos^ 0 + 6* sm^ 0) dd = ir . 

4 Find the area of one loop of the curve r=asin 30. 

The curve consists of three equal loops, as indicated in the figure 



Fig. 68. 
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The proper limits for the integration extending over the first loop 
are 6—0 and for these are two successive values of 6 for which 

r vanishes ; 

T 

Area of loop a^sin^BOdO 

I sin^(j>d(l>, where 3^=5 <^, 

D Jo 



TT 

"3 2 2’ 


The total area of the three loops is therefore 


Tra^ 
12 ■ 


5. Eind the area of the curve 

y=6sin®^. 



Fig. 59. 


Upon elimination of t, we have — 1, and the shape is shown 

in the figure There is symmetry about both axes, and the area 

b sin* ^ ( — 3a cos^ t sin t) dt 
v 

T 

— I2abj^ Bin*icoB^t di 

= Uah - i2ab 

2r(4) 2 3.2.1 

=|wa6 ; 

or we may use the formula 
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whicL gives 


(acos*^ 368m2^+6siii^^.3acos2^)(ii 
=6a6 1^ (co3^i8in^t+ain^tcoB^t)dt 


=6a6 

=6ab — = §wab, as before. 


6. Find the area of the loop of the curve 

^ — 6027^ = 0. 

(1) There is symmetry about the line y=^. 

(2) There is an asymptote a;+y=a. 

(3) By Newton’s rule, the form at the origin is that of two 
semicubical parabolas y®=6aa7*, ^ = 6ay2. 

The shape is then as shown in Fig. 60. 



The polar equation is 


ain®^co3^^ 


As there is symmetry about ^—7, we may take limits 0 to ^ and 
double. 


Area of loop =2 



sin^^cos^^c?^ 

(sm®d^+cos®^)®’ 


or, putting tan^— 

Area=26a»£ 
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Otherwise ; this curve is unicursal ; and we may write (putting 

and integrate | J 0 oo, which gives 
(6o)® r«®(3i'-2<»)-<»(2«-3i») 26a* T «* 6a* 

-rJo {!+?? *=^io (Ti^*“T* 

as before. 


EXAMPLES. 


Find the areas bounded by 

1. r®s«a*cos®^-5*sin2^, the central pedal of a hyperbola. 

2. One loop of r^^asin 4^. Also state the total area. 

3. One loop of r ^^asin 56. AJso state the total area. 

4. One loop of r=:asin n6. 

Give the total area in the cases, (i) n even ; (ii) n odd. 

5. The portion of bounded by the radii vectores 

d=jS+y (7<2ff). 

6. Any sector of {$^a to 9=^). 

7. Any sector of the reciprocal spiral r^~a (O^a to 9—^). 

8. The cardioide r=a(l - cos 9). 

9. The Lima^ou r=a+6cos 9, (i) if o> 6 ; (ii) if a < 6 obtain the two 
areas of outer and inner portions 


10 Find the area included between the two loops of the curve 

r = a(2 cos ^ + V3). [Oxf. I. P. , 1889. ] 


11. Prove that the area in the positive quadrant of the curve 

(^+yy-(a2^+6y)2 is i(a*+62). [7, 1899.] 

12. Find the area of the closed part of the Folium 

3a sin ^ cos ^ 

MnSJTcoi^' [L 0. S., 188^1.] 


13. Show that the area of a loop of the curve 

aa;*"+ 1 - -j- cy2»»+i 0 

“ 2(2«+l) S’ “ ' ’“*”8 positive. 


[CoLLBOXS, 1881.] 


14 Trace tlie curve whose equation is 

r*=a*sec^tan 9 ^ 

and hnd the area between the curve and any pair of radii vectores 
di-awn from the pole. [Tbinity, 1882.] 
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15. Trace the lemniscate and its first positive pedal, and 

show that the area of a loop of the Utter is double the area of a loop of 
the former. 

Find the areas of each of the two small lozenge-shaped portions 
common to the two loops of the pedal. 

16. Show th.it the area contained between the curve 

r=aco8 5^ 

and the circle r=a is three-fourths of the area of the circle. 

[Oxp. L P., 1888.] 

17. Find the area between the curve r=a(secd-l-co8^) and its 

asymptote. [St. John’s, 1881.] 

18. Prove that the area of the curve 

r®(2c*cos*^“2acsin 6>cos ^ -I- sin® d)=a*c® 
is equal to vac, [1. 0. S., 1879.] 

19. Find the area of the curve 

r = 3a cos 0 + « cos 30. [Math. Teif. , 1882.] 


20. Find the area of the loop of the curve 
r®=a®0coa0 


between 0=0 and 0 = 7 ?. 


GENBEAL PEOBLEMS ON QUADEATUEE. 
(CAETESIANS AND POLAES.) 


1. Find the area bounded by 

a:® + / = 2ay and 

Also the area of the loop of the curve 
Jy2=:a;®(a-a;) 

(a and h both positive). 

2. Find the whole aiea of the curve 






g=g. [H. C. S.J 


[I. 0. S , 1882.] 


[I. C. S., 1885 ; 
COLLBOBS, 1892.] 


3. A parabola y'^ — ax cuts the hyperbola g®-y®=2a® at the 
points P, Q; and the tangent at P to the hyperbola cuts the 
parabola again at P. Find the area of the curvilinear triangle PQP. 

4. Find the area included between one of the branches of the 
curve g®y® = g®(g®-f^) and its asymptotes. 

Find the whole area of the curve 

x^+y^=a^(x^+y^)» 


[CoLLBOBS a, 1887.] 
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5. Trace the curve and prove that its area is 

equal to that of the circle whose radius is a. [J. C. S , 1887*] 

6. Prove that the whole area of 

(a;2 + a^) + 2^^* = 0 

is (3 - 2\/2) Tra \ [Colleges jS, 1891.] 

7. Find the area of the loops of the curve 

y 4 _a 4 _cj 22 ^ 2 ^ 52 /g 2^0 when h^>a^, 

[Oxford I. P., 1902.] 

8. Find the area hounded by the cycloid 

x ^ a ( 9 -\-sixi d)y 
y=a(l - cos S)y 

and the straight line joining two consecutive cusps. 

9. Show that the coordinates of a point P on the Folium of 

Descartes + can be expressed as 

at at ^ 

Show that as t varies from 0 to oo P traces out a closed loop, and 
, . . a2 

that Its area is ^ . [Colleges, 1896.] 

10. Prove that the area of either loop of the curve 

is 

JiO + 2^ * [7, 1893.] 

11. Show that in that part of the curve (cc + y- 3c)iry + c® = 0 for 

which X is positive, the area between the curve, the axis of £c, and the 
ordinate which touches the curve is [St. John’s, 1886 ] 

1 2. Trace the cur \ e 

and show that the area of the segment which lies between the axis 
of y and the straight line whose equation is y = a; is g a® log 2. 

[Colleges e, 1883 ] 

13. Pairs of ordinates of the hyperbola xfy — cP are determined 

by the condition that the area included by any pair, the curve, and 
the ic-axis is constant; show that the lengths of any such pair are in 
a constant ratio. [Oxford I. P., 1888.] 
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14. Show that the area between the curve 

X + - ^^) + 1 = 0 

and its asymptote is ira^, [St. John’s, 1892.] 

1 5. Show that the area between the inner branch of the curve 

{x^ +y^‘-' J (x^ -h 3 /^) 

and the positive parts of the two axes is Tra^/Ss/S. [St. John’s, 1888.] 

16. Prove that the whole area of the epicycloid generated by a 
point on a circle of radius | rolling on a fixed circle of radius a is to 
the area of the fixed circle in the ratio of 15 to 8 . 

17. Find the whole area of the curve whose equation is 

{a ;2 Jc- a)[x - a) + x^y^ = 0. [Collboes, 1886.] 

18. Find the area of a loop of the curve 

+ 2/4 = 2a%2/. [Oxford I. P., 1888.] 

19. Find the area cut off from an ellipse by a focal chord. 

[Colleges a, 1883.] 

20 . Prove that the areas cut off by the equiangular spiral r = 

from the space bounded by any two fixed lines through the pole are 
in geometrical progression. [Oxford I. P., 1900.] 

21 . Find the area of the curve r = aOe^^ enclosed between two 
given radii vectores and two successive branches of the curve. 

[Trinity, 1881.] 

22 . Find the area of the loop of the curve r = a6ooB6 between 

^ - 0 and ^ - 2 ■ [Oxford II. P. , 1890.] 

23. Find the area of the curve 

(r - a cos 6f = cos 2^. [Colleges a, 1887.] 

24. Show that the area of the loop of the folium »® + y®= 3 aaj 3 / 
divided by the parabola y® = a® in the ratio 5 : 4. 

In what ratio does the line a; 4 - y = 2 a cut the loop in the above 
folium. [Oxford I. P., 1889.] 

25. Find the area included between the axis of y and the curve 

y 2 + 2 y - 2 a;(y + 1 ) =a :4 - 3 a ;3 3 ^ 
the curve being supposed to stop at the node. 


[St. John’s, 1884.] 
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26. Determine by integration the area of the ellipse 

27. (i) Find the whole area enclosed by the hypocycloid 

ajl + yl-=- [Oxford I. P., 1888.] 

(ii) Prove that the area of the locus of intersection of pairs of 
tangents at right angles for this curve is [Math. Teipos, 1888.] 

28. Prove that the locus of the points of bisection of the inter- 

cepts on the normals of a cycloid between the cycloid and its base 
divides the area between the cycloid and its base into two parts in 
the ratio 7 : 5. [Oxford II. P., 1886.] 

29. Trace the curve af**^^+^'*‘^==(2R + l)aaJ"y*‘, when n is even, 
and when n is odd, n being a positive integer ; and prove that the 

area of the loop is (2?i+l)^. Prove that this is also the area 

between the infinite branches of the curve and the asymptote. 

[St. John’s, 1882.] 


30. Find the whole area contained between the curve 

a ;2 3- ^2 ^^2 _ 

and its asymptotes. [Oxford I. P., 1887.] 

31. Find the area bounded by the circle a;=aco8^, y^asinO 

and the hyperbola 5 cosh y^^&sinht^; that area being taken 
which lies within the circle and on the convex side of the hyper- 
bola, and h being less than a. [TRnary, 1888.] 

32. (a) Show that in the Archimedean Spiral r— a^, if Aj, A^, 
A^, A^f ..he the areas of the inner loop and the successive heart- 
shaped figures formed by the convolutions of the curve 

A ^ = — , An^i « 2»ir%* 


Q>) In the Eeciprocal Spiral rd^a^M A^y A^y A^ .. 
of the successive closed loops. 


4^ 

IT 4n®— 1 


he the areas 


33. Find the area of the loop of the curve 

(* + y) (jc* + y2) = 2 aay , [Oxford I. P. , 1890.] 

34. At all points of the first negative pedal of the curve 
r » cosh (mO cot a) lines are drawn making a constant angle a with 
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the tangent. Show that the area bounded by any pair of such 
lines, the curve enveloped and the first negative pedal is 
{1 + (m^ - l)cos^a}, 

where A is the area of the corresponding portion of the first 
negative pedal bounded by radii vectores from the pole. 

[Colleges a, 1891.] 

35. Find the area of that portion of the loop of the curve 

r®=j9cos0+jsin^, 
which is not enclosed by the curve 

r2 = 5 + a cos 

If a family of such curves be taken (by varying p and q\ such 
that this area is constant, show that the envelope of the system is a 
curve whose equation is 

r2 = c + u cos [Colleges jS, 1889.] 

36. Show that the whole area enclosed by the outer line of the 

curve t^ = a^cos|d is [Colleges, 1876.] 

37. In a hyperbola, C is the centre, A the end of the transverse 
axis and P any point (a;, y) on the same branch of the curve as A ; 
prove that twice the area of the sector CAP is 


38. Show that the area contained between a hjrperbola, any wingent 
and a line parallel to the asymptote which bisects the part of the 
tangent intercepted between the curve and the asymptote 

= ■2 “I')* 

and is constant. [Tbinitt, 1886.] 

39. Prove that the area of the curve 

(vp 1 

®”( 1 ^~2 ( 1 + y *)* 

is [Math. Tkifos, 1882.1 

40. Show that the area cut off from the ellipse 

ay? 4- 4 - = 1 

by the line Za; 4- my - 1 is 

aj8(d-sin 6 00 s 6), 

where a, p are the semiaxes of the ellipse and 

cos 

Jarr? 4 - hl^ ~ 2hlm 


[Cotxegbs, 1892.] 
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41. Trace the curve whose equation is 

and prove that the area between the curve, the axis of x and a 
tangent parallel to the axis of y is 

— (2n - 1 - log 2n). 

4w ® ^ [St. John’s, 1885.] 

42. Show that in the curve 

^2 = sec 26 log (2 cos^ 6) 

the area between the curve and the lines 0 = ±-J-7r is 

[St. John’s, 1886.] 

43. Find in integral form, and completely, the area enclosed 
between two confocal conics and two given radii from the centre. 

[Trinitv, 1881.] 


44. Prove that the area of each of the two equal and similar 
pieces of the ellipse x^la^’\-y‘^jP — \ which are cut off by the hyper- 
bola = 1 (a < is 


db sm”^ 




- afS sinh”^ 


(a*/3* + a*J2)*‘ 

[St. John’s, 1887.] 


45. Prove that the areas of the two loops of the curve 

r2 - 2a? cos 9 - 8ar + 9 d ^ = 0 
are (32?r + 24\/3)a2 and (16?r- 24N/3)a2. 

[Math. Tripos, 1875.] 

46. The area between two tangents to the same convolution of 
an equiangular spiral at right angles to one another, and the curve, 

“ PP'+i(f-p'*)aot2y, 

where jt?, f are the perpendiculars from the pole on the tangents and 

y is the angle of the spiral. [Colleges, 1882.] 

47. A circle with centre at the origin cuts the loop of the Folium 

g^^^-Saxy — O, If the angle subtended at the origin by the 
common chord equals oi _ i 

2 tan’ll -Y — > 

2^ + 1 

prove that the area between tbe loop and the circle is 


[Colleges, 1885.] 
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48. The centre of a circle of constant radius amoves along a fixed 
straight line AB in its plane, and from A a fixed point in the line 
a tangent A P is drawn to the circle. Show that the area included 
between the locus of P and its asymptotes is 

[Math. Tripos, 1882.] 

49. Show that the curve 

/I 

has three loops, whose areas are 

a2(|7r + 2V3), a2(«^-|s/3), 

respectively. [Colleges, 1892.] 

50. Show that the area of the Cassinian 


is 

but is 


r* - 2aV2cos 20 + 

r 

- a^sin'^ d<l>f provided 6 > a, 


i 


<f>d^ 

0 N/a^-&^sin2<^’ 


when a>b. 


[Math. Tripos, 1883.] 


51. Prove that the area of the first negative pedal of an ellipse 
with respect to the focus is 

5ra8(2-3e*) 

27i:> 

where a and e are the semi major axis and the eccentricity of the 
ellipse. [CoLijiGEs, 1892.] 

How do you interpret this result if e < ^ ? 

62. Find the area of the curve whose Cartesian equation is 

a2 (y - zY = (a + xf (a - z). 

[Math. Tripos, 1896.] 

63. Find the value of f v* dz, being the real root of the cubic 

Jo 




[Colleges, 1872; R. P.] 


64. Find the area in the first quadrant bounded by the axes of 
coordinates and the curve 

sinh"^ - + sinh“^ f = c, 
a 0 

taldng a, b, c all positive. 


[I. C. S., 1897,] 
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55. Trace the whole curve 

{a - a;) (a? - h), 

where 0 < & <a, and find its whole area. p[, 0, S., 1898.] 

66. It is given that the abscissa ON and ordinate NF of a point 
on any arch of a cycloidal arc are a{6 - sin 6) and a(l - cos ^). NF 
is produced to Z so that NK^2a, and the rectangle ONKA is 
completed. Prove that the area included by ON^ NF and the 
arc OF never differs from three-fourths of ONKA by more than 

-g-v3 ; and find for what positions of F the difference vanishes. 

[I. C. S.. 1912.] 

57. Trace on squared centimetre paper the curves 

taking a - 10 cm., and estimate the area of a loop of each curve. 
Provethat 

and hence calculate the area of a loop of the second curve. Find alse 
the area of a loop of the first curve. Give each area to the 
nearest square centimetre when a is 10 centimetres. 

[C. S., 1913.] 

58. Obtain the area contained between the two curves 

f®cos 2^ = 4^*cos^ 6 and r^cos 2 ^ 

[Om I P., 1912,] 

59. Show diat the area of the loop of the curve 

is equal to «®/14. [Oxf. I. F., 19U.] 

60. Prove by any method that the area of the ellipse 

{o(a! - 2) 4- 3y}« + 4<a; + l)(aj - 2) « 0 
is independent of at, and find the area. 

Prove also that the straight line divides the ellijse 

x^ -f 3/ ~ 6y into two areas which are in the ratio 

4ir - : Sa- + 3 n/3. [Ojot. L P., 1916.] 

61. Trace the curve 

r cos fit sin 3d, 

and show that the area of a loop is 

|o*(9V3 - 4ir). [Math. Imp. L, 1919.] 
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62. Show that the curve r=o(2cosfl + cos3^) has three loops, 
the area of the larger loop being ^ and the areas of the 


two smaller loops being 


57r-9>/3 

- 24 -' 


[I^Iath. Tbip. I., 1916.] 


63. Show that the coordinates of any point on the curve 
may he taken as 

a; = a sin 3^/sin y = a sin 3^/cos 

and prove that the area of the loop and the area between the curve 
and its asymptote are both equal to 3^/3a2. [Math. Tbip. I., 1916.] 

64. Show that the area of the loop of the curve 

(a^ + - 4aa^ = 0 

in the positive quadrant is [Math. Tbip. 1., 1920.] 

65. Having established Simpson’s Buie, that if 

y = y(x)=aQ + a^x + 

then £ y = T {y (0) + y (1) + 4y <i)}, 

prove that if y(x) also contains a term the error in still using 
Simpson’s Buie is 1 


[Math. Tbip. I., 1920.] 
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QUADRATUEE (II). 

TANGENTIAL POLABS, PEDAL EQUATIONS AND PEDAL 
CURVES, INTRINSIC EQUATIONS, ETC. 

416. Other Expressions for an Area 

Many other expressions may be deduced for the area of a 
plane curve, or proved independently, specially adapted to 
the cases when the curve is defined by systems of coordinates 
other than Cartesians or Polars, or for regions bounded in a 
particular manner. 

To avoid continual redefinition of the symbols used we may 
state that in the subsequent work the letters 

Vy r, 6, 5, p, p 

have the meanings assigned to them throughout the treatment 
of Curvature in the author s Differential Calculus, 

417. The (/?, s) formula. 



Let PQ be an element 8s of a plane curve and OY the per- 
pendicular from the pole upon the chord PQ. Then 
^OPQ^^OY.PQ, 
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and any sectorial area 

^Lt 1 :aOPQ = iLtlOY. PQ, 

the summation being conducted along the whole bounding 
arc. In the notation of the Integral Calculus this is 
This might be deduced from the polar formula at once- 


For 4=gjr*<?0 = ||r‘^(fe=i|rsin^<fe= ijyds, 

where <j> is the angle between the tangent and the radius 
vector. 


418. Tangential-Polar Form {py yj/). 

* . . ds . d^p 

Again, since p=^=p+^, 


we have Area = i jjj (fe = iJjjp = dyfr, 

a form suitable for use when the Tangential-Polar {ie. p, 
form of the equation to the curve is given. 

This gives the sectorial area bounded by the curve and the 
initial and final radii vectores. 


419. Caution. 


In using the formula 



care should be taken not to integrate over a point, between 
the proposed limits, at which the integi-and changes sign. 
If such points exist the whole integration is to be conducted 
in sections along each of which the sign of the integrand is 
permanent. The results for the several sections are then to 
he taken positively and added together. When a point of 

inflexion is passed p + 
and changes sign. 


d^p 


passes through an infinite value 


420. The Case of a Closed Curve. 

When the curve is closed the formula admits of some 
simplification. 
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For integrating by parts 



In integrating round the whole perimeter the term between 


square brackets, viz. 


i disappears, for it resumes the 


same value as it originally had when we return to the 
starting-point after integrating round the contour of the 
curve. Hence, for a closed curve, 


42L Ex. 1. Let A^CA^ be one foil of the epicycloid p^A^inBylr and 
OAi the initial line. Then p vaniishes if Byjr^O, ?r, 2?r, ... . 



Therefore, for the area bounded by OA 2 and a foil of the epicycloid, 

viz. the kite-shaped figure OAiCA^O in Fig, 62, 

■■ » 

AraB=|jf AAa5<ji{AsiaBtlr—JLB^^.B4')d4' 
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Thus, for the whole cardioide, which is a one-cusped epicycloid formed 
as the path of a point attached to the circumference of a circle of radius 
a. rolling upon an equal circle whose centre is at the origin 0, 

p=3aain j . (See IHf. Calc.^ p. 345.) 

And the area is 

|(3a)*x3(l-|)=65ro*. 

Ex. 3. Otherwise, the cardioide }j=3asia ^ is a “ closed ” curve. 

JLiet us apply the second formula 

The whole area=| J ^9a*sin*~--a®co8®^^ef>^ taken between limits 

^=0 and \j/=ZT, 

Putting this becomes 

^jr(9sm2^~cos2^)rf^ 

=3a*(9| I |)=6»-a‘. '>efore. 

422. Pedal Ounres. 

If p be the tangential-polar equation of a given curve, 

is the angle between the perpendiculars from the pole 



upon two contiguous tangents, and the area of the pedal 

curve may be expressed as 

Lt i SOPdV' =i i.e. W. 
p, ^ lifting the polar coordinates of Y. 
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423. Ex. Find tlie area of tlie pedal of a circle with regal'd to a point 
on the circumfereoce (i.e. the cardioide). 

Y 



Here, if OF is the perpendicular on the tangent at jP, and OA the 
diameter =2c, it is geometrically obvious that OP bisects the angle A OF. 

Hence calling A OF, xj/, we have for the tangential polar equation of the 
circle 

^=Or=Oi» eos|=OJ cos*|, 


ie. 


p=2ccos2^. 


Hence Area= ^j4c2co8^“d^, where the limits are to be taken as 0 


and TT, and the result is to he doubled so as to include the lower portion 
of the pedal. 

Then , 


A=4c2 f cos*^d^=4c*.2 Pco3^PdP=8c2 | \ 

Jo 2 ^ Jo 4 2 2 2 


424. Area boimded by a Carre, its Pedal and a Fair of Tangents. 
Let P, Q be two coatigaous points on a given curve ; Y, Y' the 
corresponding points of the pedal for any origin 0 (Fig. 65). 

Then since, with the usual notation, PY = ^ , the elenaentary 

oy 


triangle bounded by two contiguous tangents PF, QY\ and 
the chord of the pedal YY% is to the first order of small 
quantities 

2\d^J 
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Hence the area of any portion hounded by the two curves 
and a pair of tangents to the original curve may be expressed as 




and is the same as the correspmding portion of the pedd of the 
evolutOy for Pr = the perpendicular from 0 upon the normal 
at P (Fig. 66). 


425. Pedal of Evolute of a Closed Curve. 

In the case of a closed curve, then, the equation 



Fig. 66. 

Let 0 be the pole, AP an arc of the dosed oval, BQ an arc 
of the evolute, P, Q corresponding points on the curve and the 
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evolute, OY, OZ, perpendiculars from 0 on the tangent and 
normal at P. 

Then the Y locus is the pedal to the curve, the Z locus is 
the pedal to the evolute. Hence the equation 

1 j’p*<iV.=area of oval+i j(^)V 

expresses 

(A) That the area of the pedal of the owd 

=area of the oval + the area of the region between the 
oval and its pedal, 

(B) That the area of the pedcd of the ewxd 

=area of the <waZ+the area of the ped^d of the evolute. 


426. Additional Eesnlts. 

Further, since 

area of pedal = area of J(^) 


and area of pedal = 
we have upon addition 


2 X area of pedal=area of oval-h| 
=area of ovalH-- 


or 


=area of oval+ 


Ifrs , 


ie, the area of the pedal of a closed curve with regard to any 

origin within it exceeds half the area of the curve by j J— 

This result may be regarded as giving an interpretation for 
the integral 


or J— ds, 


an expression which figures in the discussion of roulettes. 


427. Geometrical Proofs. 

These facts may be established by elementary geometry thus. 
Let Pj, Oi, Yp be the contiguous positions to P, Q, Y, Z on 
the respective lod, and let YP, Y^P^ intersect at T and YP, 
OYiati^r. 
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Then 

A OFP- A OYiPi- (A Or]V+ A ONP) 

— (A A A^yiT-f-quadrilateral OPTPi) 

= A 0 FjV — A — quadrilateral OPTP^ 
=sectorial area OFF, —sectorial area TYY^ 
—quadrilateral OPTPy. 



And summing for a closed oval, 

2(A0yP-AOFiPi)-0; 

/. 20yFi=2rFF3+20PTPi, 
and A OZZj = A TYY^ to the first order ; 

20Fyi=20ZZi+area of oval 
or =2rFr'+area of oval, 

ic, area of pedal of evolute, or areal =area of pedal of oval 
between pedal and oval J —area of oval. 

428. Ex. 1. As an illustration, consider the central pedal of the 
evolute of an ellipse. 

Area of pedal of evolute = area of pedal of ellipse— area of ellipse 

=J(a;2+5f!)„^a6 

z 
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Ex. 2. The pedal of a circle of radius c and centre C with regard to a 
point 0 on the circumference is j*=c(H-cos 0), a cardioide. The e volute 
of the circle is a point, viz. the centre. As the current point P travels 
round the circumference of the circle once, the path of Zy the foot of 



the perpendicular upon PC travels round its path (viz. a circle on OC 
for diameter) twice. The pedal of the evolute is therefore the tmce 

deicrihed circle of radius ~ . 

And 

area of cardioide = area of circle radius c+* 2 x area of circle of radius | 
429. Pedal Banation (p, r). 

When the relation between r is given, ie. the pedal 
equation, Tve have 


Area = IJp &= Ijp ^ sec ^ 


-If fP 
2 ^ 


,dr. 


This again gives the sectorial area between the curve and a 
definite pair of radii vectores. 


Again care is required in the use of the fortnula to avoid 
integration through a value of r for which sec^ changes 
si^, t.e when ^ changes from acute to obtuse as it will do at 
points where r has a maximum or minimum value. If such 
^ints occur, the integration must be conducted separately’ 
for each of the portions into which these points divide the 
penmeter and the results taken positively added together. 
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430. Ex. 1. In the equiangular spiral jt)=rsm a, and any sectorial area 


1 ? '^sm a 

rcosa 


rfr=|(rj2-r,»)tan 


a. 


9 *^ 

Ex 2. Find the area of the lemniscate 



Taking limits from r=0 to ?•=«, we get a result — . 

This gives the area of half a loop. 

The whole area is four times this result, viz = a?. 

Note, that if we integrated through the maximum without change of 
sign of the I'adical from r=0 to 9*=0 again, we should obtain a zqvo 
result— i.e. the diference of the two halves of the loop instead of the sum 
as desired 


431. Area included between a Curve, two Badii of Curvature and 
the Evolute. 

In this case we take as our element of area the elementary 



triangle contained hy two contiguous radii of curvature and 
the infinitesimal arc Ss of the curve. 

To first order infinitesimals this is ^p^Syjr, using the same 
notation as before. 



448 


CHAPTEE XHL 


%.e. 


or 


And area required 

= i|/o*<iVr, or 

or other forms adapted to the particular species of coordinates 
in use. 

For instance, for Cartesians 

= '•'■ere y..|. 

or for Polars 


If <y»+riT 

If (r*+r,*)S , dr 

= ’'‘= 50 ' ’'*= 3 ^. 

etc. 


dJh‘ 



432. Es. 1. The area between a drcle, an involute and a tangent to 
the circle is (Fig. 70) 
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Ex. 2. The area between the tractrix and its asymptote is found in 
similar manner. The tractrix is described in Diff, Calc,^ Art. 444. The 
portion of the tangent between the point of contact and the ^-axis is of 
constant length c. 



Taking two adjacent tangents and the axis of .r as forming an elementary 
triangle (Fig. 71), 

Area=2 

T 

“ 2 • 

433. Area swept hy a ‘‘Tail.” 

In exactly the same way as in the last example we may find 
the area swept out by a “ tail ’’ of length varying according 



to any specified law measured along a tangent from the point 
of contact. 

Let the length of the tail be ^(s). Let be at the 

distances ^(s), ^{a+Ss) measured along the tangents at 
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contiguous points P and Q respectively from the points of 
contact. Then the area of the triangular element bounded 
by the two contiguous tails and the arc PiQi is to the first 
order 

and the area swept out by the tail is 


If ^( 5 ) = a constant = c, Area swept = ijc2d\/r, and for a 


closed oval of continuous curvature = viz. the area of 
a circle of radius c. 

If the tail be of length equal to the corresponding radius of 


curvature, the area swept out = g ^ Jp 


434. If lengths be taken along the normal drawn outwards, 
and specified in the same way, viz. ^(s), the area between 
the original curve and the locus traced is 

(^)}® - P^3 = j 0 («) ^ j 



or if the distance ^(s) be on the inward drawn normal 
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435. Parallel Curves. 

If, in this case (Art. 434), ^($) be constant =c, a ‘ parallel' 
to the original curve is traced, and the area between a curve 
and its parallel will be found from 



and for a closed oval of one convolution surrounding the pole 
this becomes cs ± 5 being the perimeter of the oval, the 

positive sign being taken for exterior parallels, the negative 
sign for interior ones. If the normal makes n revolutions 
before returning to its original position, the area swept over 
by PPjL will be numerically 

cs±.nir(^, 

436. (General Case. 

More generally, let us construct a new curve from a given 
one by measuring a distance a along the tangent from the 
point of contact, in the direction of measurement of the arc, 
and a distance ^ through the extremity of a, parallel to the 
outward drawn normal at P, and let the point at which we 
arrive be called Q] a, ^ not necessarily being constants. 



Then if x, y be the coordinates of P and yj those of Q, and 
if y^r be the inclination of the tangent at P to the initial line, 
cc+a cos sin fj = 2 /+a sin /S cos yjr. 

Then d^=dx+ {da cos ylr-\-d/3 sin x|r)+ (— a sin + j8 cos yjr) dyfr, 
dvj = dy+{da sin^/r — cos\//’)+(a cos\/r+ j3 sin\/r)(i!\/r ; 
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/. jy — jy (a; + a COS x/r + jS sin xjr) {dy + (<? a sin x//* — cos \fr) 

+ (a cas \fr+j8 sin \/r) dyjr} 

— (y +tt sin \fr—j8 cos \fr) (dx+(da cos x/r+d/S sin x/r) 

+ (— a sin x//*+^ cosy/r) d\fr} 

= cciy— i/(Za;+{(a cos x/r+ ^ sin x//*) sin x/r 

—(a sin x/r— /3 cos \f^) cos x/r} (is 
+x(da sin \lr—dj8 cos x/^) — y (da cos x/r -f-(i^ sin x/r) 

+05 (a cos x/''+j8 sin x/r) d\jr 
—y{’-a sin x/r+y8 cos x/r) cix/r 
+(a cos x/r+j8 sin x/r) ((ia sin x/r— (i/3 cos x/r) 

— (a sin x/r — ^ cos x/r) ((ia cos x/r +(ij8 sinx/r) 
+ (a2+i32) (ix/r 

(for (ia5 = £fecosx/r, (iy=(issinx/r) 
= (xdy — y (fo) + 2^ (is+ (j8 da — a djS) + (a® + j8*) dx/r 
+d{a;(a sin x/r — ^ cos x/r)} 

— d{2/(acosx/r+^sin x/r)}, 

a term {— <ia;(a sin cos x/r) +(iy (a cos x/r+ ^ sin x/r)}, 

that is ^ (b having been added and subtracted in the 
arrangement. 

Hence, if A and be the corresponding sectorial areas 
swept out by the radii vectores OP and OQ, 

4 - ) *+i 

+i[®('7— y)— y(^-a;)], 

the portion [ ] being between limits corresponding to the 
beginning and ending of the arc traced by P. 

If the cnrves be closed this term disappears, and 

This formula of course includes the foregoing ceases. 

Thus, for parallels a=0, ^=(J, and the oval being closed, 

as before. 



POLAR SXJBTANGENT. 


453 


487. Polax Sabtangent. 

The area bounded by any portion of a given curve, two 
tangents, and the corresponding portion of the locus of the 
extremity of the polar subtangent is given by 


where 


r, — To “ 1 /\A* 


For if or be the polar subtangent corresponding to a point 



Fig. 75. 


P, the point of contact of the tangent, we have with the usual 
notation PT sec <p, 

and Area swept by PT == ~ Jpr®d\/r 

=~Jr®sec^^ dyfr 


2JV^' 


•f+2T^i-rr^de, 
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the limits being the initial and final values of 0 for the 
arc specified. 

For a closed curve this area therefore exceeds twice the 
area of the original curve by 


438. Intrinsic Eanation. 

When the intrinsic equation is given, viz. 

S'=/(^). 

the area bounded by the curve, an initial tangent, and an 
ordinate from any point of the curve to the same, is given by 

^ = 1 f/Xx)/ (") cos X sin ft) dx da), 

Jo Jo 

it being assumed that the integrand is finite and continuous 
and does not change sign within the limits of integration. 



This is merely a transformation of 


A 


=^ydx. 


For ^=sin)/^ and = | sinv/^ds=| f'{\{r)siny}rd\}r 


Also 

Hence 


= 1 sin 0 ) c?ft). 
Jo 

dx = COS\jr ds=f(\J/) COS\/r 

A 


= I f'(^) cos yjr (o)) sin o) cZco} dy}r. 

=fV'(x)cosx{£/(ft)) sin w d.]dx. 


This may clearly be written 
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439. Ex. Taking as a test the case of the circle 
jf^ cos X 8111 ^ <3?x (^<t> 

=a2 cos X [^ - cos c?x 

=a2j^ cosx(l“COSx)c?X 

which may readily be verified otherwise. 



440. Closed Oval. 

If the area be a closed oval and 0 a point on the circum- 
ference, viz. the starting point for the measurement of s, 
we may obtain the area of the whole curve by integrating 

— cos\/rc2s round the whole contour, and our formula may 
be written pa* ro 

/'(x)/(a))cosx8ina)cZx<io), 

Jo Jx 

the integrand being supposed finite and continuous through- 
out, and the curve $ ==/(V^) having no singularities. 

441. Closed OvaL Another Fonn 

Another form may be given for the area of a closed curve 
whose intrinsic equation is $ =f{yiy)> 



Measuring $ from the point at which = we have at any 
point ri, where the inclination of the tangent to the initial 
tangent is x, and the element of arc efej, 

dn 



456 


OHAPTEB Xm. 


*=[ cosxd«i=f COS x/'(x)‘^x» 

Jo Jo 

2/=|* 8inxdSi=£ sinx/'(x)«^x; 

/. xdy-^ydx 

x/(x)<ix]8iii V' sin x/'(x) ^x] ^ cis 

= Q V' (x) siQ (^ - x) <^x] : 

/. area of curve 


= ^|(a;dy— 3/ dx), taken round the perimeter, 

=|£/' W[jV(x) sin 

or, as we may write it 


= 2 lo lo f'Wf'(x) sin - x) dir dx, 

it being understood that the first integration is with regard 
to Xi considering \Jr a constant, from 0 to yjr, and then the result 
from 0 to 27 r with regard to yfr. 


Also /'(x)8in(V^-x)dx 

Jo 

may be integrated by parts, and becomes 

= [/(x)sin (V"-x)J+£/(x)cos(i/»— x)<^x 

= £/(x) cos (ir - x)dx, for/(0) = 0. 

Hence the result may be exhibited as 


^ lo Jo ii'-x)dir dx, 

it being understood as before that the first integration is with 
regard to x 0 to \//. 


442. If the curve be not closed, and the limits for \j/ are 
from \/r = a to = ^, we find by these formulae, a sectorial 


nrVEBSE CURVE. 
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area bounded by the arc and two specified radii vectores, viz. 
from the origin to the points where — a and V^=j8, and 


443. Inverse Curve. 

If the points P, Q be contiguous points on a curve, and F, Q' 
their respective inverses, k being the constant of inversion 



and 0 the pole, we have for any sectorial element OP'Q' of 
the new curve, 

area OFQ' = iOP'.OQ' sin to the first order 
k^ 1 

= -g- ^ 50 to the first order, 
and the area of any sectorial portion of the inverse is 




r being the radius vector of the original curve. 


Ex. Thus the ai'ea of the inverse of with regard 

to the origin is v 


It will be noted that this amounts to performing the inver- 
sion first, and then finding the area as so that our 

k^Cl 

formula little additional convenience. 


444 Locus of Origins of Pedals of given Area, 

Let 0 be a fixed point. Let p, be the polar coordinates 
of the foot of the perpendicular OY upon any tangent to a 
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given curve. Let P be any other fixed point, PY-^ ( = pj), the 
perpendicular from P upon the same tangent. Then the areas 
of the pedals, with 0 and P respectively as origins, are 

and 

taken between the same definite limits. Call these A and 
respectively. Let r, 0 be the polar coordinates of P with 
regard to 0, and x, y their Cartesian equivalents. 



Then cos [G —yp-) —p-^xcosyp—ysm yp, 

and j) is a known function of yp. 

Hence 


2Ai = ^pi^ v/r = |(^ —a? cos yp^ y sin ypf d\p 
= ^p^dyp — 2x cos yp d\p ~ 2y ^p sin yp dyp 

+a:®|cos2>/r dyp+2xy^cosyp sinyp dyp+y^^sin^ypd^ 
Now 2|^cos>/rd:\/p, 2^pmiypdypy Jcos2\/rd\/r, etc., 


taken between such limits that the whole pedal is described, 
will be definite constants. Call them respectively 
-2g, -2/ a, 2h, h, 

and we thus obtain 

2^1 = 24 + 2gx-\- 2fy + ax^ + 2hxy + hy^. 
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If then P move in such a manner that is constant, its 
locus must be a conic section. 

By Article 342, 


d\p 


{ 1^ r (•«/' 

sin^x/r dyp >|j cos \p sin x/r dyp j , 


i.e. 


ab>hK 


Hence this conic section is in general an ellipse. 
Moreover, its centre being given by 
ax+hy+g=0. 


^+%+/=0, 

its position is independent of the magnitude of 

Hence for different values of A^ these several conic-loci 
will all be concentric. We shall call this centre Q 


445. Closed Oval. 

Next suppose that the original curve is a closed oval curve, 
and that the point P is within it. Then the limits of inte- 
gration are 0 and 27r. 

Thus ^ “ 1 ^ ~ J ^ ~ ^ 

f S"- 

cos yp sin yp dyp = 0. 

Hence the conic becomes 

IT (5C* + y®) + 25a: + 2/2/ + 2 (4 -ill) = 0, 

that is a circle whose centre is at the point 


fcoayjr dyp', psiuypdyp. 

Now, if X, y be the point of contact of the tangent, viz. Q, 


dyp’ 


and a; = pcosx/^-- ^sinx//-, 
2/ = p sin x/r 


dp 


by projecting ^ upon the 
coordinate axes; 


Jr ^ cos x/r dx/r —[p sin x/r] + Jp cos ypdyp = 2jp cos yp dyp, 
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jt/ d\l/ = sin xjr dyjr+lp cos sin >/>* = 2|y sin\/r dy^t, 


for the portions in square brackets disappear in integrating 
round the whole curve. 

Hence the coordinates of the centre of the circle may be 
written 


or 

or I0. 


or if-ds,] , 

^ I where - is the curvature 

or at the element ds. 


446. Another Determination of the Centre 
If the original curve be regarded as a material curve of uni- 
form section ay and with a density proportional to the curvature 

k Jr 

at each point, = say, the mass of each element 8s is ~ co Ss, 

P p 

and the formulae 


- 'Zmx _ Smw 


2m ' 


2m 


of Statics show that the centroid of any arc of this curve is 
given by 



Hence the point li, which is the centre of these loci, is 
identical with the centroid of a material wire of fine uniform 
section, bent into the form of the original curve, and having 
a density proportional to the curvature at each point, or, 
which comes to the same thing, having uniform density and 
cross-section infinitesimally small but proportional at each 
point to the curvature. 
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447. Connection of Areas. 

The point Q having been found, let us transfer our 
origin from 0 to fl. The linear terms of the conic will 
thereby be removed. Thus Q is a point such that the integrals 

cos yfr dxjr and Jp sin yfr dyj/, 

where p is now measured from Q, both vanish, and if 11 be 
the area of the pedal whose pole is Q, we have for any other, 
2Ai=2TL+a(x^+2hxy+by^ in the general case, 
and 2^i = 2n+7r(a;2+2/^) in the particular case, when the 
oval is closed. 


mv , . . 27r(.4i— 11) (Smith, Conic Sections, 

The area of the conic is — ; / -v. ■■ • ^ ^ v 

Job-h^ Art. 17J ) 

Thus, in the general case, 

Ai=^IL conic. 


And in the particular case of the closed oval, 

jdi= 11+ 

where r is the radius of the circle on which P lies for constant 
values of ill, the distance of P from Q. 


448. Position of the Point for a Centric Closed Oval. 

In any oval which has a centre the point f] is plainly at 
that centre. For when the centre is taken as origin, the 
integrals 


Jp cos dx//- and ^pain\jrd\}r, 




both vanish when the integi*ation is performed for the com- 
plete oval, opposite elements of the integration cancelling ; or, 
which IS the same thing, the centroid of a material centric 
oval curve for a law of density, which varies as the curvature 
at each point, is obviously at the centre of the oval. 


449. Origin for Pedal of Minimum Area 
When is taken as origin, it appears that 

2 J .1 — 211 + J(a; cos >Zr + 2 / sin yj/'f dy^ 

Hence, as the term J(a; cos^/^+y sin\/r)2d\//' is necessarily 
positive, it is clear that Ai can never be less than H. 
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f2 is therefore the origin for which the corresponding pedal 
curve has a minimum area. 

450. A Statical View of the Case 

Let 0 be the origin, QR8 the closed oval, OY the perpen- 
dicular from 0 upon a tangent to the curve. Let P be any 
other point, and f) the centre of gravity of the curve, QRS 
having a density at each point proportional to the curvature. 



A theorem by Lagrange (Routh, Statics, vol. i Art. 436) 
states that if m^, m 2 , ... be the masses of a system of 

heavy particles at Q 2 , Q^, ... , and their centre of gravity, 
and if P be any other point, then 

^iPQi^+m2PQ2^+m,PQ^^+ ... = m^QQ^^+m2nQ2^+m^nQs^ 

+ . . . + mg+ma + . . .) f2P2. 

Applying this theorem to our curve of density — , uniform 
small section w, and total mass Xkco, say, ^ 

Now it has been proved in Art. 426 that the area of the pedal 
of a closed oval exceeds gthe area of the oval by ij-cfo. 

pedal with regard to P = 1 oval + 1 f ds: 

■4 4J p 

and pedal with regardto Q=ioval 4.if^ds; 
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/. pedal with regard to P = pedal with regard to +“j- 

and Xifcco = mafss of curve = |-co ds == kca^dy]/- — 27 rku } ; 

X = 27r. 

/. pedal with regard to P = pedal with regard to Q+^PQ^. 


Hence we are led by statical considerations to the same 
result as already obtained, viz. that the loci of the origins P, 
of which the pedal curves of a closed oval are of constant 
area, are concentric circles, their centre being the origin of 
the pedal of minimum area and the centroid of a fine wire 
bent into the form of the oiiginal oval, and having uniform 
cross-section and a density varying as the curvature. 


niustrative Examples. 

Ex. 1. Find the area of the pedal of a circle with regard to any point 
within the circle at a distance c from the centre ie. a lima 9 on, 

TT 

Here + 

and II.=Tra^. 

Hence 

Ex. 2. Find the area of the pedal of an ellipse with regard to any point 
at a distance c from the centre. 

In this case, 11 is the area of the pedal with regard to the centre 

Hence 

Ex. a The area of the pedal of the cardioide r=a(l-cos6^) taken 
with respect to an internal point on the axis at a distance c from the 
pole is o- 

— (5a“-2ac+2i!®). [Math. Tbipos, 1876.] 

Let 0 be the pole, P the given internal point ; p and pi the t-wo 
perpendiculars OFj and PTy upon any tangent from 0 and Prespectively ; 

^ the angle T^OP sxtdi OP=c \ then pj=p — c cos and 
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Now, in order that p may sweep out the wliole pedal, we must integrate 
between limits = 0 and <#> = '^ and double N o w in the cardioide (Fig. 82) 

p — OQ am T^QO—OQ sin J xOQ. 



For 

Hence 


So 

Hence 


T^QO=\xOQ^l, 


0 0 

;? ==r sin I = 2a sin^ ^ = 2a cos® | 

Jp cos <l> d<t>-2 2a cos®^ cos cj> x 3 cos®z cos Zzda 

= 12a 1^4 cos® 2-3 cos® 2 ^ dz 

-12aL4.6.4.2. 2-3.-.^.-J=_ 


Also fc 2 co 32 <^cZ<^= 3 . 2c2.i . ^=2^. 


J ‘ ^ 


Finally, 2i = 2 J^4a2cos«^c?<^=24a2 cos® 2 cfe; 


A = l2a^l ^ 1 . 5 = 
6 4 2 2 


ISTTa® 
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Thus, 

(5a®-2ac+2<!*). 

Ex. 4. Let Ay By (7 be any three points and P a fourth point whose 
areal coordinates are ss, y, z when the triangle ABC is regarded as the 
triangle of reference. To find the relation of the areas of the pedals of 
any closed curve with respect to A, By G and P. 

Let [.4], [.B], [O'], [P] represent the areas of the pedals. Let Jt, F, Z be 
the areal coordinates of fl, the centre for the pedal of minimum area. 

Then [J]=[f2] + 

[P] = [f2]+i7rPn2; 



Now (Ferrers’ TrUinewt, p. 6) the distance from x, y, 2 to X, T, Z is 
given by 

Pa»= -a*(y- F)(2-X)-6»(2-X)(2-X)-<!*(a;-Z)(y- Y) 
and 402= -o2(0- T)(fi-Z)-¥{(i-Z){\-X)~(?{\- X){0- Y) 

= -a*YZ-h"‘ZX-<^XY+lfiZ+a‘Y, 

JSQ2- -VZX-<?XY-a^YZ+<?X+a^Z, 

<702= _o2X7-a2FX-i*2X+a2r+62Z ; 

PQ2-®402-y5Q2-2CQ2= -a^z-V‘zx-<?xy. 

Now, if S=a^yz+l^zso+e^xy, S—0 is the equation of the ciroumcircle, 
and S is equal to minus the square of the tangent from the point (x, y, z) 
to the circle S—O if the point lie without the circle, or to the rectangle of 
the segments of any chord through x, y, z if within. Therefore with this 
meaning for S, [;p]=[^]a,+[5]y+[C]2-42-& 
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PROBLEMS ON QUADRATURE. 

1. Interpret geometrically I in of the curve 

r-m 

Prove that the value of j* dp, taken all round an ellipse 

whose semiaxes are a, b, and whose centre is the pole, is 7r(a - h)K 

[Oxford I. P., 1903.] 

2 Use the pedal equation of an ellipse, viz. + to 

show that the area of the portion of an ellipse included between 
the curve, the semi-major axis and a central radius vector r, is 


a, h being the semiaxes of the ellipse. [Collkobs, 1882.] 

3. Find the area of the part of the ellipse p* (2a -r)s=5V included 
between two focal radii vectores drawn, one to an extremity of the 
minor axis and the other to the nearer extremity of the major axis 

[Oxford I. P., 1889.] 

4. Find the area included between an ellipse and its evolute and 
hounding radii of curvature, the one coinciding with the major axis 

and the other inclined at an angle of ^ to it. 

[Colleges, 1884, and jS, 1888 ] 

5. Through every point of an ellipse a line is drawn outwards 
normal to the ellipse and equal to the radius of curvature at the 
point. Show that the area of the curve thus obtained is 

2ab ' [Colleges a, 1891.] 

6. Show that the area of that part of the evolute of an ellipse 
^eccentricity > which lies outside the ellipse is 

^4^4 (g^ -f- ~ 3pY dp 

J />3 ( 0^2 + 52 _ ^)2 7 „ 52 ) (^2 - p ) ' 

[Colleges, 1882.] 

7. Find the area of the pedal of the curve 

(ga;)^4-(5y)^ = (a2-52)^, 
the origin being taken at x = y = 0. 


[Oxford T. P , 1888 ] 



PROBLEMS ON QUADRATURE. 


467 


8. Show that the area of the space between the epicycloid 
B\j/ and its pedal curve taken from cusp to cusp is 

[Colleges, 1878.] 


9. Show that the area between an epicycloid and the arc of the 
fixed circle included between two consecutive cusps is 


71 ^ 

a 


(3a + 2&), 


where a and h are the radii of the fixed and rolling circles respec- 
tively. [Colleges a, 1884.] 

Show also that the area of the corresponding sector of the fixed 
circle is that of an ellipse with semiaxes the radii of the two circles. 

[OXTOED I. P., 1913 ] 


10. Show that the equation to a cycloid when one of the 
cusps is taken as origin is 

p = 2a (sin ^ ^ cos 

where a is the radius of the generating circle ; and find the area 
between the curve from cusp to cusp and the corresponding arc of 
the pedal with regard to a cusp. [Oxfoed II. P., 1903 ] 

11. Show that the area bounded by that portion of the cardioide 
=a^ sin which lies in the first quadrant, the terminal tangents, 

and the corresponding portion of the locus of the extremity of the 
polar subtangent, is 

3^2(10 - 37r)/16. [Math. Teipos, 1896.] 

12. Show that in the curve in which the area bounded by the 
curve and the radii vectores from a certain fixed point varies as the 
square of the length of the bounding arc, the radius of curvature 
varies as the projection of the radius vector on the tangent. 

[Colleges a, 1891 ] 

13 The pedal of a cycloid with regard to any point on its axis 
meets the cycloid at the vertex A and cuts the tangent at the cusp 
in Q\ find the area between it and the chord AQi and prove that 
this area is least when the origin is the middle point of the axis. 

[St. John’s, 1883 ] 


14. An elliptic wire is pushed in one plane through a very short 
straight tube; find the equation to the locus of the centre, and 

prove that the area of each loop is where a and h are the 

semiaxes. [Colleges, 1886] 
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15. A point Q is taken on the normal drawn outward at a point 
P of a csatenary, the parameter of which is c Prove that if FQ is 
equal to the length of the arc of the catenary measured from the 
vertex to P, the area between the locus of Q and the catenary, and 
bounded by the normal at the vertex and by another normal inclined 
at an angle ^ to this, is 

16. Prove that the pedal of the cardioide r = a cos^g with respect 

to the cusp consists of two closed regions of areas A and P, A con- 
sisting of the inner loop and B being external to A and bounded 

by the outer line of the curve and such that ^A ■\‘B— . 

[COLLBGBS 7, 1899.] 

17. Prove that the area of the pedal of the curve + — with 

respect to the point (a, 0) is five times as great as the area of its 
pedal with respect to the origin. [Oxford II. P., 1899.] 

18. The tangent at a point P of a lemniscate cuts the curve again 
at Q, B. Prove that the middle point of QE is at the same distance 
from the nodal point as P ; and that the equation to its locus is 

(jlO {x^ - 2^2^ = ^ I ^8 ^ 4 (^4 _ ^ 

where + 

Show that it can be written = a^cos ^6. 

Trace the curve completely, and prove that the portion corre- 
sponding to the upper half of one branch of the lemniscate divides 
the other branch into two parts whose areas are in the ratio of 

6 - 3\/3 : 3^/3 — 4. [St. John’s, 1884.] 

19 Show that the area of a loop of the curve 

is a^^/2 

^ \3 ^ 2 J [Math. Tbifos, 1882.] 

20. The tangent at every point P of a closed finite curve is 
produced to Q so that BQ is constant. Find the area between the 
locus of Q and the original curve. How is the result to be explained, 
(i) if the curvature of the first curve is sometimes in one direction, 
sometimes in the opposite direction ; (li) if the curve cuts itself a 
given number of times. [;St. John’s Codl., 1881.] 
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21. A straight line of constant length c is drawn from each point 

of a closed oval curve making a given angle a with the normal at 
that point. Prove that the area of the curve traced out by the 
end of the line is 8 + Tr(^±lc cos a, 

where 8 is the area of the given oval curve and I is its length. 

[Coll. 7 , 1893.] 

22. Show that the area of the polar reciprocal of a curve whose 
equation is given in rectangular coordinates is 



a:, y being the coordinates of a point on the original curve. 

Apply this to find the area of the ellipse ^ “ ^* 

[COLLEOBS, 1886.] 

23. The area of a given closed oval curve is A ; the bisectors of 
the internal and external angles between tangents to it which meet 
at a given constant angle 2 a envelop curves whose areas are 

and A 2 ) show that cos®a -^A^ sin^a = A. [CJollbges 7 , 1888.] 

24. Prove that for any closed curve which has a centre, the area 

of the locus of intersection of tangents at right angles, and the 
area of the locus of intersection of normals at right angles differ by 
twice the area of the curve. [Math. Tbepos, 1888.] 

25. 0 being a fixed point, OF a radius vector of any curve, OP 
is produced to Q so that OP .FQ — a^, and A is the area between 
the locus of Q and the given curve. If .4' be the area of the inverse 
of the curve with respect to 0, the constant of inversion being a, 
show that A' -A is independent of the form of the curve. 

If the given curve be a circle, and 0 a point on its circumference, 
find the area of any part bounded by the locus of Q, the circle and 
two radii vectores from 0. [St. John’s, 1891 ] 

26. A circle rolls on the outside of an oval curve, the pedals of 
the curve, of the locus of the centre of the circle and of the 
envelope of the circle are of areas Aq, Ai, A 2 , respectively , prove 
that A 2 - 2 Ai + Aq depends only on the rolling circle. 

Show that if the area of the oval curve, of the locus of the centre 
of the circle and of the envelope of the circle be 8q^ 8 ^^ 82 respectively, 
A 2 - 2Ai + .Aq ~ 5^2 “ + 8q [Trinity, 1878.] 
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27. One of the curves given by the equation 

cuts the axis of x twice at the angle a. Prove that the area between 
the curve and the axis is 

{tan a sec a + log(sec a + tan a)}. [Oxr. I. P., 1912.] 

28. A curve concave to the axis of x is such that the product of 
the ordinate and radius of curvature at any point is constant and 
equal to (The Elastica, or Bent Bow). Prove that the maximum 

value of the ordinate is 2c sin where a is the angle at which the 

A 

curve crosses the axis of x, [Ox. I. P., 1903.] 

Show that the area which lies between the bow and the bow- 
string is 2c^ sin a. 


29. Show that the area of a closed curve, which is the envelope 
of the line a;cos + y sin is the value of the integral 

taken completely round the curve. [Math. Trip., 1898.] 


30. The 


integral -lJ(^ + ny)V 


is taken round a closed curve. 


n being taken equal to tan ^ or to - cot xj/f according as the one or 
the other is numerically less than unity. Show that the value 
of the integral differs from the area of the curve by the sum of 
the squares of the perpendiculars from the origin upon the tangents 
at the points where the integral changes form. [Math. Trip., 1898.] 


31. In the cycloid prove that the conic locus of points with 

regard to which the area of the pedal is constant, is in general 
a circle, and find the point for which the area of the pedal is a 
minimum. j p ^ ^ 

32. In a catenary, A is the vertex, P any point on the curve, 
AOy Pi\r perpendiculars upon the directrix, PF a tangent and 
perpendicular to it. Show that the area of the figure ONPA is 
double that of the triangle YNP. 


33. Show that the area of the first positive pedal of the curve 
p=f{r) may be obtained by the formula 
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where the letters jp and r are the pedal coordinates of a point on the 
original curve. 

Apply this method to find the area of the cardioide, which is the 
first positive pedal of the circle — 

34. Employ the formula 

to find the area of 

7-a 4- 0^2 _ 52 (a>5). 

To what curve does this pedal equation belong*? 

72 _ 

35. In the epicycloid » 

where a and are the radii of the fixed and rolling circles 
2 

respectively, obtain a formula for the area of any sectorial portion 
with centre of the sector at the origin. Hence show that the 
area between one foil of the curve and the fixed circle is 
7r(c~a)2(c+2a)/4a. 

36. When a <5 the conchoid of Nicomedes, viz. 

= or r=acoseo^±5 

has a loop. Find its area. 

37. Let S be the focus of a parabola, SPi^ SP^ two focal radii 
vectores of lengths r^, rg. The latus rectum is 4a and F^P 2 = c. 
Prove Lambert's expression for the sectorial area SPiP 2 i viz. 

where 2s = rj + rj + c. 

Show that the segment cut off by a focal chord of length c is 

3 ■ 

38. In the case of the Cotes’s spirals, whose equations are of 

the form I A ^ 

show that the area of the sectorial portion bounded by the curve 
and the radii vectores and is 
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Examine in detail the particular cases of 

(i) the equiangular spiral ; 

(ii) the reciprocal spiral ; 

(iii) , (iv) and (v) the cases which reduce to the polar forms, 
u= a sink nO , u^acosknd , u^asinnd , respectively. 


39. Riccati’s SyrUractory* is generated as follows. The tractory 
is an involute of a common catenary of parameter c, starting from 
the vertex. PT is s tangent at any point P of the tractory, cutting 
the directrix of the catenary at T, 0 is a point on PT or FT 
produced such that QT=d, The locus of Q is the syntractory. 

Show that the areas between the two branches and the directrix 




40 li A he the area of the ‘ Helmet,’ 

(kA-l){{x^ + ka^)y^---2ay{a^-a^)} + {a^~-x^)^^0, {hi^ - 1 ), 
and F the volume formed by its revolution about the y*axis, prove 
that 

[For the first part of the example, and for several others of 
similar character, see Wolstenholme’s Problems, Nos. 1886 to 1870.] 

* Comment. Bononensia, Tom. lii., 1755. 
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QUADRATURE, ETC. (Ill) 

SURFACE INTEGRALS, AREALS, CORRESPONDING CURVES. 

451. Use of Second Order Infinitesimals as Elements of Area. 
Surface Integrals,’* Centroids, etc. 

For many purposes it is found desirable, and often necessary, 
to use for the element of area a second order infinitesimal. 

Suppose, for instance, we desire to find the mass of the area 
(bounded by a given curve, the cc-axis and a pair of ordinates, 
where there is a distribution of surface density over the area, 
not uniform, but represented at any point by cr — <j>(x, y), say, 
where cc, y are the coordinates of the point in question. 



Let Ox, Oy be the coordinate axes, AB any arc of the curve 
whose equation is y=f{x), 

{a, /(a)} and {&,/(&)} the coordinates of the points A, B upon 
it, AJ and BK the ordinates of A and B, Let PN^ QM be any 
contiguous ordinates of the curve, and x,x-\-Sx the abscissae 
of the points P, Q. Let R, U be contiguous points on the 
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ordinate of P, their ordinates being y, y-^Sy] and we shall 
suppose &x, 8y to be small quantities of the first order of 
smallness. 

Draw RSy UT, PV parallel to the £c-axis. Thus the area of 
the rectangle RSTU is tody, and its mass may be regarded as 
y)8x8y to the second order of smallness. 

Then the mass of the strip PNMV may be written 

y')8y’\8Xy 

and in conformity with the notation of the Integral Calculus 
may be expressed as 

between the limits y = 0 and y=/(aj). 

In performing this integration with regard to y, a? is to be 
regarded as constant, for we are finding the limit of the sum 
of the masses of all elements in the elementary strip Pilf, 
parallel to the y-axis, for which x retains the same value, i.e. 
we are finding the mass of the strip PM. 

If then we search for the mass of the area AJEB, all such 
strips as the above must now be summed which lie between 
the ordinates AJ, BE, and the result may be written 

[|^ V(®. y)dT^Sx. 

which may be further written as 

the limits of the integration with regard to x being from 
x==a to x^i. 

Thus the mass of the area AJEB for surface density 0(a;, y) 

=£[£ W. 

452. Notation. 

This will be written 

f/(«) 

JaJo 

the elements dec, dy being written in the reverse order to 
that in which they occur in the previous expression, and it 
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will be remembered that the rigM-kand one r^ers to the 
first integration, and the left-hand one to the second. It has 
already been stated (Art. 36S) that we shall throughout the 
book adopt this order. 

If we put = y) = l, the result of our integration will 
be to find the area. 


Thus, 


Area 


-£r<to% 

=^J{x)dx 
=1 as before; 

or, in the case of the area being bounded by two curves, 


y=<l>(x), y—\lr(x), as in Art. 395, 

cb c4,(x) 

Area=| I dxdy 


■r.! 


Ex. If the surface density of a circular disc bounded by ac*-f-y*=a* be 
given to vary as the square of the distance from the ^-axis, find the mass 
of the disc. 

Here we have for the density of the element 8x Sy, and its mass is 
therefore 


and the whole mass will be 


J j fix^dx dy. 


The limits for y will be y=0 to y^\la?-x^ for the positive quadrant 
and for x from to x^a. The result m\ist then be multiplied by 4, 
for the distribution being symmetrical in the four quadrants, the mass is 
four times the mass of the first quadrant. 


Thus, 


Mass=4jf ya^dxdy 


dx 


=4/xJ^ T^sla^—x^dx. 
Putting a;=asin 9 and dx—aco&BdO, we have 
3 =4/«i*J^ sin^d cos® 6 dO 


Mass= 



m 
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453. Other Uses of Double Integration. 

The same process may be used for many other purposes, 
of which we give a few illustrative examples, which will 
serve to indicate to the student the field of investigation now 
open to him. 

Ex. Find the statical njoment of a quadrant of the ellipse 


about the y-axis, the surface density being supposed uniform. 

Here each element of area SxBy is to be multiplied by its surface 
density a* (which is by hypothesis constant in the case supposed), and by 
its distance from the y-axis ; the sum of such elementary quantities is 
then to be found over the whole quadrant. The limits of integration wiU 

be from y=0 to y= for y ; and from a; = 0 to x=sa for x. Thus 

we have 


Momenta 


axdxd^ 


f xsJa^-x^dx 

a Jo 

_Cr6r (a2 — g 

“aL"* 3 


where M is the mass of the quadrant, ^.e. 

irab 
— or. 


454. Centroid of a Plane Area. 

The formulae proved in Analytical Statics for the coordi- 
nates of the centroid of a number of masses W2, W3, at 
points (a^, yj), y^), yg), etc., are 


x= 


Hinx 
2m ’ 



We may apply these to find the coordinates of the centroid 
of a given area on which there is any proposed distribution 
of surface density. 

Let O' be the surface density at a given point, which may 
be either a constant, as for a uniform distribution, or a given 
function of x and y. Then the mass of the element SxSy is 

- Jl<rxdxdy 
I \<rdxdy 
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Similarly, 


Waydzdy 
^ lla-dxdy' 


the limits in each case being determined so that the sum- 
mation will be effected for the whole area in question. 

Ex. Find the centroid of the elliptic quadrant of the example in the 
last article. 

It was proved there that 


, , €rba^ ,.4a 
<rxd^dy=-j-=M^ 


and 


If 

j j<rdxdy = mass of quadrant = M] 


_ 4a 
^“3r‘ 




Also 


=S(»-I)= 


o-ab^ , , 4b 


. - 46 

••y = 3^- 

4tt 4b 

Hence the coordinates of the centroid are 

455. Moment of Inertia. 

When every element of mass of a given body is multiplied 
by the square of its distance from a given line, the limit of 
the sum of such products is called the Moment of Inertia 
with regard to the line. 

Ex. 1. Find the moment of inertia of the quadrant of an ellipse about 
the y-axis, again taking uniform surface density 

Here we have to multiply each element of mass, viz. o- 8®8y, by 
and then integrate as before. 

Moment of Inertia = J j<ra^ dxdy 

a* -Of* 

dx 


■/-w: 

= <r- f x^sla^ - x^dx 
aj 0 


_ ^ 6 integral having been worked out in the 

^ example of Art. 452, 


a^bcr d? . »/■ 

= ^ = since if = 

Id 4 


trabar 
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Ex. 2. Find the moment of inertia of the portion of the parabola 
3^® = 4 cw;, bounded by the axis and the latus rectum, about the ar-axis, 
supposing the surface density at each point to vary as the power of 
the abscissa. 

Here the mass-element is /a being a constant, and the moment 

of inertia is ^ ^ 

or ju, 


where the limits for y are from y = 0 to 2^/^, and for ^ from 0 to a. 
We thus get 

Mom. of In. = 3 J* = 3 J 


= - 


a;*-H 
n + | 


3(2n + 6) 


Again, the Mass of this portion of the parabola is given by 


jf= f f dy =/*f 

Thus we have 

Moment of Inertia about Ox—i j jfcTa* 


Exaicples. 

1. In the first quadrant of the circle a:®-(-y®=a* the surface density 
varies at each point as ay. 

Find (1) the mass of the quadrant 

(ii) its centroid, 

(iii) its moment of inertia about the y-axis. 

2. Work out the corresponding results for the portion of the parabola 
y2=4aar bounded by the axis and the latus rectum, the surface density 
varying as a?y. 

3. Find the centroid of a fine rod of uniform sectional area and of 
which the line-density varies as the n*^ power of the distance from one end. 
Also its moment of inertia about that end, about the other end, and about 
the middle point. 

4 Find the centroid of the triangle bounded by the lines y =jna7, xssa 
and the x axis when the surface density at each point varies as the square 
of the distance from the origin. Also find the moment of inertia about the 
y-axis. 

5. Find the centroid of 

(i) either of the areas bounded by the circle (a?— a)2-f-y®=a*and the 
parabola y^=6ur ; 
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(ii) the centroid of the area hounded by the parabolas 

y^—iax, a^=4hy ; 

(iii) the centroid of the area bounded by 

3^=4aar, y=2a:, 

the surface density being uniform in each case. 

6. Find the moment of inertia of a triangle of uniform surface density 
(1) about one of its sides ; 

(ii) about an axis perpendicular to its plane through an angular 
point. 

456. Polar Coordinates. Second Order Element. 

For polar curves it is desirable to use for our element of area 
a second order infinitesimal of different form. 



Let OP, OQ be two contiguous radii vectores of the curve 
r=f(d)i Ox the initial line. Let 6, 0+S9 be the vectorial 
angles of the points P, Q on the curve. Draw two circular arcs 
RU, iST cutting the radii OP, OQ, with centre 0 and radii r 
r+Sr respectively, and let Sr, SO be small quantities of the first 
order of smallness. 

Then area R8TIJ ==sector OSP— sector ORV 
^i{r+SrfSO-^Se 
^ SO Sr to the second order. 

And to this order B8TU may therefore be considered a 
rectangle of sides Sr (=RS)' ajid rSO (=arc RU). 

Thus, if the surface density at each point R(r, 0) be <r=0 (r, 0), 
the mass of the element RSTU is (to second order quantities) 
<rr <50 Sr, and the mass of the elementary sector OPQ is 
Ltsr^o [So-rdr] SO 
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the summation being effected for all elements from r=0 7 '=/(^), 

in which integration 0 is to be regarded as constant; and 
taking the limit of the sum of the elementary sectors for 
inhnitesimal values of S9 between any specified radii vectores 
0=a and 0=/3, we get the mass of the sectorial area 0A£ 

or, as we have agreed to write it (Art. 360), 

r/(*») 

orrd$ dr. 

JaJo 

Obviously when 0 "=! this formula gives the area of the sector. 

457. Ex. 1. Find the mass of a circular lamina of radius a in which the 
surface density at each point varies as the power of the distance of that 
point from a point 0 on the circumference. 

Taking 0 as origin, and the diameter through 0 as the initial line, the 
equation of the curve is 

r=2a:cos^. 



Then we have for the density at a point it distant r from 0, o-snr” 
Tt.tZ rt.** “ The mass of the element RSTU=^r« (rSd&-). 

Hence the mass of the circular lamina is #• V ; 


fia^rd&dr 


w 


n+2 n n — 2"‘Z 

or 

w+2 91+2 n 91-2 '**2 2* 

according as ti is odd or even. 
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Ex. 2. If the moment of inertia were required about a perpendicular to 
the plane of the lamina through 0, each elementary mass fir^(r 80 8r) is to 
be multiplied by before integration. The result merely changes n into 
w+2 in the former work, and writing for the value found for the mass, 

Moment of Inertia 


458. Centroids, etc. Polars. 

The distance of the centroid of an area whose boundary is 
defined by a polar equation, from any straight line in 
the plane of the area and passing through the pole, may 
be found, as before (Art. 454). Take the line proposed 
as the cc-axis and a perpendicular through the pole as the 
2 /-axis. Then the distance of the centroid from the as-axis is 
obtained by forming the sum of the moments of the masses 
of the polar elements of area about that line and dividing by 

the sum of masses ; i.e. by the use of the formula ^ ' 

Let cr be the surface density. Then <rr Sr being the 
element of mass and rcos9, rsinO being its abscissa and 
ordinate respectively, its moments about the axes of y and x 
through 0 are respectively 

r cos 6 .(rrS6 Sr and r sin 0 . o-r 50 Sr, 


Thus 


® ffrcos0.(rr d0cZr ^ f j r sin 0 . err <i0 dr 


II 


<rrd9dr 


II 


o-r d9 dr 


the limits to be assigned so that the summations for all 
elements are thereby effected. 

459. Ex. 1. Eind the centroid of the circular lamina of Art. 457 when 
the surface density is /at". 

Obviously the centroid lies on the diameter through 0. Hence y=0. 

w 

To find X we hare to integrate r cob 6. itr^rdB dr, and then to 

divide by Jf, which has been found before (Art. 457, Ex. 1). 

This integral 0)”+» cos edB=^ (2o)’‘+»^*cos"+<d 

(2a)«+» ^ » odd, ] 

n+Z'‘ ' «+4«+2 3’ I 

or =-^ 

n+Z^ ^ n+4m+2 2 2’ 
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^_ n+2 n+3 n+2 

^"’n+3 ■ ft+4“n+4 


.'r } 


and p =0. J 

If the centroid of the upper half only of the lamina had been required, 
we should have bad the same value of ^ but for y we shall have to 
evaluate the additional integral 

pi fimoott 

rain ^ dr 

and divide by where M is the mass found for the whole lamina. 

» 

This integral = (2a cos ^)*+*sin 6 d$ 

“(n+3Kn+4)^®®^“** 

“ (S+3)(»+4)-2«-^-S^™f-|. 

Ex. Sl Find the centroid of a lamitm. in the form of the cardioide 
r= 0(14-008^ 

in the case of uniform surface density. 

As the initial line is an axis of symmetry, y is evidently =0 (see Eig. 82), 
To find the abscissa we have 

J jrcoad.rdOdrJ j jrdSdr, 

the limits for r being 

from r— 0 to r=a(l+cos 6)^ 
and for from ^=0 to 9^v 

(and double to include the lower half ) 


and for dy 




0. r do*=2jrcos e de 

=|“’jr'(ooetf+3coB>fl+3coa»d+eoB*^<i9 


-H 


4 ,3t 5 5 - 
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The denominator =2 ^d$ 

(1 + 2 cos 0+cos®^) dO 


—2a* 


Hence 


Cl . 1 Sra* 

=2“l2+2 2j=— • 

_ 6 ,/3ra* 5a 


Ex. 3. Calculate the surface integral of /at*” taken over one loop of a 
Bernoulli’s Lemniscate. 

The curve is r*=a*cos 20 (Diff. Cede., Art. 458). 

The surface integral is plainly 


rav^CT 


S=2j^j^ pr^.rdOdr 

w 

w 

^ / cos*'*'*^ . where <f>—26f 

2 71+1 Jo 'ri 


/aa*’*+* . 

2 71+ 1 


2r 


71+ 3 \ 

. 2 ; 


T* 1 

r7i + 2\ 


1 2 j 

n+1 j,| 



=etc. 


..(1) 


If the moment of inertia be required about an axis perpendicular to 
the plane through the pole, 

T 


Mom. In.=2^JP* "f^.iM^dedr 


2w+4i 




71+2 


[I'm 

L 

r| 


irf 





2 7 




2 ) 
fi 

p/n+SN^* 

2 »+Vj. 


(»+2)Mj 



.( 2 ) 


where is the mass. 

If we put 71=0 in (1), we get the mass M of the loop for uniform surface 


density viz. 


M=^ a^^ir 
4 


_ 1 


r(i)' 
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Patting w = l in (1), we have the moment of inertia for a uniform 
lamina about a perpendicular through the pole to the plane (or the 
mass for a superficial distribution yutr*), viz. 


Mom In 


r- r (f ) _ 

4 2 16 " 8 ■ 


Similarly n=2 in (1) gives the moment of inertia for a superficial dis- 
tribution [jji^ or the mass for a superficial distribution fxr^, etc. 


Examples. 

1. Find the centroid of a sector of a circle 

(a) when the surface density is uniform ; 

(P) when the surface density varies as the power of the direct 
distance from the centre 

2. Find the centroid of a circular lamina whose surface density varies 
as the power of the distance from a point 0 on the circumference. 

Find also its moment of inertia 

(1) about the tangent at 0 ; 

(2) about the diameter through 0 ; 

(3) about a perpendicular to the plane through 0. 

3. (a) Show that the moment of inertia of the triangle of uniform 
surface density, bounded by the y-axis and the lines 

about the y>axis, is 

3^/ gi-Ca Y 

6 Vmi— 7712/ ’ 

where is the mass of the triangle. 

(i) Find the moments of inertia of the triangle of uniform surface 
density, bounded by the lines 

y=?nia;-|-ci, 

about the coordinate axes; and show that if M be the mass of the 

triangle, they are the same as those of equal masses ^ placed at the mid- 
points of the sides. * 

4 Find the centre of gravity and the moments of inertia about the 
coordinate axes of the rectangle a;=ai, x=ia 2 , surface 

density being cr=^y«. 

5. If A, P be the moments of inertia of any plane area about a pair of 
perpendicular axes Ox^ Oy in its plane, and C the moment of inertia 
about an axis through 0 at right angles to the plane, prove that 

, C=A^£ 

for any law of surface density. 
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6 Show that the moments of inertia of a uniform ellipse bounded by 
*2/^2 4.2/2/52— 1 about the major and minor axes are respectively 

and , and about a line through the centre and perpendicular to its 
a^4-b^ 

plane, M — j — , M being the mass of the ellipse. 


7. Find the area remote from the pole between the circles 
r— a, r=2acos0; 

and assuming a surface density varying inversely as the distance from 
the pole, find 

(1) the centroid ; 

(2) the moment of inertia about a line through the pole perpen- 

dicular to the plane. 

8 Find for the area included between the curves 
y^=4ax, 4ay, 

(1) the moment of inertia about the a;-axis ; 

(ii) the moment of inertia about an axis through the origin and 
at right angles to the plane of the area. 

9. Find the coordinates of the centroid of the area bounded by the 
catenary y = cco8h*, an ordinate, and the coordinate axes. 

10. If the density at any point of a circular disc whose radius is a vary 
directly as the distance from the centre and a circle described on a radius 
as diameter be cut out, prove that the centroid of the remainder will be 

at a distance from the centre. Trit., 1875 ] 


460. Trilinears and Areals. 

These coordinates are not well adapted for metrical purposes. 
Their special r61e is the discussion of descriptive properties 
of curves. 

With the usual notation of the trilinear system [Smith’s 
Conics, Chapter XIIL], we have 

aa+fc^ + cy = 2A, 

as an identical relation between the three coordinates a, /3, y 
of a point, and in the areal system this is replaced by 
£c+2/4-2f = l. 

The transformation formulae from the one system to the 


other are 



cy 

2A’ 
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Variations da, d^, dy or oUe, dy, dz of the coordinates are 
therefore connected by the equations 


a^+6dy3+cdy=0.| 
cia5+ ciy+ £fo=0,J 


The evaluation of an area for such coordinates is best done 
by throwing back the homogeneous equation given into a 
Cartesian form, taking two sides of the triangle of reference as 



Fig. 87. 


coordinate axes. Thus taking CB and CA, sides of the 
reference triangle, as axes of ^ and ^ the Cartesian 

coordinates of the point a, y, we obviously have 


a=^sin(/, ^=f8in0 
and y=(2A— ai^sinO— 6^sinO)/c 



and then the evaluation of the area will be obtained by 
sincjjyt^^ or sincjfrfi; or sincJJci^tij; 
or any of the methods customary for Cartesians. 


461. Formulae can, however, be exhibited expressing the 
area directly in terms of areal or trilinear coordinates for use 
if necessary. 

In the Case of Areals, since x, y, z, the areal coordinates of 
a point, are linear functions of the Cartesian coordinates 
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with reference to any chosen rectangular axes and 05 4* 2/ + 2 ?= 1, 
we have 

= or fi||d 3 /cZ 2 ? or j/| jcfe cfoj, 

where X, ju, v are determinate constants depending upon the 
triangle of reference alone. To determine X we shall apply 
the first of these formulae to the triangle of reference itself. 

If A be the area of the triangle of reference, 

where the integration is conducted over the triangle. 

Now let us evaluate dy for the triangle. 

The limits of y, keeping 05 constant, are from y=0 to 0=0. 
i.e. to 3 /=l— a;, and for 05 from aj=0 to a?=l. 

Thus JJdajdt/ for the triangle =| J dxdy 

-£<i— 

X = 2A. 

Hence if f(x, y, 0 ) = O be the equation of a closed curve in 

areals, its area is cr 

2A\\dxdy, 

the limits of integration being obtained from 
/(aj, y, l-aj-2/)=0. 

The corresponding result for trilinears will be 

where the limits are to be found from 

/(a, ^3, y)=0 being the curve to be considered. 


462. niustrative Cases. 

Ex. 1. As a test let tis apply this method to find the area of the 
circum-circle of the triangle of reference, viz. a^yz+h^zx+(^xy=0 (m 
areals). 
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The result, from elementary considerations, should be 

n-,R2=;r(^J, 5 being the radius of the circle. 

Substituting \~-x—y for "we have 

-a;-y)+c2^=0, 

+ 52^ _ ^2y2 _ 52^ _ 2<z& coa (7^ = 0, 
a2y2+ (2a6 cos 0^ “ aF)y = 

^+(2 ^cos (7.2? - l)y ^cos 

= ~ - coa C 47+ ^ cos^ (7,2?* + ^ ^ ^ -a?® 

4 a a* a-* a’* 


1 . he 


52 


=7+^ cos ^ 27 - -s sin*(7 a:* 
4 a* a* 


I^lo2cos2il Icco^Y 

In /I cos i4 \*“1 

=;jcosec® A 1^1 -4 sin* 5 sin* ^'(^“2 J 

=^2-g^(2?-r)*, say. 

The limits for y are therefore 


and for 2?, 

The area=2A 


r±2- 

? 


= 4A Js/p^-“ Qf®(a? - r)2 oZa? 

= ^ J)* [sin”' 1 - sin”' ( - 1 )] = ^ttA ~ 
irA 1 




_ . 1 cosec*il 

=27rA.7-T-T5— 
4sin.a 


sinil 


sin (7 


2 sin a 4 sin j5 sin (7 


_irA a* 6*0* 

~ 2 ■ (2A)»""’l.4A/’ 

the result to be expected. 

Ex. 2. More generally consider the areal equation of an ellipse 
us^-\-v^-^wz^+2u'yz+2v'zx+2v/icy^0. 

To obtain the integration limits put 2f=l -2?— y. 

We obtain 0272+2^2^+ iy2+^x+^+c = 0, 

where a=w+M—2i7', y=— ?47+v', 

^ = 12 + W?' + 

6 = Z2 + i7 — 2u', C = t2. 


wo* 
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Solving for y, 

by= - (hx+J) ±^-C^+iax-A = - (ko+f) ± C(x- g)‘, 




a, 


ff 


w, v/, v' 

K 

b, 

f 


v/i », v! 

9, 

/. 

c 


u\ w 


The limits for 2/ are 


and for or, 

Writing the radical 

^l(P-AC 


G , •JW^Tac 

0 ^ — c — 


V — c ^ 

areass 2 A %= - 9 *(® -»•)• itr 

= ± ^ - r)v^p>-g»(«-r)* + p* sin-* 2i^)j ’ 

^”<1 

" ± 1 - 8 m-i( - 1 )] = ± 2 trA^* 

Now g =iJo^\lah - A* = V2(^ - ti'*) + 22(vV - utt') =^*J--£, 
where JBr= -a, 1;', 1 ], the “bordered Hessian,” and G® - AC— - 

V, 1 

v', tt', 1 
1 , 1 , 1 , 0 

^ O^^AC -H 

Hence ^ = 5—= 3- 

^ hC^ (- K)^ 

H 

Therefore the area sought is db SttA j, the positive value to be 

taken, where ( " '^) 

A = area of triangle of reference, 


JETs the Hessian, viz. % 

^1 




vf. 





v', 

< 

UJ 



Z'sthe bordered Hessian, 

viz. 

«, ir', 


1 




w'. 

1 




w, 

1 



1 1, 1, 

1. 

0 
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463. Corresponding Points and Areas. 

Let f(Xt y) be any closed curve. 

Its area (A^) is expressed by taking the line -integral 


— cic or the line-integral ^xdy round the complete contour. 


If the coordinates of the current point a?, y be connected 
with those of a second point (^, ly) by the relations 

this second point will trace out the curve 


/(m^, 7111 )= 0 , 

whose area (Ag) is expressed by the line-integral — or 
the line-integral taken round the contour. 

And we have 


A^= — dx= — — mujj? d^=7n7iA^y 

or A^= ^xdy= Jm£ndj 7 == 7n7i^^dri^7n7i,A^y 

or, if we use surface integrals, 

d2/=||mn d^dri=m7i^d^dri s mriAg, 

whence it appears that the area of any closed curve /(a?, y) = 0 
is mn times that of the closed curve /(mcc, Tiy) = 0. 


464. Ex. 1. Thus, in the ellipse 






? = 2 
0 r 


The corresponding point traces out the circle = and area of 

the ellipse = ^ x area of circle = = vah. 


Ex. 2. Find the area of the curve 

Put ma!=^, ny=r]. Then the corresponding curve is 

or in polars ^ cos* 6 + ^ sin* 6, 

w* n 

the central pedal of an ellipse, symmetrical about both coordinate axea 
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- the given curve 

— X area of derived curve 
mn 

==-L 2 r’('f^cos*e+^8m*e\ de 

mn ^ \m* w* / 

2m7i\m*'^7iV 

^ that it is often possible by a selection of such a 
>*1bles to arrange that the derived curve is of a much 
and its area readily obtainable when expressed 

n^ea of the curve 

L tkoth a and h. 


a*cos^d + 6*8in*d 

iiy symmetry about both axes, and though there is a 
L the original curve at the origin, the curve does not 
origin, and the derived curve is one which could be 
ellipse by writing r*+c® for r®. 

^252 

le area of our first derived curve is therefore 

■ 4 =4.|(^-f c*) = ^(a6-c^; 

10 original curve is 

>— C2). 

.ection with the last example, it is worth noting 
xrve r=f(9) if the area if any portion from 
e found as 

1 f^r^//»\n0 J7/\ _ _ j A 


and 
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then the sectorial area of the curve r^=[/(0)P±c* between 
the same limits is 

and if both be closed and the origin within both, then the 
area of the new curve differs from the area of the original 
curve by the area of a circle of radius <?, supposing c to be such 
that r is real throughout the range of integration in each case. 


EXAMPLES. 


1. Find the whole area of a loop of each of the curves 

(i) 

(ii) = 

[St. John’s, 1887.] 


2. Trace the shape of the following curves, and find their areas : 

(i) (c^H- 

(ii) 

[Barnbs Scholaeships, 1887.] 


3. Prove that the area of 


4. Prove that the area in the positive quadrant of the curve 


{aW + 52y*)^=wa!3+ny» is + 

jhat the area o1 
(a2a;2 + %2)2«c6(a:2-2 


[a, 1890.] 


5. Prove that the area of the curve 

«»J8l 


|a6 + (i8-aa) tan-1 

[St. John’s, 1883,] 

6. Show that the area of the loop of the curve 


ie® ,2/® • 5 , 

55+65=5^ 18 ■2^- 


7. Find the area of the curve 

-^^=l+eeos0 (a<l). 

8. Show that the area bounded by 

(a? + j2_c2)(j;«+j^)=,4a%8 ig (2a* + e2)a-. 
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9. Find the area included within the curve whose equation is 

\^/ IC(MJJS0E3, 1885.] 


10. Trace the curve 

and show that its area is half as great again as that of the ellipse 

^ > [Math. Tbipos, 1884.] 

11. Prove that the area of the curve 

+ is + 

[St. John’s, 1889.] 

12. Prove that the area of the curve 

(aV + 6y )6 -= (ahfi + & V) is 

[St John’s, 1889.] 


13. Show that the area in the first quadrant of the curve 


14. Trace the curve 4:(x^ + 2iY^2ayY=a?(Q^>^2f\ proving that 
the area of a loop is 4ir(2 -\/3)aV>/3, and that the area included 
between the loops is 

8a2(27^-3^/3)/3^/3. [Tbinitt, 1896.] 


15. Find the whole area of the curve 

VoS Py ” IF’ [Oxford I. P., 1890.] 

and of a loop of the curve 

y^^2xy 

P ~ aF ' [Oxford n. P., 1900 .] 

16. Show that the area of either oval of 

a? {x^ja^ + y^jh^ - l}4-c? = 0 is ^ir6(a - 2c). 

[St John’s, 1890.] 


17. If /(flf, y) = 0 be a closed curve, show that its area is mn 

times the area of the closed curve /{mx, ny) = 0. Trace the curve 
(4jc* 4- 9^)* = ax ' iY , and find its area. [Oxford II. P. , 1890 ] 

18. Trace the curve ^ + ^ = and show that the area of its 

^ 0 ^ ao 

loop is 2 oib- 
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19. A curve is defined by the equations 

a— 6asin^^, y=6asin2</)tan </>, 

where ^ is a variable parameter. Show that the centroid of the 
portion enclosed between the infinite branches and the asymptote 
is situated on the rr-axis at a distance 5a from the origin 

[Oxford IL P., 1889.] 

20. (i) In an involute of a circle, show that the area swept out 
by the radius vector drawn from the centre of the circle to a point 
on the curve varies as the cube of the central perpendicular upon 
the tangent, the initial line being the radius to the point where the 
involute meets the circle. 

(ii) In the Conchoid of Nicomedes r — asecO-b in the case when 
a<b, show that the area of the loop is 

a^(a sec^a - 2 sec a cosh“isec a + tan a), 
and that the distance of the centroid of the loop from the node is 

2 ^ 3a sec g - 3 cosh^^sec a — sin a tan^a 

3 a sec a - 2 cosh“^sec a + sin a * 

where a^coar^a/b, 

21. Prove that the area contained by the curve 

^ 2jcV + 4aa% + 2ay) + a* = 0 is ira^ (4 - 5/^/2). 

Find also the distance from the axis of y of the centre of gravity 
of that portion of the area which lies in the first quadrant. 

[Colleges 1890.] 

22. Show that the area included between the curve 

5= a tan its tangent at ^ = 0 and its tangent a,t = 
is ^a^tan <f> + a^tan ^<f> - a21og(sec ^ + tan <^). 

[Tbinitv, 1892.] 

23. Show that an expression for the element of area in trilinear 
coordinates is 

cosec (7 da d/3. 

Show that the area of the conic whose trilinear equation is 

+ 6“^ya + <r^a^ = 0 

is to that of the triangle of reference as 

4?r : 3n/3. [Oxford H. P. , 1890.] 

24. Show that the coordinates of the centroid of the area bounded 
by half the cycloid x=a(6 + gin 0), y=a(l — cos 0), the line of cusps 
and the y-axis are given by 

071^ 3y a 

(37r-4)(3^Tr)"y 2‘ 


pVALLIS.] 
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25. OB and OC are any two semi-diameters of an ellipse conjugate 
to each other ; find the locus of the intersection of the normals at 
B and (7, and show that the area of the curve is 

[R. P.] 

26. Tangents to a system of similar and similarly situated con- 

centric ellipses are drawn such that the distance of each from the 
centre is the same. Find the area of the curve formed by the points 
of contact. [Tbinitt, 1885.] 

27. Show that the moment of inertia of the portion of a uniform 
parabolic lamina cut off by the latus rectum about the tangent at an 

extremity of the latus rectum, is equal to , 4a being the latus 
rectum and M the mass of the lamina. [Oxr. I. 1914.] 

28. Prove by integration that the moment of inertia of a uniform 
triangular lamina ABC of mass M about a perpendicular axis at .4 is 

(3*2 + 3c2 - a2). [Ox. L P.. 1916.] 
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QQADRATURE (IV). 


MISCELLANEOUS THEOEEMS, CONNEXION OF A LINE- 
INTEGRAL AND A SURFACE-INTEGRAL, MECHANICAL 
INTEGRATION, ETC. 


466. A Theorem due to Stokes. 

Let u cmd u be two functions of x and y, finite^ single-valued and 
continuous at every 'point within and along the boundary of a given 
region hounded by any given contour line in the plane of x, y 
having no multiple points, and let the differential coefficierUs 

~ 6e also functions which are finite, single-valued, and 
continiums at all points of the region ; then the line-integral 




taken round the perimeter of the contour is equal to the surface- 


taken over the region hounded by the contour. We shall first con- 
sider u and V to be real functions of x and y. 

Let the region referred to be indicated, as shown in the 
accompanying figure, with an inner boundary and an outer 
boundary, the inner boundary enclosing a region within which 
the integration is not to be performed. 

Divide the whole contour into two systems of strips of 
infinitesimal breadth parallel to the coordinate axes. Two 
typical strips are shown in the figure, the one parallel to 
the aj-axis being bounded by lines with ordinates y and y-]-Sy, 

m 
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and that parallel to the y-axis bounded by lines with abscissae 
X and X + Sx, The first intercepts elementary arcs 
PiQi = , P2Q2 = ^"^^2 » P3Q3 = <553 , etc., an even number, 

and the second intercepts 

PiQi' = P2Q2' = ^^2'^ PzQz = an even number. 



The direction of integration is indicated in the figure ; the 
region to be integrated over being on the left hand as a 
person travels along either boundary, following the direction 
of increase of s. The signs of Sy at the several points Pi. P 2* 
P3, P^, ... are respectively —^2/, 4 -^ 2 /, — +^3/» •••> and 

the signs of Sx at the points P^', P3> P^^ are respec- 

tively +Sx, —Sx, +Sx, —da?, etc. 

Let Ur, Vr be the respective values of u, v at Pr, and W, '^r 
those at P/. 

And let the abscissae and ordinates of the points P^, Q», Pr> 
Qa be a?, y with the corresponding accents and suflSxes. 

If we integrate ^^Sy with regard to x along the strip 
ox 

PiQJPiQf - . we have [v ^2/], taken between proper limits, viz. 

(tl J 3^2 — Vj 8y-^ + {v^ — "Ws Sj/s) + • • ■ + “ '*’zn-l ^ Zn-l) 

= v-^&y+v^8y-¥v^8y+ 

= 2 f Sy, say, for the strip. 
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If then we sum the result for the whole set of strips parallel 


to the o^-axis by integration, we have where the integra- 

tion is taken for the whole perimeter of the contour. Similarly 


for the strips parallel to the 


2 /-axis, if we integrate 


with regard to y along the strip obtain 

[u 5a;], taken between proper limits, viz. 

— -2uSx, say; 

and, summing for the strips, we obtain — fuda;, where the 


integration is taken for the whole perimeter of the contom\ 
Hence 


467. A line-integral taken round a closed ylane contour 
may tJierefore be represented by a surface-integral taken over 
the surface bounded by the contour, and v%ce versa. 

Or, we may say that if u, v be the components parallel to 

the axes of x and y of any vector quantity, then 


be regarded as another vector quantity at right angles to the 
plane of xy, and such that the line-integral of u, v round a 
contour in the plane of x, y is equal to the surface-integral ol 


the vector quantity taken over the surface, ^'his 

theorem is part of a more general three-dimension theorem due 
to Professor Stokes.* 


468. Extension to Complex Functions. 

If the functions u and v be not entirely real, let them be 
separated into their real and imaginary parts, viz. 

where u^, u^, are single-valued hnite and continuous 

functions of x and y for all points wdthin and upon the contour 
as also their first differential coeflBcienta 

♦Smith’s Prize, 1854; Maxwell, Elect, and Mag., vol. i., p. 25. 
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Then we have 

=jKcfo+«id2/). 

Therefore, multiplying the second line by i and adding to the 

the integrations to be taken as before. Hence the theorem is 
true whether the functions u, be real or complex. 

In any case in which ^=1^ it will follow that 
3a? Zy 

^(u6Lx+vdy)=^% 

the integration being taken round the perimeter of the contour. 
The theorem has many very important applications. 

469. An Interpretation. 

We may interpret the theorem thus : 

Let 


Then 


Zx Zy* 
^^(rdxdy^^pds’y 


that is the mass of a plane lamina bounded by any closed con- 
tour for surface density equal to the mass of the 


perimeter with a line density 
P 


dx 


dx 


470. Illustrations. 

Ex. 1. Taking u—-y 

we have at once J j dxdy=^j (jcdy^y dai), which expressions 
established (Arts. 409 and 452) as measures of the area. 

Ex. 2. Let t^=e*siny-ay, i;=e*cosy-«. 

Then J[^(e*siny-ay) d$ 

taken round the perimeter of the contour 

5=s J J[e*cosy— (e*cosy — a)]<i!cdy= J Jad^dy 
^ax area of the figure enclosed by the contour. 


have been 
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Ex. 3. Consider the effect of integrating 

jf = J [(cos X cohh y - Ay) (sin x sinli y - -So?) dy'] 

round any closed contour. 

Here cos a? cosh 3/ -Ay and v=sin^sinhy-Ha?. 

Therefore ^=cos:r sinhy-H and ^ = cosa7Sinhy-A. 

Hence 

1=1 J(A-B)dx(i?y=(A-B)x area, enclosed by the contour. 

Ex. 4. If C/j V be any single-valued conjugate functions of x and y 
ie. real functions of x and y, such that C/+t‘V=/(X‘hty)f and if 
u=V~Ay, v—U—Bx, 

then |r_|f=|£_|r-B+il=4-5 [see i){f. Art 190], 

OX oy ox oy 

and j[(V- Ay) dx+{U- Bx) rfy] round a closed contour 

=jj(A-B)dxdy=:=(A-B)x area bounded by the contour. 

That many different forms of U and V may lead to the same result is 
obvious from the consideration that the mass of the area bounded by the 
contour for a given distribution of surface density may be equal to the 
mass of the perimeter for many distributions of line density. 


471. Two BestQtmg Theorems. 

If P, Q, TJ be any three functions of x and y, finite and 
continuous throughout and along the boundary of a given 
contour, as also their first differential coefficients, we have 

the double integrals being understood to be taken over the 
whole area bounded by the contour, and the single integral 
being taken round the perimeter in the positive direction, i*e, 
leaving the area bounded to the left in travelling in the 
direction in which s is measured. 
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4*72. If jR, S, r, U be any four functions of a?, y which, 
with their first and second differential coefficients, are 
continuous and finite throughout and along the boundary of 
a given contour, we have, supposing suffixes to denote 
partial differential coefficients, 


d f R, 
^117, 




— {Rx^ x~\~R Rxx^ ” R:^ xy) 

'—iJJyTy-\-JJTyy— U yyT - TJ yT y+SxyU -\-S 


Hence 


— {RUxx'^~SZJxy~\-‘TUyy) U {Rxx~\~^xy'i~'^yy)^ 

^^l.{^^xx"\^SUxy~\~TUyy) — U(Rxx~\~Sxy-{-Tyy)^dxdy 

-kill?', 





ds, 


the double integral being taken over the area bounded by the 
contour and the single integral round the perimeter. 

Thus 


Jj* (rUxx -\rSUxy-\-TVy^ dx ^ 2 / “ (Rxx-^Sxij+T y^ dx dy 



These results will be useful later (Chapter XXXIY.). 


473. Motion of a Rod in a Plane. 

Let 0 be the origin and Ox, Oy any fixed rectangular axes 
in the plane. 

Let a rod move in any manner in the plane 

Let Pj, P 2 , P 3 be points attached to it, their coordinates being 

{^v ¥1)1 (^ 2 > ¥2)1 (® 3 » 2/3)- 

Let PiP2 “^3» 

so that % +<* 2 +^ 3 = ^ 

Let 9 be the angle the rod makes at any instant with 
the oj-axis. 
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Then a^- cos 6 , ajg = ajg+Oi cos 9, 

sin e, ys=y 2 +«i sin 9 ; 
sin 9 d9, dx^=dx 2 —ai sin 9 d9^ 
dy-^—dy^—a^ cos 9 dff, dy^ = % 2 +®i cos 6 ; 

Xjdyi—yjdxj^=^{x 2 —a^ cos 9) {dy^—a^ cos 9 d6) 

— (^ 2 — sin 9) {dx^+a^ sin 9 dB) 
—x^dy^—y^dx2+a^d9—a^{R cos 9S sin 6), 
where R=dy^+x^dB 

S = d^ y^tdBy 

and a? 3 % 3 — 2 ^ 3 d 2 ; 3 =a: 2 % 2 ~y 2 <^+«i*«* 0 +ai(fi cos 9—S sin 0) 



Hence, eliminating R cos 9—S sin 9, 

M^dy^—yidiO]) +as(x3dyj^—y^dx ^) = (Oi+ag) {x^dy^—y^dx^ 

i.e. o4pi^dy^—y^dx^+a^{x^dy^—y^dx^^ 

~\~Of-^jb^^d9 “ 0. 

If, then, 0 he the origin and dA^, dA 2 , dA^ the elementary 
sectorial areas described by OP^^, OP 2 , OP 3 , respectively, 
^d/A^-^a^dA^'^-d^dfA^’^^CLfl^^dG = 0 . 

Hence, if the points P^, Pg, Pg describe closed curves, and 
-^u A^ Ag be the areas of these curves, and if the rod 
returns to its original position after making one complete 
revolution, then 

474. Various Gases. 

If the rod returns to its original position without com- 
pleting a revolution, rotating in one direction during part 
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of its motion and in the opposite direction during another 
part, then = 0 ; and 

476. If then the contours of and be such that the rod 
cannot complete a rotation, but must oscillate as in the case 
of the connecting rod in a steam engine, we have 

j 

476. If it makes several complete rotations forwards, say 
m times, and hachwards n times, whilst the several points 

Pp Pg, P 3 describe closed curves once, then Jdfi = (m—n)2T ; and 
diA^ +^^2^2 "I” ’^n)7raia^a^ ~ 0. 

477. If two of the points, say P^ and P 3 , are constrained to 
move on fixed curves and the rod rotates once round, as, for 



instance, if the ends were one on each of a pair of confocal 
ellipses, or on a pair of circles, as in Fig. 90, 



478. If Pi and Pg move on the same curve A^—A^, and the 
theorem reduces to A^^Ai—rraja^. 

This last result is known as Holditch's Theorem. 

479 . It should be noticed that in the above results, if any 
of the contours are described in a sense opposite to others, 
such areas are to be reckoned of opposite sign to the others. 
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480. Lendesdoifs Theorem. 

As an application of this theorem, consider the motion of a 
lamina on which A, B,G, P are fixed points, the lamina being 
constrained to move so that A, 'C and P describe closed 



curves of areas [ 4 ], [P], [C], [P]. Let x, y, z be the areal 
coordinates of P referred to ABG as triangle of reference. 
Let AP cut BG at X and the circumcircle at R Let X 
describe a curve of area [JC]. 

Then [P]= 

Hence, eliminating the area [Z], 

rpi — r >4 1 4- r PI 4- rni 

-nir-^BX.XG-mrAP. PX. 

AX 


PX 


Now 


AP XO 


AX~‘^’ AX 


and 


if 

AX 


. BX . XC+AP .PX=AP (i^^+Px) 


if M 

AX ' BC ' 
rAX.XR 
AX 
=AP PR 

= rectangle of segments of any chord of the 
circumcircle through P ; 

[P] = cc[ 4 ] +^[P]+ 2 [CJ-W'TTX rectangle of segments of 

chord. 
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If P lies outside the circle, instead of the rectangle of seg- 
ments, we may put — (tangent)^, and the theorem may be 
written 

[P]^x[A]^y[B]+z[C]+viin\ 

t being the tangent from P to the circumcircle. 

This theorem is due to Leudesdorf.* 

48] . Motion of a Plane Lamina sliding in any Manner upon a 
Fixed Plane. Two Theorems. 

When a plane lamina moves in any manner upon a fixed 
plane, so that in the end it again takes up its original position, 
it is clear that every point in the lamina will take up its 
original position, that is that the several points in their motion 
have travelled along paths back to the same points from 
which they started, and may therefore be regarded as having 
travelled along closed curves. This will be supposed to in- 
clude paths which are retraced, which may be regarded as 
closed curves of infinitesimal distance between the outgoing 
and returning paths. For instance, a finite straight line of 
length 2a might be regarded as a closed oval — say an ellipse 
of semimajor axis a and infinitesimal minor axis. 

Suppose two points on the lamina and Pg to trace out 
known closed curves on the fixed plane. This will define the 
motion of the lamina, and P^Pg may be regarded as a straight 
rod whose ends are describing the given closed curves. Let 
P be any other carried point on the lamina and PP^ a per- 
pendicular from P to P1P3. 

Let a fixed point 0 in the plane be taken as origin, and let 

■^2^3 •^1-^2 ~ ^3 P-P2~P> 

SO that 4-02+03=0. 

We shall continue to adopt the convenient notation [P] for 
the area swept out by the radius vector OP to any moving 
point P. 

Let E be the point of contact of P^Pg with its envelope. 

Through P draw a parallel PE' to PgPi, and let the outward 
normal to the E locus meet PE' at E', Then EE'—p, and the 

* See Williamson, hit. Calc,, p. 220 ; Lcudesdorf, Mmenger of Mathematics, 
1878. 
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E* locus is a parallel to the E locus, the area between them 
being in the case of u complete revolutions where S 

is the perimeter of the envelope of the line PiPg (Art. 435 ), 
i.6. [JS^ — or if there be but one 

revolution of the lamina. 



Let RP^EP^^r. Then P^E—a^—r, EP^^iO^-hr, and let 
P^P^ make an angle yjr with any fixed line 

Now 

[Ps\-[E]=l\{(h+rfdir. 
multiplying by 04, ag and adding, 

«i[^J+® 8 [^ii]+“sP 3 ]=-f«iV 3 j<^\^ (cf. Art 4T3); 

and if the lamina reoccupies its original position after n positive 
revolutions, or if n be the excess of the number of positive 
revolutions over the number of negative ones, the right-hand 
side is 

-2^^2%2nx; 

. a^[P^ + <*2 [^^2] + « 3 [^3 ] + = 0 (A) 

Also it has been shown that 

[p] = [A ] + m -m=[P2\+^Tp^+p8; 
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eliminating [Pg], 

[P] n,Tfflj^g3+-ra7iy^+ j)5, (B) 

which may be written as 

«i[^*i] +<^1^] +<^s[P^ +nTr<\a^a^^a2p{nTrp +S). 


482. Remarks. 

It is assumed that all the areas are described in the same 
sense!* If in any case one of them be described by its 
tracing point in the clockwise direction, then in this equation 
the corresponding quantity [ ] is he interpreted as the area 
counted negatively ; and if one of the paths cuts itself so as to 
form several loops, the interpretation of [ ] is the same as that 
in Art. 399, viz. the difference of the odd and even portions. 

The sign of p is positive when in the same sense measured 
from Pg as the outward drawn normal of the envelope of P 1 P 3 . 


483. Deductions. 

Corollary I. When p = 0 the tracing point P is at Pg, and 
supposing there to be one complete revolution of the lamina 
we get the case already considered in Art. 477, viz. 

which is Woolhouse's Extension of Holditch’s Theorem.* 


484. Cor. II. If in addition P^ and Pg are tracing the same 
curve, then [PJ^CPs] and [P 2 ] = [Pi] — 'TrajCfs (Art 478), 



and therefore a point upon any chord of constant length 
inscribed in an oval curve, and which divides the chord into 
two portions (Xg, traces out another curve whose area is less 
*See Williamson’s Integral Calculus, p. 206. 
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than that of the original oval by the area of an ellipse whose 
semiaxes are This is Holditch’s original theorem.* 

If were interchanged the result would not he affected 
in this case If the tracing point be on the chord produced, 
one of the letters is negative and the traced oval is 

greater than the original oval by the same amount. 

485. Cor. m. If the line P 1 P 3 oscillates back to its original 
position without performing a complete revolution, or if the 
number of forward revolutions is equal to the number of 
bctckwa/rd revolutions, n — 0, and 

[P]= 

This is the case when the contours are two ovals each lying 
entirely outside the other and the line P 1 P 3 cannot revolve 
completely, but oscillates. It is moreover assumed that the 
line a^+a^ is sufficiently long to allow of the full description 
of both ovals. If not, the particular oval which is not fully 
described contributes nothing. 

For instance, if P3 travel along an arc of a circle A CJB from A to B via 
C and back along the same arc, it has described what we may regard as 
a contour of zero area. 




486. Cor. rv. If F be the image of P in the line P.P. 
(ie. PPg=PgP'). 


rpn ^ [A] + 


mra^a^ + nirp^ —pS, 


and [P] — [P'] = ^pS, which is independent oE the position of Pg. 


* See Bertrand, Calc. InUg , p 
Lady's and QmUtman's Diary, 1858. 


365; Williamson, Integ. Cede., p. 206 ; 
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4cS7. Cor. V. If and lie upon the same curve, 

[P] = [i\] — -}? TTCi^a ^ + + pS, 

In case a^^O, we have 

IP^KP,] and [P] = [P,]-hn7rp^+pS, 

488. Cor. VI. Let 0, the mid-point of P1P3, be taken as 
origin, OP3 as a-axis, and let OP^^x, P^P = p = y Let the 
length of the rod be 2a. 



Then ai = a— a;, 

and = 

i.e. a^+y2_L- Pi^[ i j] ce+ —y 

^ zanir utt'^ 

Hence the locus of point P on the lamina for wliich the 
contours [P] are all equal is a circle whose centre is at 
i S 

4 CbThTT ’ 27i7r 

These coordinates are independent of [P]. Hence, for specific 
values of [P], the loci of the P-points are concentric circles on 
the lamina. 

This theorem is due to Mr. A. B. Kempe.* 

489. We note that if [PJ and [P3] be the same contour, the 
centre of this circle lies on the perpendicular bisector of the 
line PiPg. 

* Mmengtr of Mathematics^ 1878, cited by Williamson, Intcg. Calc , p. 210, 
where it is deduced from Holditch’s form of the theorem geometrically 


510 


CHAPTER XV. 


490. If the closed “contours” are merely portions of two 
straight lines [Pi] = [i^ 3 ]= 0 , and taking >1=1, 

[P]= 

or when ^ = 0 also, [P] = — ira-^a^, 

which is the case of a rod of given length sliding with its ends 
on the coordinate axes, which are drawn in Fig. 97 as long 
closed ovals to indicate the direction of rotation. 



Note that in the case shown in Fig. 97 the elliptic area is 
traced clockwise, the ovals, which are in the limit the axes, 
are traced one counter-clockwise, one clockwise, and that 
the areas of the two ovals traced by P^ and Pg are both 
ultimately zero. 

It is a well-known theorem that in this case the locus of 
Pg is an ellipse of which the product of the semiaxes is the 
product of the segments of the moving line, whether the axes 
be rectangular or oblique. 

491. Cor. VII. If P lie anywhere on the circle on 
as diameter, we have cities, and the theorem reduces to 

or if [Pj] and [PJ be the same contour, 

[P]=[PJ+pS. 
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492. A General Theoi^em on tlie Motion of the Centroid of a 
System of Moving Particles, connected or otherwise. 


If 

m^. 


mg, ... 

. m„, ^ 


X^y 


iCg, ... 

• ajn, 


Vv 

Vv 

2/3» - 

* yn. 

^ be five groups of n quantities each 

X^y 


X^y ... 



Vi> 



* Vn^ J 



it may readily be proved by induction that 

and Smy 2m£c = 2m ^myx — 2mrm« {yr — ys) (^r ^s)> 

and therefore that 

2ma; 2my ~ 'Emy 'Znnx = 2m 2m (xy — yx) 

-i:mrm,[{Xr-Xs) (Vr- Vb) ~ (2/r ~ 2/«) 

Let there be n particles of masses in the ratios 

and (x^, 2/i), (x^, y^^ etc., their coordinates , and let x, y be the 
differentials of x and y, viz. dxy dy. 

The centroid of the system is given by 

2m . X = 2mfl3, 2m . y = 2my ; 
whence 2m . dx = 2m dec, 

2m . dy = 2m dy. 

Let each particle describe continuously a closed contour in 
the plane, m^ describing a contour of area mg describing 
a contour of area Ag, and so on, and let x, y in consequence 
describe a closed contour of area A. Also let the area of the 
contour which mg describes relatively to m^ be called iS^g, and 
so on for other pairs. Then the above equation may be written 

[2mP[a dy — y dx] = 2m 2m {xdy—y dx) 

-'Zinrms[{xr-xs)(dyr-dys ) - (yr- y8)(dxr-dxs)l 
and therefore integrating round the contours 
[2m]M = 2m 2mA —'Emj.maSrB, 
an equation which expresses the area of the contour described 
by the centroid of the system in terms of the areas of the oi 



612 


CHAPTER XV. 


( 91 , I \ 

contours described by the several particles and of the - - ^ ~” 
relative contours 

It will be noticed that the particles are in no wise rigidly 
connected, but are capable of independent motion ; also that 
the result obtained is necessarily homogeneous as regards 
the masses. 

493. If the revolutions of any particles of the system be 
not complete^ the various integrals 

^^{xdy—ydx), 

§ |[(«r— (dyr-dy,)-(yr—ys) do;,)], 

refer to the sectorial portions of the several contours which have 
been actually described during the several displacements of the 
particles, and represent sectorial areas swept out by the several 
radii vectores from the orig%n to the centroid, or from the 
origin to x, y in the first two cases, or the relative area by a 
radius vector from x,, to Xg, ys iR the third class of integral. 

494. When the several particles are rigidly connected, the 
several relative contours are circles, with radii the distances 
between the several pairs, and traced as many times over as 
the whole system revolves before re-attaining its original 
position ; and in case of no rigid connection, if one or more of 
the mutual distances returns to its original position without 
making a complete relative revolution, in such case the 
corresponding relative area S vanishes. 

495. In the case where there are two particles only, we have 

a result established by Mr. Elliott, and reproduced in Dr. 
Williamson’s Integral Calculus, p. 209, with Mr. Elliott’s 
Enunciation of this Theorem. 

49G. If in this case there be a rigid connection between 
the points and say a connecting rod, we may take a-^, a^ 

as the distances oi A A. from the centroid, and =-^. 
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Also the relative contour has area Tr(a^+a^f. 


Hence 

becomes 


TOi+mg 




J[ a^Ai-f-ggA; 


^1^2 

(Oi+aa/ 


7r(a,+ag)2 


Q'lAi+agAa 



Holditch’s theorem is therefore deduced as a particular case 
of the two particle motion, there being a rigid connection. 

497. If there be three particles the theorem takes the form 

498. Let us apply this result to find the area described by any 
point P attached to a triangle ABC which moves in its own 
plane and after one revolution re-occupies its original position 
If r, y, 0 , be the areal coordinates of P with reference to the 
triangle ABC, P is the centroid of masses proportional to 

m^, mg, 77 I 3 , at A, B, 0 respectively, where and 

772 /j^ 777.3 

the several “relative areas” are 

• r P 1 +^ 2 [^] +m 3 [( 7 ] m^m^ira^+m^m^Trb^+m^on^Trc^ 

■ *■ ■* 7711+77X2+7713 ('WT'i+'W^a+'^aV'^ 

whence [P]==x[A]+y[B]+z[G']—7r(a^yz-\-b^zx+c^xy) 

=25[“d]+2/ [B] +2[C']+xi^, 

where is the square of the tangent from x, y, z to the 
circumcircle if the point be without, zero if upon, or —the rect- 
angle of the segments of a chord through x, y, 0 if the 
point be within the circumcircle ; which gives Mr. Leudesdorf’s 
result of Art. 480 already established in a different manner. 
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499. It is worth observing that the locus of points P which 
give equal areas [P] 

is a^yz+h^zx+c^xy-^\m^B:c terms =0, i e. a circle, 
or making it homogeneous, 

d?yz+h^zx+c^xy—6=^ a;+— 2/+ — z ) {x+y +z) 

\ TT TT TT / 

—^(x+y-\-zY=0, 

TT 

and the centre of this circle is given by 

b^z+c^y — (x +y+ 2 }) cc+— y +— z ) 

TT \ TT TT “TT / 

{x+y-\-z)=^two similar expressions 
i.e, + + — , 

TT IT TT 

which is independent of [P], and therefore indicates that such 
loci for different values of [P] form a set of concentric circles, 
which is Mr. Kempe’s Theorem of Art. 488 (Cor. VJ). 

600. It is also worth notice that the area described by the 
centroid of the triangle is given for the case of one complete 
revolution by 

[■G] JA]±E|l±[3_i ; 

and for the orthocentre 0, 

1^^^= Wtini^tan C 8xJJ*cos ^ cos J5 cos C. 

where R is the radius of the circumcircle. 



501. In the case of four pa/rtides in rigid connection if 
a, 6, c, d be the sides and e, f the internal diagonals of 
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the quadrilateral formed, we have, in the one-revolution 
case, 

rpr %[^]+^2[^]+m3[C]+m4[jD] 

^ 1 +^ 2 +^ 3+^4 

__ ^ 

and similarly if there be a greater number of points. 

502. In a case where there is no rotation^ i.e, where the line 
joining each pair of particles remains parallel to its original 
position, or if there be rotation of any of these joins and an 
opposite equal rotation of the same join, it is clear that all the 
“ relative contours ” will disappear and 

rp-,_ 2m[^] 

L 2m ■ 


503. The same result will also hold in the case when the 
“relative contours,*’ though not individually vanishing, are 
such as in the aggregate to destroy each other, some being 
positive and others negative, for in such case 'EmrinJSrs=0, 


604. If the several particles be in ngid connection and the 
figure describe n revolutions before re-occupying its origi- 
nal position, 

l,mrrnSr8^nTr^inrmsArAs^^nirM^mGA^, 


by Lagrange’s “Second Theorem.” 
vol. i., Art. 437) ; and in that case 


(Routh, And. Statics, 


[ff]= 


ImjA] -EmGA^ 2m[.l] 


M 


-rnr 


M 


M 




whereM = 2m and k the radius of gyration about the centroid Q. 

505. Mechanical Integeatobs or Planimeters. 

Consider the case of two rods OP, PQ of lengths and ag, 
freely hinged together at P and the first one OP hinged to 
a fixed point 0 in a plane in which both rods can otherwise 
move freely. 

Let X, y be the coordinates of Q relative to a pair of 
rectangular axes through 0, let the rods make angles Oj, 9^ 
respectively with the aj-axis, and let ©g— 



516 


CHAPTER XV 


Then 

cos ©i+ag cos 02 > V—^i 9^+a^ sin 02» 

dx=— sin 9^d0^—a^ sin O^dO^, dy=a^ cos O-^dO^+a^ cos O^dB^i 
/. xdy—y dx=a^d9-^+a^d9^-\-a^a^ cos {9^—9-^(d9-^+d9^ 

^a^dBi+a^^dB^+a^a^ cos yjr d\}r’\- 2 a^a 2 cos yjr d9^. 



Let JS be a point on PQ at distance h from P, and let 
P', Q\ R' be the positions taken up by P, Q, R after dis- 
placements d9i , d02 of ^ods. 

Then R ha^ advanced perpendicularly to PQ a distance 

Gy^dBi cos ^//'+6 d92=dSf say, to the first order. 

Then 33% “2/ ^^2 +^1^2 cos 2a2(c?5— 


If Q be made to travel round the contour of any closed 
curve whose area is to be found, in the positive direction, on 
completion of the circuit, supposing the point 0 to be outside 
the contour and OP and OQ to have oscMated back to thefir 


j£20i=O, jd02=O, j cos sin >/r]=0, 

and we have 

Area bounded by the contour =a2jS, 

where S is the total distance travelled over by a point R 
on the rod PQ, in a direction at right angles to the rod. 
And it is further to be noticed that this result does not 
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depend upon h, the term involving h disappearing upon 
integration round the contour. Hence the particular position 
of the attachment of the point R to the rod is immaterial. 

506. But if the point 0 be within the contour considered, 
and both rods make a complete revolution before regaining 
their original position, 

= 29r, ^ j 

and therefore A = +^ 2 ^. 



Jslow af +^ 2 ^— 2^26 is the value of OQ^ when the rods are 
clamped at the joint P in such a position that OR is per- 
pendicular to RQ, Call this value of 
^ = 7rroHa2S. 

A circle with centre 0 and radius is called the zero 
circle. When the system is clamped in this position the 
motion of R is at right angles to OP, ie. in the direction 
of PQ, and P has no motion at all at right angles to the 
rod PQ on which it lies. Hence when 0 lies within the 
contour the area of the zero circle, viz. must be added 
to flgS to give the area of the contour. 

Again, if one rod, say OP^, oscillates back to its original 
position whilst the other PQ makes a complete turn, then 

j*cZ 0 i=O, j'd02=27r, Jcos >//• d>//‘= 0 , 

and A=7r(a2^—^a.p)-\-a^. 

Similarly, if PQ oscillates but OP revolves, 


|d6i = 27r, Jd02=O, |cos\/rdi//'=0, 


A = Tra^+a^. 


and 
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507. The general result is therefore that the area traced 
by the pointer is 

( 1 ) 

or (2) Tr{aj^+a 2 ^— 2 a 2 b)+a 2 S 

or (3) 7r{a2^'-2ajb)-\-a2S 

or (4) 7ra^^+a^, 

according as (1) neither nor complete a revolution, 

(2) both complete a revolution, 

(3) tig completes a revolution but does not, 

(4) completes a revolution but does not, 

in each case the arms of the instrument occupying the same 
position as they did at the beginning of the tracing. 

508. This principle is made use of in the construction of 
a Mechanical Integrator known as Amsler’s Planimetef, 
which is used for the practical measurement of an area. The 
rod PQ is provided at R with a small graduated wheel with 
axis parallel to the rod, which is allowed to rest on the paper 
and to turn by friction with the paper. It can then only register 
the amount of travel of R at right angles to the rod, the 
amount of travel in the direction of the rod being necessarily 
unregistered as it is due to slide along the surface of the 
paper and not to the rolling of the wheel. A reading of the 
wheel gives the value of S, Then 

area of contour =a^ or a^+irr^, 

according as the point 0 is outside or within the contour. 

509. Several forms of Mechanical Integrators are in use, 
but for the most part they are modifications of Professor 
Amsler’s form and based upon the general principle described 
above. 

Description of the Instrument. 

The figure shown (Fig. 102) is an illustration of a form of 
the instrument made by Messrs. John J. Griffin & Sons, 
Scientific Instrument Makers, Kingsway, London. The 
lettering corresponds to the preceding general explanation 
of the principle. 0 is the fixed point, ABC the contour of 
the area required, Q the tracing point which is being made 
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to traverse the contour, P is the joint connecting the two 
beams of the instrument, R the graduated wheel or roller 
whose axis is parallel to PQ and which rolls upon the paper 
when there is any motion at right angles to PQ. Its posi- 
tion upon the beam PQ being immaterial, it is placed in 
this form of the instrument on QP produced. D is a dial 
whose axis is perpendicular to the axis of the wheel and 
turned by a worm on the axis of the roller. There is a 
pointer attached to the beam PQ, serving to mark the 
amount of rotation of the dial plate. • F is a vernier assist- 
ing to read small amounts of rotation of the wheel. There is 



a pointer at Q by means of which the contour can be carefully 
followed. 

The graduations on the rim of the wheel are such that the 
circumference is divided into 10 equal segments indicated by 
1, 2, 3, 4, ...0, and each segment into 10 further subdivisions. 
The dial D is such as to rotate once for 10 revolutions of the 
roller, and is itself divided into 10 segments, which are 
again subdivided, an advance of a segment of the dial 
indicating one complete revolution of the wheel. The read- 
ings of the dial therefore indicate the number of complete 
revolutions of the wheel. In the vernier a length equal to 
9 subdivisions of the wheel is divided into 10 equal portions 
on the vernier. 

If the figures on the dial be taken as units, tlie figured gradua- 
tions on the wheel will represent 10“’" and the subdivisions 
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100*^*, the difference between the distance of two consecutive 
divisions of the vernier and two consecutive subdivisions of 
the wheel, being (yiir” Ax-rlir) of circumference of the 
wheel, is -nAnr of circumference of the w’^heel. Hence, by 
means of the vernier, readings may be made to three places 
of decimals. The area to be found has been shown to be 



proportional to the number registered by the roll of the 
wheel, the component of motion parallel to the axis, i.e. slide, 
being unregistered. Let S be the number registered by the 
wheel, then 

A = GS, 

where 0 is some constant called the constant of the instrument. 
Apply the instrument first to any figure of known area Aq, 
say a square or a circle, as may be most convenient ; let the 
difference of initial and final readings of the instrument be 
Sq, then A^j=C!So, 'W’hich determines G. If now we apply 
it to the contour whose quadrature is required and S be the 
difference of the initial and final readings of the instrument, 
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It has been assumed that the fixed point 0 has been taken 
outside the perimeter of the contour. If inside, we have still 
to add the area of the “ zero ” circle, and 

The area of the zero circle is usually marked on the 
instrument. 

Mode of Frocedure. 

The procedure is then as follows : 

(1) Fix the point 0 to the drawing hoard on which the 

area to be found has been previously pinned. 

(2) Bring the pointer Q to some point of the perimeter 

of the contour and mark the starting point. 

(3) Bead the instrument by means of the dial, the wheel 

and the vernier, and note the initial reading. 

(4) Trace carefully the whole perimeter of the . contour 

with the pointer Q. 

(5) Read the instrument again. 

(6) Subtract the two readings. The difference is S. 

Then the constant of the instrument being known, 
or having been found previously in like manner, 

-4 = ^ 0 ^^ or 4l=^o^+7rV, 

according as it has been convenient to take 0 outside 
or within the contour. 

EXAMPLES. 

1. Ox, Oy being perpendicular axes, A, B fixed points on Oy 
and A MB A any closed region of area S lying in the positive 
quadrant, show that the integral 

J[ {^ (^) e* - TOy} is +{<#>' (y) e* - to} dy], 

taken round the curve from A to B, is equal to 
m (5 + a - (6) - </> (a), 

<#>(?/), ^'{y) being finite and continuous, m a constant and OA^a, 
0B = h. [J. Math. Sohoi*. Oxford, 1904.] 
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2. P^y Pg are points on a closed oval of area such that P^, P^ 
subtends a right angle at a fixed point 0, Show that the area of 
the curve traced out by the middle point of equal to 




dr^ dr. 




where + 5 0P^=T^y = 

[Colleges jS, 1889.1 

% 

3. A fixed point 0 is taken on a central oval which is such that 
through any point inside it other than the centre one and only one 
chord can be drawn which is bisected at that point ; prove that the 
locus of the middle point of the chord PQ for a constant sura 2o- of 
the arcs OPy OQ cuts at right angles the same locus for a constant 
difference 2cr' of these arcs ; and deduce that the area of the oval is 

2 J dcrj do-' sin 

where I is the length of the oval, and 0 is the angle between the 
tangents at P and Q. [Mats. Tripos, 1889.; 


4. A bar AB carries at a point of its length a small wheel having 
AB for axis and which turns about ABx the end A is constrained 
to move in a given straight line ; show that if the end B is carried 
round any closed curve without singular points and which does not 
cut the straight line on which A moves, the area of the curve is 
measured by the product oi A B into the whole length registered by 
the revolving wheel. [Colleges, 1892.] 

[This is the principle of construction of Coffin’s Planimeter. A full 
description will be found on p. 159, Practical Electrical Engineering, by 
Briggs and others. It is the case when the rod OP of Fig. 102 is of infinite 
length, so that P describes a straight line instead of a circle ] 

6. A straight line of given length moves with its extremities on 
the arcs of two closed curves of given areas, and a point is attached 
to the moving line. 

Prove that when the area traced by this attached point has a 
minimum value for different positions of the point on the line, 
the difference of the areas of the circles whose radii are the segments 
into which the point divides the line is equal to the difference of 
the areas of the given emwes [St. John’s, 1882.] 

6. Show that the path of the mid-point of a rod of constant 
length 2c, whose ends lie upon an ellipse, is an oval of area 7r(a5 - (?). 
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If, instead of both ends being on the ellipse, one end lies on the 
ellipse and the other on the major axis, or if one end lies on the 
ellipse and the other on the auxiliary circle, find the areas of 
the paths described by the centre of the rod in both cases. 

7. A rigid cyclic quadrilateral A BCD moves in its plane so as to 

return to its original position after turning through four right 
angles. Show that if {A\ etc., denote the areas of the curves 
described by A^ etc., and if etc., denote the areas of the 

triangles BGD^ CD A, etc., then 

Find also the equation connecting the areas described by any 
three vertices with that described by the centre of the circumcircle 
of the triangle. [I. 0. S , 1909.] 

8. Two bars OP^ RPQ, of lengths OP = c, BPQ-b + a, respectively 
turn round a fixed pin at 0 and a joint at P. dS^y dS 2 denote the 
polar elements of area about 0 of the curves traced by P and Q 
respectively ; prove that 

dS2-dSi = adC-\-a(^a+h)dB - ladp, 
where PQ = a, BP -hy p is the perpendicular from 0 on RPQy d^ is 
the displacement of R perpendicular to EPQ and 6 is the inclination 
of RPQ to a fixed line OA. [Math. Trip., Pt. L, 1914.] 
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RECTIFICATION (L). ELEMENTARY. 

610. In the following five chapters we propose to illustrate 
further the methods and processes of integration by showing 
their application to finding the length of a curved line whose 
equation is given by one of the ordinary modes of description, 
Cartesian, Polar, Pedal Equation, Tangential Polar, etc. , and 
further to discuss some subsidiary matters which arise in 
connection with such problems. 

The process of finding the length of an arc of a curve, i.e of 
finding a straight line whose length is the same as that of a 
specified arc, is called Rectification. Curves, the lengths of 
whose arcs can be found, are said to be Rectifiable. 

Any formula which may have been established in the 
Differential Calculus expressing the differential coefficient of 
the arc “ s ” with regard to any independent variable, in terms 
of that variable, gives rise at once by integration to a formula 
in the Integral Calculus for the finding of s. 

In each case the limits of integration to be assigned are the 
values of the independent variable corresponding to the two 
points which terminate the arc whose length is sought. 

511. The working formulae. 

Below are added a list of the most common of these formulae. 
The references are to the a^'ticles in the author’s Treatise on the 
DijfferenhaZ Calculus where they are established. 
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Formula in tho 
Difforential Calculus. 

Formula in tlie Integral 
Calculus. 

Roforenco. 

Obsoi-vations. 




For Cartesian 
Equations of form 

2/=fM 

i-MiJ 




Art. 200 

For Cartesian 
Equations of form 
^=/(y) 



Art. 200 

For the case where 
the curve is defined 


-K§h&h 



Art. 201 

For Polar 
Equations of form 





Art. 201 

For Polar 
Equations of form 

e=f{r) 

ds . r 

-r = Beccb = —, 

dr ^ 

f rdr 

Arts. 202 
and 203 

For Pedal 
Equations of form 

p=/0-) j 

ds , 


Art. 221 

( 

For Tangential- 
Polars of form 

p=f(<f') 


The formulae 

are applicable to cases where the Cartesian Equation is given, 
or can readily be expressed, in the forms y=f{x) or x=^f{y) 
respectively, x being regarded as the independent variable in 
the first case, y in the second, and the axes being supposed to 
be rectangular. 

As explained in the Differential Calculus, Art. 200, these 
formulae arise from the consideration of the infinitesimal 
right-angled triangle formed by the increments of abscissa, 
ordinate, and to the first order, the arc. 

512. The amended form of these results for oblique axes 
would be, with the same description of the figure (Fig. 104) 
as in the article cited, 

PQf=^x^j^Sy'^j^ 28 x 6 yQ.osod, 

to the second order, and after rejecting infinitesimals of higher 
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order than the second and proceeding to the limit 

and accordingly we should write 
or ._|^H-2|oo..+ (|)‘<es. 



O M N ^ 


Fig. 104. 

according as we take xox y for the independent variable. 

513. The formulae may be remembered in a less formal 

manner as r 

s^\s/da?-\-dy^ 



where the dx or the dy may he brought outside the radical as 
circumstances demand. 

514. Further, when the curve is given by expressing x and y 
separately in terms of a single variable t, as 
*=/(<). y=F(t). 

we have 

s=\JU7iWWW]dt 

or s=p[{f (<)}H2/'(<) Fit) coBa>+{nt)r dt. 

according as the coordinate axes are rectangular or oblique. 

The coordinate axes will be always assumed to be rectangular 
unless the contrary is expressly stated, or to be inferred from 
the context. 
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515. The Rectification, therefore, of a curve depends upon 
the possibility of integration of the radical which occurs in 
these formulae. 


Illustrative Examples. 

516. The Earliest Eectification. William Neil’s Problem 
(1637-1670).* 

Ex. 1. Rectification of the Semicubical Parabola^ 

The equation of this curve is 

dy 


Here 




*=iVl+4a^'=3-¥(^+4s) 


Taken between !c=0 (the cusp) and a;=57i, for the branch in the first 
quadrant, i , « 

«=^[(4a+94!)^-(4a)*]. 

This is stated by Gregory and Walton to have been the first curve to 
be rectified. The priority is ascribed to Neil by Wallis, but the rectifica- 
tion of the curve was also independently accomplished by Van Huraet.t 

517. The Parabola. 

Ex. 2. Consider the arc of the ordinary parabola y*=4aar. 

Here 


s=|'^l+|cto. 


To effect this integration, let x=a tan^-^. 

Then c2a7=2a tau'^sec^-^c?^, 

s—2aj>/l+ cot^yjr tan yjr sec^^ d^|r 
= 2ajsec^ylrd'yjr 

= a[sec '\jr tan yj/ + log (sec \l/ H- tan yjr)] 

=“[V‘|Vi+l+>«g (V^+f +Vf)} 

If taken between any two limits, a?i and j; 2 , corresponding to any two 
points Q on the arc, which lie on the same side of the axis, 

arc PQ =ls/x 2 'Ja+ x» - •Jx.sla -H art) + log • 

s/0b’\-Xy^*JXi 

* WcUlisii Opera, T. 1, 551 ; Gregory and Walton, p. 420. 
tCajori’s History of MaLliematica, p. 190. 
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For example, if we require the length from the vertex to the upper 
end of the latus rectum, a 7 i= 0 , a? 2 =a, 

and arc required =^/a^/a^-a + a log 

va 

=a[^/^+loge(^/2^-l)] 

= a(l*4142...+ 8814...) 

=2 2956... X a 

Thus the length of an arc of a parabola from one end of the latus rectum 
to the other is 1 1478... times the latus rectum. 



It is worth considering the angle xp which has been used as a subsidiary 
variable to facilitate integration. 

It is the angle which the tangerit at the current point P makes with 
the y-axis, viz. the tangent at the vertex. For if PM be the per- 
pendicular upon the y-axis, PV the tangent, S the focus, SY the 
perpendicular upon the tangent, and if we call MYP, ip, we have 

a=:MF= rFawf=Sr^-^=ataii^-ylr. 

^ COS Y ^ 

The intrinsic equation of this curve is therefore 

s — asec^p■tm i/^H-alog(sec>/r+tan ■^) 
or s=a sec T^tani/r-j- a gd-i-i/r, 

the tangent at the vertex being the initial tangent 

Let us call PF, t Then t^a sec ^p■ tan ip. 

Hence alog(sec‘^-l-tan\i'). 
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Hence the logarithmic portion of 5, viz. a log (sec Vr+ tan i/r) denotes the 
excess of the arcual distance of P from A over the “ tail,” i.e. the portion 
of the tangent measured from P to the foot of the perpendicular upon 
the tangent from the focus. 

It will be seen later that in many cases this excess “ arc - tail ” plays 
an important part. 

In the case under consideration — viz. the parabola— let a length PO^s 
be measured along the tangent. Then OY^s-t, The point 0 is the 
point on the tangent at which the vertex A would arrive if we regard the 
tangent as a fixed line, and the parabola to roll upon it without sliding. 
Consider it in this way. 0 is then a fixed point. Take the tangent OP 
as the ^-axis, and a perpendicular through 0 as the T^-axis. Then, if 
ri be the coordinates of the focus, 

^ 5 - i = a log (sec ^ + tam^^), 

7)=YS —aseoyjr. 

To find the path of S as the parabola rolls upon its fixed tagent, we 
have to eliminate 

i 

sec ^+tam/r=e“ 

Hence secV^-tan‘»^=£”®. 

Therefore the path of the focus of the rolling parabola is 

77 = a cosh 
‘ a 

i.e. the ordinary catenary or chainette, 

We also have, putting 

tan y^r = sinh sin i/r = tanh w, 

8P=a a cosh^ w, 

t = SP sin i/r = a sinh tt cosh % = ? sinh 2w, 

A 

s—a sinh u cosh u+a log (sinh u + cosh u) 

=5 sinh 2w+aM, 
s-t=au^ 

F— a sec i/rss a cosh w, etc. 

Incidentally, we may note that the equation 

^ = a log (sec + tan ^) = a gd“^ 

may be used to indicate the “ march ” of the function, gd" ^ for a gd'^i/r 

is the abscissa of a point on a catenary curve, and since ^ = tan^, ip is 

the slope of the tangent to the catenary. Hence a good idea of the graph 
of y=agd“^j7 can be formed by first plotting the catenary itself and then 


( Therefore sec>/r = cosh ^ . 
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plotting a new curve, taking as abscissae the circular measures of the 
angles which the tangent to the catenary makes with its directrix, and 
for ordinates the corresponding abscissae of the catenary. 

If PP' be a focal chord of the parabola, the arc AP has been shown 

AP=asec^tan\^'+alog(sec^+taii^), 
and the arc P'A can be obtained from it by writing 90 - for 
i e. P'A = a cosec ^ cot a log(cosec ^ + cot ^). 

Hence, by addition, the whole arc P'AP cut ojff by a focal chord 
which makes an angle 2^ with the axis is 




The evaluation of the arc might have been conducted by taking y as 
the independent variable. 


Then 


4a’ 


dy ~~ 2a’ 


a=^j>Ji^Tfdy 

= s^4^+4a«log?^±:g±i^^ 

which reduces to the same form as already obtained. 


518. Sir Christopher Wrea’s Problem (1632-1723). Rectification 
of the Cycloid. 

Ex. 3. The equations of the curve are 

ir=a0 + asin0,l ^ , 

y=a(l-co8e)!| PP- 337-339.) 

Here do; = a(l + cos Q) cf0, 

dy=asin0d6. 

Hence dff2=*2a2(l +cos 0) 

2 

Q 

ds^2a cos^cfO, 

2 


a=4a8iii|, (1) 

5 being measured from the point at which ^ = 0, i.e, the vertex. 

Again, with the same description of the figure as in Diff. Galc,^ Art. 394, 


0 

chord OQ = 2a sin- • 

jU 

Therefore arc OP =2 chord CQ (2) 

A 

Substituting for 6 from y—2asir^^^ 

s=^/S^ (3) 
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If the tangent at P is inclined at an angle ^ to the tangent at the 


vertex, 


, . dy sin 0 

~ d3j'~ 


= tan 


0=2iA, 

and s = 4a sin ^ 

This is the intrinsic equation of the curve. 


,.(4) 



The whole length of the curve from cusp to cusp is 

TT 

2 j^4a sin = 8a (5) 

The point at which ^^^ = 30 gives 5 = 2a, and therefore bisects the 
arcual distance from vertex to cusp. 



If a circle be drawn with any radius, and OA^ OB be a pair of radii 
at right angles, and OB divided into w equal parts so that M being, say, 
the r**’ point of division, and MR be then drawn parallel to 0^1 to naeet 

the circle at 72, then sin .4072 = -• 

If then ill the cycloid a chord GQ of the circle CQD be drawn (Fig 106) 
so that the angle XCQ = angle A OR, in Fig. 107, the line QP parallel to OZ, 

and cutting the cycloid at P, will cut off an arc of the arc 04, for 

V T 

arc CP = 4a sin i/' = 4a . — = -are OA . 

^ n n 
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Hence an arc of any proposed ratio to the whole arc can be cut off 
Many of the geometers of the seventeenth century devoted considerable 
attention to the cycloid * Wren, the architect of St. Paul’s Cathedral, 
discovered the rectification of the curve and determined the centroid ; 
Fermat, the area bounded by an arc ; Huygens invented the cycloidal 
pendulum , Pascal and Wallis also greatly advanced a knowledge of the 
ciu’\ e f 


519. Centroid of an Arc of any Line Density. 

If p be the line density, the mass of any element Ss is p 8s, 

and - S( /3 88)y 

l(pSs)^ ^-l{p8s)^ 

give the position of the centroid. Hence, taking the limit 
when 8s is infinitesimally small, 


^pxds _ 




\ds 


If p be constant, 


J 

xds 

1 

ds 


1 

[yds 


ds 


arc 


that is, sx—^xds, sy=^^pdy, s being the length of the 

whose centroid is required, and the integration being taken 
from one extremity of the arc to the other. (See Art. 446.) 
And if £» be the independent variable, 


j 

pxy 

/l + 

(da) 

2 

I dx 



'i+( 

.da) 

dx 


_[ 

py'\ 


(da, 

\2 

) da 


w 


.da/ 

2 

dx 


with corresponding formulae if it be desirable to express the 
integral with other independent variables as shown in the table 
of Art. 511. 


*Sec Diff Cede , Art 390. 
t Cajon’s Hist, of Math , pp 177, etc. 
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Examples. 


1. Find the length of the arc of the curve the cissoid 

of Diodes. [Huygens, 1625-1695.] 

2. Find the curve for which the length of the arc measured from the 
origin varies as the square root of the ordinate. 

3. The major axis of an ellipse is 1 foot in length, and its eccentricity 
is A. Prove that its circumference is 3T337 feet nearly. 

[Trinity, 1883.] 

4. Find the length of any arc of the curve 

■I I ? 

-y^=a^. 

5. Show that in the “catenary of equal strength,” a log sec 

s=alogtan(^ + j), 

and that the intrinsic equation of the curve is gd"^ \p. 

6. Show that in the common catenary, or chainette, 3 ^=ccosh-, 

c 

^ ^ 

5 = ctan^, s-=c{p-c)j s = csinh-. 


The area bounded by the curve, the directrix, the y*axis and an ordi- 
nate is A = os. 

The centroid of the arc has coordinates 

cotip) 


— X — 




The centroid of the area bounded by the curve, the directrix, the ?/-axis 
and an ordinate is given by 

S=^-(y-e)j, ^=i(^+T)’ 

and that both centroids lie on the ordinate through the intersection of 
the terminal tangents. 

7. Show that the length of the curve y=logcotir| from the point 
(ii7„ yi) to the point (.rj, is 

8. Show that in the epi- or hypo-cycloid 

.r = (a-l-&) cos 0 - hcos^^^O, 

y = (a+h) sin 0 - & sin O.j 
(i) s=^(<,+5)co 8||, (ii) » = + 


s being measured from the point where 0 = ^ vertex. 
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9, For the four-cusped hypocycloid 
show (i) that 5 = —cos 2^, s being measured from a vertex; 


(li) the whole length of the curve is 6a ; 

(iii) s®oc or®, 5 being measured from the cusp which lies on the y-axis. 


10 In the tractrix 


log 




£ 


2 ® c-j->/c2 —^2* 


show that 


5 = clog 


y 


11. Show that the distance from the vertex of the centroid of a wire 
in the form of portion of a cycloid, of which the vertex is the middle 
point, is J of the greatest ordinate of the arc. 


12 Show that the arc of a parabola of latus rectum 4a measured from 
the vertex, and the radius vector from the focus, are expressible in terms 
of a parameter t in the respective forms 


Prove also that 


8 t I, l + t 
a l -« 2’‘’2 


r ^ 1 
a 1 -^ 2 * 


[Math. Trip. Pt. II., 1915.] 


8 


= N/r(r- a) + atanh 



520. Polar Fommla. 

In the Differential Calculvs (Art 201) it is shown from 
considera.tion of the small infinitesimal right-angled triangle 
formed by the increments of arc, radius vector and perpendicular 
on the radius vector from one extremity of the infinitesimal arc, 
that to the second order 

This gives rise at once, on proceeding to the limit, to the 
formulae, 

or s=|-\/l+r*(gy dr. 

according as we wish to use 0 or r as the independent variable, 
and, as in Art. 513, we may remember it in the less formal 
manner as 


s= Wdr^+r^ d9K 
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Further, as in the case of Cartesians, if r and 9 be given in 
terms of some third variable t (though this is very unusual) 
by r=f(t), 6=F(t), we may say 

521. Illustrative Examples. 

Ex. 1. In the case of the Archimedean Spiral r=a0, 

s = a j'v'e^ i0 = I [e n/F+T + log (6 + n/P+I)] , 

8 being measured from the vertex, where 0 = 0. 

As this may be written 

1 — 2 • 21 r4-\^r2 + a‘A 

^=_^rv/FTF + aMog ), 

we see, on comparison with the result of Art. 517, that this is the same 
as the arc of the parabola y^=i^ax, measured from the vertex of the 
parabola and expressed in terms of the ordinate. 



Hence it will follow that when an Archimedean spiral r = a0 rolls 
without sliding on the concave side of a pai-abola = 2ar so that their 
vertices come into contact, the roulette of the pole of the spiral is the 
axis of the parabola. In this case the r of the spiral is the y of the 
parabola, and the motion of the pole 0 is always at right angles to 
the line PO, and arcs AP, OP are equal. 

For many examples of this class, see Chapter XIX. 
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522. Ex. 2. The Oardioide r = a(l-cos0). (See Art. 424, Diff. Calc.) 
The curve is symmetrical about the initial line, and d varies from 0 to 
TT for the upper half. 



Fig. 109. 


This gives the length of any arc OAP. 

For the upper half the length is 4a -cos ^^=4a. 

The whole length of arc= 8a. 

523. The 2 ^, 0 Formula. 

The equation of a curve is sometimes given in the form 
u=/(0), where 

The appropriate formula for rectification in this case is 

(since dr = — 

giving rise to 

according as 0 or u be taken as the independent variable. 
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524. Centroid of an Arc of any Line Density ; Polaes. 
Again, exactly as in the case of the curve whose equation 
is given in Cartesian coordinates, if p he the line density, the 
centroid of the arc of a curve is given by 



525. Centroid of Arc of a Circle. 

Ex. In the case of a uniform circular arc of radius a and terminated 



by the radii vectores 6 = io, the line density being uniform, taking the 
medial line as ^ - axis, 



and y=0 because the .r-axis is an axis of symmetry. 

526. Moment of Inertia of a Fine Wire. 

The moment of inertia of a fine wire of line density p about 
any straight line in the plane of the wire is 2/o Ss x where p 
is the perpendicular from the element ds upon the straight line. 
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Thus, Moment of inertia about cc-axis = J py^ c?s, 

Moment of inertia about t/-axis = J px^ ds, 
and Moment of inertia about a perpendicular to the plane 
through the pole = J/or® ds, 


and for ds is to be substituted from the table of Art. 511, 
the appropriate expression according to the system of co- 
ordinates used in any particular case. 

The Product of Inertia for such a wire with regard to the 
axes is defined as f 

I pxy ds 


Examples. 

1. Eind the length of any arc of the curve from the formula 

5 = jfJr^ + dQ 

for the following cases : 

(i) /=acos0 (circle). (ii) (equiang. spiral) 

(lii) r — a sin^ I (card ioide). (i v) ~ = 1 + cos 0 (parabola). 

c^d cos^ (senucub. parab.). 


2 Show that the length of the arc of that part of the cardioide 
r=a(l-l-cos 0), 

which lies on the side of the line 4r=3asec0 remote from the pole, is 
equal to 4a. [Oxford ] 

3. Show that the whole length of the lima^on a cos 0 + 6 is equal 

to that of an ellipse whose semiaxes are equal in length to the maximum 
and minimum radii vectores of the lima 9 on. Hence show how to divide 
the arc of the hma 9 on into four equal parts. [Colleges a, 1888.] 

4. Prove that the length of the ti*** pedal of a loop of the curve 

r™=a”'sin md 

rr 

is a(m7i + l)f sin mdyddf where ?n(^-n + l) = l 


5 . 


Show that the length of a loop of the curve 

3^y-.y3^(^.2+^2)3 



[St. John’s, 1881.] 
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6. Show that the rectification of the curve is given by 

the integral 

^ ^Jo * [Math. Trip., 1896.1 

7. Two radii vectores OP, OQ of the curve 

r=2acoa3g + |) 

are drawn equally inclined to the initial line ; prove that the length of 
the intercepted arc is aa, where a is the circular measure of the angle 
POQ. [Asparagus, Educ. Ttmea,] 

8. Show that the centroid of a wire bent into the form of a cardioide 
r=a(H-coa^), and with a line density ^seCg, A being a constant, is on 

the axis of the cardioide at distance ~ from the cusp. 

2 


527. The Converse Problem. Given $, find the Curve. 

The converse problem, viz. given s in terms of one of the 
quantities x, y, r or 6, to find the equation of the curve, 
leads in the first three cases shown below to an application 
of the same formulae, but in the fourth case there is more 
diflBculty (Art. 529). 


(1) If s=/(£c), we have 

V- 

\dx) \dxJ 

(2) If s=f{y\ 






\dyJ \dy^ 
(3) If s=/(r), 
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2. Find the curve in which s=r sec a. 

Here — sec2a-l=tan2a, 

— = cot a, 

T 

logr = ±^cota-hcoiist , 

(Equiangular spirals.) 


3. Find the curve in which 


Here 


^=V-. 

dy “ « ’ 


Let 3/=a(l-cos0), 

dx=. V i ^^0^^ ^ ^c25=a(l+cos 

a;+const =a(d+sin^),'| , , 

/I ziN r ^ cycloid. 

3 /=a(l-cos^)J 

529. (4) But the case when 5=/(0) leads at once to 


and the variables r and 0 are not now in general “ separable ” 
as in the former cases (see Integral CcdcuLus for Beginners, 
Art. 175); nor does this differential equation fall under any 
of the standard forms Nevertheless, in some cases useful 
information may be derived from its consideration. 

For example, 

1. Is the circle r—a the only curve for which s^ad'i 

Here we have +r2=sa2^ which is of course satisfied by r=a. But 
if r is not equal to a, we have 
f dr 

i 

r 

sin-^ - = a i 0, where a is a constant 
a 

Hence r = a sin (a i 6), 

i.e a circle of radius ^ and passing through the pole will also give the 

same result, viz s—aO, as is geometrically obvious. But no curve other 
than r=a or r=ttsin(a±0) will do so. 
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2. Is the equiangular spiral the only curve for which 


Here 


.^6 cot a 
COS a 
,2 


\dOj ^ sin^a 


,29 cot CE. 


Let r=ave^^^^% where v is some function of 6 to be determined. 


Thus 


(^+t?cota) -fi;2=cosec*a, 


which IS of course obviously satisfied if v = l, which leads back to 

But we have in addition to this the general solution of 



j^+^;cota= ±>/(coaec^a — 

/ dv 
vcota^sJcosed^a—v^ 

where /3 is some constant 
To integrate this, let v = cosec a sin 


Then 

t.e, 

or 

where 


f cos </) dcl > 

J sm (^=Fa)~” sin a ’ 

j {cosacot(<#>Ta)Tsina}d<^=^^, 


cos a log sin (<^ qp a) =F sin a = 
sin <j) _ 




sin a aeflcota* 

which upon elimination of <l> furnishes a set of curves whose arcs are 
of the same length as the corresponding arcs of the equiangular spiral 
r=ci 


Examples. 

1. Find the curves m which 


(i) 9=asin“^-. 
' a 


(ii) s=\/y2_c2. 


r '\ ^ 

(m) 

(v) 5 a 

(vii) Sr=2 s/2ar. 


(iv) y=ce 
(vi) socsla; 


2. Show that the equation 


nx 


dh 



leads to a cycloid or a four-cusped hypocyloid according as 7i=2 or n=3. 
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530. Tangential Polar Equations. Legendre’s Formulae. 

Formulae ^=P+^,- 

These results were proved in Article 221 of the Differential 
Calculus, but are now established in a different manner. 

Let PF, P'Y' be the tangents at two contiguous points P, P' 
of the curve, OY,OY' the perpendiculars upon them from the 
pole 0. 



Pig. 111. 


Let t be the projection of the radius vector upon the tangent 
0Y=p, 0Y=p+Spy bj:qPF=88, 
and S\lr the angle YOY'. 

Then, projecting the broken line OYPF upon OF' and 
upon F'P', 

(1) p+Sp=p cos 8\fr+t sin Syfr+seconi order quantities, 

(2) i+5i=<5s+i cos Syjr—p sin Syfr, 

^ ^ to the first order. 


8t==:Ss—p Syp', 


And ultimately U 


dp ds _ . dt _ cPp 

''dylr' 


531. It is to be noted that since t = ^=r cos d>, i.e. the 

d\p ^ 

projection of the radius vector upon the tangent, t is positive 
or negative according as ^ is acute or obtuse. 

The above figure (Fig. Ill) exhibits the standard case In this 

case t = is +P F, and is in a direction from P opposite to that 
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of the direction of increase of s ; y is increasing with ^ and 

is therefore positive. In cases where p increases or decreases 

as ^ decreases or increases, (^.e. t) is negative, and =— PI’". 

The student should examine the formulae carefully in all 
four cases 

(1) Curve concave to 0, acute. 

(2) Curve convex to 0, ^ acute. 

(3) Curve concave to 0, <t> obtuse. 

(4) Curve convex to 0, <j> obtuse. 

It will be seen that all cases and that 

t==±PY according as (p is acute or obtuse. 

The arc s is measured from a point on the arc on the same 
side of the radius vector as that on which (p ig measured , yjr 
may increase or decrease with the increase of s. 

The value of the radius of curvature is, of course, essentially 

positive; and according as s and yp' increase 

together, or the one increases as the other decreases. 

Accordingly we have />== respectively in these 

cases. The formulae established are due to Legendre. 


532. By integration of 


we have 


i.e. 


ds , d^p 



where t is the “ tail” referred to in Art. 517. 

In the case of a closed oval of coTitmuous curvature, the 
'‘tail” t returns to its original value when the integration is 
conducted round the whole contour. 

If the origin be within the curve and is only enclosed once 
by it, the length of the contour is given by 
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If the origin is enclosed n times (Fig. 112), so that the 
tangent makes n complete revolutions as its point of contact 
travels continuously round the curve, the length will be 

( 2nr 

pdyp-. 


Further modifications may have to be made, for instance, 
in integrating round a loop of a curve (Fig. 113) ; it may 

d$ 

happen that the initial and final values of ^ are not the 
same, and that the tangent does not make a complete 




Pig. 113. 


revolution, but the student should have no difficulty in such 
cases in assigning the proper limits. 


533. Ex. Show that the perimeter of an ellipse of small eccentricity e 

3g4 

exceeds by ^ of its length that of a circle having the same axis. 

[7, 1889.] 

Here p^=a^cos^\p+b'^am^ip=a^(l-e^8in^ip)j 

where ^ is the angle p makes with the major axis 

Therefore p = a^l - 1 ^ _ 1 e«gin4 


Hence 




E-1 4^ 1 
2 2 8® 4 2 2' 


...) 




The radius r of a circle of the same area is given by 
and its circumference is 
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( 3 3 \ 

Jttc 


=^{circ of circle} 


as far as terms involving e\ 

ci rc ell. - cir c circle 

circ circle ~ 64 ’ 
circ ell. - circ. circle _ 3e^ // 3fl*\ _3e^ 

circ. ellipse ^’^64/“^ 

to terms involving 


534. Length of the Arc of an Evolute. 

It was shown in the Differential Calcnlus (Art. 343) that 
the difference between the radii of curvature at two points 
of a curve of continuous curvature is equal to the length of 



the corresponding arc of the evolute; i.e. if ah be the arc 
of the evolute of the portion AH of the original figure, then 
(Fig. 114) 

arc ah = Aa—Hh, ^.e. p (at A) — p (at H). 

And if the evolute be regarded as a rigid curve, and an inelastic 
string be unwound from it, being kept tight, then the points of 
the unwinding string describe a system of parallel curves, 
each of the parallels being an involute of the curve ha, one 
of these being the original curve HA itself. 

535. Ex. Find the length of the evolute of an ellipse. If a, a', /?, 
be the centres of curvature corresponding to the extremities of the axes, 
viz. A, A\ B, B respectively, the arc afi of the evolute corresponds to 
the arc AB oi the ellipse, and we have 


546 


CHAPTER XVI. 


for the radius of curvature at any point P of the ellipse is — g- 

/ r dr\ ^ 

^the pedal equation being and ^■t'hus the 

length of the entire perimeter of the evolute, which is obviously 
symmetrical about the axes, is 


‘(t’-D 


In the application of this rule care is needed, not to pass a point of 
maximum or minimum curvature on the original curve, for on travelling 



Fig 115. 


in a continuous direction round the original curve the difference of 
successive radii of curvature changes sign at such points and the evolute 
has a cusp as in the figure for the ellipse (Fig. 115). In that case, as P 
travels from to 5 and through to the string PQ is wound off 
the arc ajS and upon the arc fia'. And therefore the arcs a/S and 

11 .1 d? a? 

would appear with opposite signs, viz, ^'^d — --g-, if P travels 

continuously in one direction. The intervals between the points of 
maximum and of minimum curvature must therefore be treated separately 
and the positive results added together. 


Examples. 

1 Show that in the parabola 2ff=^4:{ix, the length of the arc of the 
evolute intercepted within the parabola is 
Aa{ZsJZ-\), 

2. Find the whole length of the evolute of the cardioide 
r— a(l +cos^). 
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3. Show that the length of the evolute of the portion of the Folium of 
Descartes which corresponds to the loop, is ^ (4 - \/2). 

636. Intrinsic Equation of a Curve. 

Let s be the length of the arc of a curve measured from 
a fixed point 0 to the current tracing point P ; 



yfr the angle of contingence at P, i.e the angle between 
the tangent at P and any fixed line in the plane, say the 
tangent at 0 ; 

p the radius of curvature at P, or k its reciprocal, viz. 
the curvature. 

Then any given relation between two of these three quan- 
tities 8, yj/'j p (or k) will suffice to determine the shape of 
the curve, and may in many cases very conveniently 
replace an extraneous specification of the curve by means 
of coordinates, Cartesian or Polar. These quantities s, yfr, p 
depend upon no external system of coordinates and leave 
the position of the curve undefined. The nature of the curve 
itself is specified by the relation existing between two of 
the three s, \jry p, which has been very aptly styled by Dr. 
Whewell the Intrinsic Equation of the curve. Some notice 
has been already taken of Intrinsic Equations in Arts. 346--349 
of the Differential Calculus, But the subject is more closely 
allied to Integral Calculus, and it is convenient to develop 
the matter more fully here, though at the risk of some 
repetition. 

We shall adopt the notation used in the Differential 
Calculus as to the meanings of the letters involved for the 
following work. 

When the relation is between s and 
say 8=f(\Jr), 
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that between p and yjr is 


P=^f'W- 

The sign to be taken + when s is increasing with 

— when s increases or decreases as yj/ 
decreases or increases, 

and if k be used ^viz. the curvature, =~)» instead of the 
radius of curvature, 

Kf'{\]r)==±l 

is the relation between k and \/r, with, of course, the same 
rule as to choice of sign. 

Conversely, if the connection given be between p and yfr, 
say p=fbk), 

then 


3= f (yjr) d\jr , 


C being a constant which may be chosen to correspond to 
the measurement of s from any arbitrarily chosen point of 
the curve, and the sign selected as before. 

When the relation is given between k and -v/r, it is, of course, 
the same thing, except that we have 

say, 

i-e- 

and s = ± J + const 

Finally, •when the relation is beWeen p and s, 

say p=/(8). 

, ds ,, , 


■we have 


=m, 
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Hence, these three systems of description of a curve, by 
means of a specified relation, 

(a) between s and 

(b) between p (or k) and yfr, 

(c) between p (or k) and s, 

are equivalent, and either forms a mode of specification which 
is intrinsically a property of the curve itself, and in no way 
defining its position upon the plane upon which it may happen 
to be drawn. 

The s-yjr description is the one which is usually under- 
stood as the “ Intrinsic Equation,” and it is the system used 
by Whewell in his memoirs on the subject (Gamb. Phil. 
Trans., viii., p. 659 ; and ix., p. 150) and discussed in Boole’s 
Differential Equations, pages 264-269. 

The p-x//- specification was used by Euler. 

537. To obtain the Intrinsic Equation from the Cartesian 
Equation. 

When the Cartesian Equation is given as y=‘f(x), then, 
supposing the initial tangent to be parallel to the cc-axis, 


we have tan xj/ (1) 

d<i 

s=^/^+^7W^ 

S = |Vl + [/'(a5)]^ d<!0 (2) 


And if after integration x be eliminated between equations 
(1) and (2), the required relation between s and yfr, 
say s=jP(x/r), 

will be obtained. 

Conversely, if the equation s=^(xp') be given, and the 

Cartesian equation be desired, we have 

dx , dy . , 

^==cosx/., ^=sinV.; 

whence ^jcosx/r .. . . (1) 

^-{-^=|sinx/rjP'(T/r)dx/r, (2) 

A and B being arbitrary constants. 
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And if after integration i/r be eliminated from equations 
(1) and (2), the Cartesian Equation of the curve will result. 

538. Illustrative Examples. 

Ex. 1. Intrinsic Equation of a circle. 



A T 
Fig 117. 


If be the angle between the initial tangent at A and the tangent at 

P, the centre being 0 and the radius a, we have POA - PTx= xp, and 
therefore s = ap. 

Ex. 2. Intrinsic Equation of a catenary. ' 

In this case the equation of the curve referred to its axis and the 
tangent at the vertex as coordinate axes is 

cosh~* 

^ I 

Hence tan ^ ^ = sinh 

and ^ = + sinh2 - =: cosh - ; 

dx ^ c c 

.*. 5=csinh-, 

the constant of integration being zero if we measure s from the vertex ' 

where x=0 , therefore s=ctan^ is the intrinsic equation sought. f 

539. Case when the Coordinates are expressed in terms of a 
Parameter. 

If the equations of the curve be given as ^ 

oi>=f{t), y=<p{t), 

we have tan (1) 

/To 

Also 

s=\j{f'm^+m)rdt. 


and 


( 2 ) 
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If 8 be found in terms of t by integration from equation (2), 
then between this result and equation (1) we may eliminate t 
The required relation between 8 and will result. 

540. Ex. 1. In the cycloid 

ii?=a(^4-sm t), 

y = a(l-cosO- 

Hence tan ^ = tan 5 ; = 

^ 1+coa^ 2 ^ 

ds ij 

Also di~^ V(l + cosi)^ + sin2^ = 2a cos ^ ; 

whence s = 4<x sin s being measured from the vertex, where ^ = 0. 

Hence s = 4asin is the equation required. See Dijf, Calc., Arts. 395, 
397. 

Ex. 2. In the epi- or hypo-cycloid 

^ = (a+ 6) cos 0 - 6 cos 0, 

y = (a-t- 6) sin 0 - 6 sin 0, 

~= --(a-t-5)sin 0-H(a-i-6)sin^^0, 

((a! + 6)coa0-(rt+6)cos^^0, 

^=±2(a+6)sin^0, 

a 2b 



Fig. 118. 
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Also with the description of figure in Art. 405, Diff. Calc.^ 

a6=:b<f> and = d, 

^ 46(a-|-6) a . ^ 

S= qp — ^ ^cos - - ni. 'P+O 

a a+26^ 

If s be measured from the cusp, the tangent at the cusp being the 
initial line, 46 (a +6)/, a A 

arc ^i> = , = -^2 (l-cos^ V^) • 

If we measure the are from the vertex V, where 6 = 

arc FP=,'=i*Mcos^,^, 
a a+2b^' 

OA being retained as the initial line for the measurement of i//. If we 
measure ip from the tangent at the vertex, we must write 

Hence the general intrinsic equation of such curves is 
5 = .4 sin or s = A cos Bxp. 

In the case 5 = A sin s is measured from a vertex and xp is 
measured from the tangent at that vertex. 

In the case s = A cos B\p, s is measured from a vertex and \p is 
measured from the tangent at the next cusp. 

541. To obtain the Intrinsic Equation firom the Polar. 

Suppose the initial line parallel to the tangent at the point A 



Fig. 119. 

from which the arc is measured. Then, with the usual 
notation, we have 

^ = » the equation to the curve, . (1) 

‘^=6~\‘<pj . . . . ( 2 ) 

, ^ rdO f(9) 






'{my+{f'(9}V; 
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and therefore 

s=l^um^+{mvde ( 4 ) 

If $ be found by integration from (4), and 6, ^ eliminated 
by means of equations (2) and (3), the required relation 
between 5 and yp' will be found. If the initial line of the 
polar equation be not that from which \p is measured, 
equation (2) will need modification accordingly. 


542. Ex. 1 Find the intrinsic equation of the cardioide 

r=sa(l - cos 6). 

Here + 

. , a(l-coa0) , $ 

tan<i--^ ^=tan « ; 

^ asmO 2 

. <#>=- and 1 /.= ^+-=—, 


Also ^=aN/(l -cos ^)‘-^ + sin2 0=2asin 

. 6 ^ 

5 = -4a cos 75 + (7. 



If we determine C so that 5=0 when 0=0, we have (7= 4a ; 

l-cos|), 

the intrinsic equation sought, 

\L 

If A be the vertex, the arc AP=4acos^. 

If we measure ^ from the tangent at the vertex (Fig 121), we must 
write for ?E_iy 

2 
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Hence the normal TQ to the first negative pedal envelopes a circle with 
centre 0 and radius a. It is therefore an involute of the circle. If TQ 
touches this circle at Q, then TQ =a>vc AQ^ where A is the cusp of the 
involute, i.e. p—a\p, for ip—QOA ; 


ds , 


and 




(See Diff. Calc.^ Art. 455.) 

Otherwise : lir^^ad be the locus of P, r, B being the polar coordinates 
of the foot of the perpendicular from the pole upon a tangent to the first 
negative pedal, the tangential polar equation of the pedal is p—aip] 


ds 

dip" 


d>p 




543. To obtain the Polar Equation from the Intrinsic. 

When the intrinsic equation s—F{\l/) is given, and it is 
desired to get the equivalent polar equation, it is usually 
best to obtain the Cartesian coordinates of a point on the 
curve first, as above, from 

03— I cos >//• F'{\]/) dyjj' , y =1 sin d\}r, 

and then, after integration, to form 

r=Jx^+y^ and 0=tan“i| 


as functions of and finally to eliminate when the 
resulting equation will be the relation between r and 6, 

If we attack the problem directly without the intervention 
of Cartesians, we have 


r2+2ri^— rrg 


=p=F\y].)=F'(e+<l>) 


=J''(e+tan-i 

which is a troublesome second order differential equation; 
but one which, of course, theoretically furnishes the required 
relation between r and 9. 


544. Illustrative Examples. 

Ex. 1. Find the s, \p relation for the equiangular spiral 


Here <^ = a, ^ = 6 -1- a, 

- ... ««««« « r cot a.^n_ ^ „0 cot ( 

S = Ci cosec A I 6 at/ — ■ 6 

J cos a 
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the constant being determined so that s shall be measured from the point 
at which ^ = - 00 , i.e. from the pole ; 

, ^ CL ^(^-a)eottt 

“ ” COS a 

Ex. 2. Conversely, find the polar equation corresponding to 

__ CL (i/r-a)cota 
” COS a 

^ , sina f , (>/»-a)COto. , . g‘/'-a.COta, 

Wehave ^ co8i//e^^ ’ d\b- cosCj/'-a), 

a J ^ ^ cosec a ^ 

sina /■ , (il<-a)cota 7 / e’/'-acota 

the constants vanishing if we make a! = a and y = 0, when ip = a; 


and 


• — = gV' “ S' Cota , 

“a * 

tan0 = tan(^-a) ; j/'=0 + a; 


545. Intrinsic Equation deduced from the Tani^ential Polar. 
When the tangential polar equation of the curve is given, 
p=F(y(r), aay, 

we have at once 

and s=jP'(\/f)+|j’(\/r)dx^, 

the intrinsic equation required. 


546. Tangential Polar form deduced from the Intrinsic Equation. 
To get back to the tangential polar form from the intrinsic 
equation 


we have, of course, (1) 

To solve this differential equation we may either say 
at once 

p=Amn^+B cos y}r +^q:irW, 


and perform the operation indicated (See Integral for 
Beginners, Chap. XVI.), or we may proceed thus . 
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(а) multiply (1) by cos and then by sin \//*, giving 

respectively, 

4 ^ 

and ^ sin \/r—39 cos !//•)=/'('/') sin 

(б) integrating we have 

^ cos\//'+psini//'= f /'(xp-) cos>//‘d\//'+-d, 

Jo 

^ sin — 2 ^ cos yj/ = j'^/'(xp‘) sin 
where A and B are arbitrary constants ; 

(c) eliminating^, 

{ if/ f*^ • 7 

f'(yjr) cos \f/' dy//' — cos J / (^) ^ 

•f ^sinx/r+5cosx/^; 

and the tangential polar result is obtained. 

The result may obviously be written as 

f (co) sin {yp' — (a) dco. 

Moreover, if we choose our origin of measurement of p to be 
such that A and B both vanish, and suppose s to have been 
measured from a point where x^ = 0, so that/(0) = 0, we may 
integrate by parts and further reduce this equation to 

^ = I f{co) cos (x/r — co) dco* 

547. Intrinsic Equation deduced from the Pedal Eauation. 

When the pedal equation {p, r) is given, say p=f(rl 

dr , 1] p 

_=cos^=V^-^. 

Then s can be found in terms of r by integrating 
f rdr 


dp-f'{ry 


•( 1 ) 


Again, 


( 2 ) 
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If r be eliminated between equations (1) and (2) we get 
a differential equation between s and whose solution 
furnishes the intrinsic equation sought. 

548. Ex. Consider sin a (equiangular spiral). 

_ { rdr _ f rdr r 

J J rcosa cos a’ 

ih rdr r , 

T7~~~r~ — ^scota, 

dif/ dp sin a ’ 

ds 

— =cotaa^, 
log s = ^ cot a + constant, 

549. Pedal Equation from the Intrinsic. 

Conversely, if it be required to derive the pedal equation 
from the intrinsic equation s=/(\/r), we have 


dr ds J.,, . . 


dp ^ d\jr ' 


■(1) 


and p = a\ji\}r /'(>//^)cos\//’d^— cos\/r f {\j/') sinxj/ dx}/' (2) 

Upon elimination of yfr we have a differential equation 
between r and p, which when solved gives the required 
p-r equation. 

550. Ex. Starting with 

and p=8int/>J Oeotae'<''^^‘eoatl>d^-coBxf>jCcotae'l"^^'^sintf'dtl> 

cosec a ’ 

ie. jD = C'cosasinae’^°°*® ; 

.J r dr 1 


i.e. 

ie. 


it , if p and r are taken to vanish together. 


sin^a 
rsino. 


551. Variations on these modes of procedure may of course 
be adopted to suit special cases. 
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552. Well-known Intrinsic Equations 

The following are the most common intrinsic equations ot 
the “ well-known ” curves : 


(1) For the circle, s=a\]/, 

(2) For the catenary, s==c tan-v//*, 

(3) For the cycloid, s = 4a sin \/r, 


Diff. Calc., p. 273. 
„ p. 273. 
„ p. 340. 


(4) For the epi- or 
hypo-cycloid, 1 


46 , a ' 

s=-(a+6)cos^V^; 


(5) Involute of a 

circle, 

(6) Parabola 

= 4iax, 

(7) Evolute of a 


or, generally, 

s = sin Byfr 
[or s=AcosB\}r, 

fp = 2a sec®^, 

\s =a[sec>//'tan>/r+log(sec>/r-l-tan\//-)], I 
Int Calc., Art. 517. 


p.345. 

p 275. 

I 


Involute 01 a r 

parabola •! s = 2a(sec®>/f — 1), Diff Calc., p. 275. 

!7ai/^ = 4(£t* — 2a)®, I 


27ay' 

Semicubical 
parabola 
2ay^^ = 2x\ 

(8) Equiangular 

spiral, 

(9) Tractory, 


(10) Cardioide 


9s = 4a(sec®^— 1) 

(s = 4e”'^. 
s = c log cosec \/r, 
r« = 4a8in(|-|).] 


Int. Calc, for 
Beginners, p. 151. 


Diff. Calc., p. 358. 


r j the epi-cycloid, 

r==a(l-cos6>), ' ’ 


included as a case of 
the epi-cycloid, 

|s='te(^l-cos^), 
s = agd“i-\//', 


> Int. Calc., Art. 542. 


(II) Catenary of 

equal strength,] , 

S,-.log«o* !“■ *— + 


Int. Calc, 
Ex. 8, 
Art. 517. 
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553. Intrinsic Equation of the Evolute. 

Let s=f(\]/') be tlie equation of the given curve. Let s' 
be the length of the arc of the evolute measured from some 
fixed point A to any other point Q on the evolute. Let 0 
and P be the points on the original curve corresponding to 
the points A, Q on the evolute ; pq, p the radii of curvature 
at 0 and P; the angle the tangent QP makes with OA 
produced, or, which is the same thing, the angle the tangent 
PT makes with the tangent at 0. 

, ds 

s-p-pt-^,-po 


Then 



554. Intrinsic Equation of an Involute. 

With the same figure, if the curve AQ be the original curve 
given by the equation s'^f(\jr), we have 

p==«'+po> p=^; 

^=/(V^)+Po. 
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Pq is now an arbitrary constant, and 


5 = |/ ('P') +Po'A' + const. 


The intrinsic equation of an involute 

S=Po'Z'+f 

Jo 

is the particular involute whose radius of curvature at 0 is p^ 
For any of the other involutes, the whole set of which form 
a family of parallel curves, replace p^ by a where a is the 
radius of curvature of the parallel, corresponding to p^ for 
the particular involute considered. 

Then s=a\j/+\ 

Jo 

The difference of the arcs OP, O'P' of these parallel curves 
is therefore if the involutes form closed ovals, 

the tangent making one complete revolution, the difference 
of their perimeters is 27r{po—a). 


555 In the case of an involute of a circle, already discussed in 



Art. 542, if a be the radius, 0 the centre, A the cusp of the involute, 
and Q the point of contact of the radius of curvature at P, 

axj/ dip = • 
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For a pamllel traced by a point at distance h from P 

s' — j {a\j/ - h) 



if we measure s' so that 


$' = 0 when 



i.e, another involute of the circle. 


556. In the case of the epi- and hsrpo-cycloids 
s = A sin 

the evolute is 8' = AB cos Bij/' — po> 


or, dropping the accent, and writing pft+s' = «, t,e. changing the origin 
of measurement of a suitably, 

s = ijBcos Brp, 

s being measured from the point where \l/ = or a = AB sin Bif^ if we 

choose a suitable initial tangent, viz. that at the point from which s is 
measured. 

Hence the evolute of an epi- or hypo-cycloid is a similar epi- or hypo- 
cycloid- 

Putting jB = 1 we have a case which shows that the evolute of a cycloid 
is an equal cycloid. 


Supplying the values of A and B (Art. 540), the equations of the curve 
and of the evolute may be written 


s = — (a+ 6) cos a = 46 — ^ cos — ^ il/ ; 

' a-}-26^* a+2b 0-1-26 ^ * 


with a different origin of measurement for a' and a different initial 
tangent, and we can compare the linear dimensions of the two curves, viz. 

li near d imensions of evolute a 

linear dimensions of original curve o -f- 26 ’ 

e.g, in the case of a cardioide, for which o = 6, the evolute is another 
cardioide of one third the linear dimensions of the former. 


557 Whewell's Theorem. 

An interesting theorem is quoted by Boole from Whewell's 
Memoir (above referred to) with regard to the ultimate form 
to which the successive involutes of a given curve tend, the 
involutes being such as have equal " tails." 

Whewell takes as his original curve s=F(\]/)j which he 
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supposes capable of expansion in powers of yjr, and s 
vanishing with yj/', so that 

and he further supposes the successive involutes to be defined 
as having the same “ rectilinear tail ” at starting. 

Let PqP be the original curve, and the 

successive involutes, and the several ** tails’’ QqPq, RqQq, 



5 oi?o> ••• a-ll say=a, and take s^, S3, ... the suc- 

cessive arcs. The '\/r’s are all equal if measured from the 
respective initial tangents. 

Then for the arc QqQ, viz. the first involute. 


S2=ay}r+A^^+Az^ +••• f 


no constant being required, as each arc vanishes with yfr, 
\J/‘^ yj/'^ 

Similarly, S3=o^;f+a^+4i^H-42^+ .... 
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Proceeding thus, 




(»-i)i 


*'*' . 'i 


n\~^ ^(w+1) 


And when n is very large the terms in the first bracket 
(which are unaffected by the form of the original curve) 
approximate to 

And those in the second bracket have coeflScients which 
are ultimately infinitesimally small 

Hence the involutes tend to the limiting form s=a(e’^— 1), 


^.e. an equiangular spiral of angle ^ . 

In a similar manner we note that if we start off with a 
curve in which s=F{(}>)y where F is an algebraic expression 
of the degree, 

say 

then, since the radii of curvature of the curve and its 
successive evolutes are 


_ dp d^s 

it follows that p =a. 

Hence the (w — 1)^ evolute is a circle. 

Therefore ... 

is one of the (n—1)^ involutes of a circle of radius a, or 
parallels to such involutes, the “tails” being the successive 
coefficients k, j, etc. 

558. Involute of a Catenary. 

Ex. The intrinsic equation of the catenary is s=ctan^. 

Hence the intrinsic equation of its evolute is 
ss=csec^\i'-po) 

and /Oo is the radius of curvature at the vertex =c 

l^f or p = ~ = c sec^ == c, when xp — 0 J. 

Hence the evolute is s = <j(sec2 xp-\)-c tan^ ip. 
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The intrinsic equation of an involute is 
$— J (o tan A) d\p 

=c log sec constant, 

and if a be so measured that s— 0 when ^=0, we have 
5 = c log sec ^ 


559. Tracing of a Curve from the Intrinsic Equation s=/{\lr), 

(1) Generally it is best to obtain the Cartesian or polar 
form of equation if possible by the methods of Arts. 537, 
543, and to trace the curve therefrom by the usual rules 
{Diff. Ode,, Chap. XII.). 

(2) If this be not possible by reason of the failure to inte- 
grate the expressions occurring in the articles cited, find the 

curvature and examine how the curvature changes with 

x/r. Note also concavity or convexity to the origin according 
ds 

as ^ is 4* or — . Note whether s becomes unreal for any 

values of yfr, and whether p changes sign for any values 

of yjr. Also the inflexions where ^ = oo , and the cusps 

where -^=0. 

QY 

Tabulate corresponding values of yfr, s and p. 

Observe whether a change of sign in would alter the 
value of 8. If not there is symmetry about the initial line 
from which yf/' is measured. 

Examine whether 


i» = |*cosx/'(x)«^X. 

y= f x/'(x) <^X. 

Jo 


even though not (as in the case considered) integrable in 
general terms, can be evaluated as definite integrals for any 
particular values of yfr. Approximate values of these integrals 
may lead to important information as to the position of some 
points through which the curve passes. For accurate plotting 
the tabulated values of these integrals for various values of 
>/r in general becomes necessary. For a general idea of the 
shape of the curve when close accuracy of plotting is not 
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necessary, an examination of the integrals and the behaviour 
of the integrand may furnish sufficient information. 

660 . Ex. Trace the curve {k +^*). Comu's Spiral.* 

tt ds 1 

d\p'~^^ks‘ 

The curvature continuously increases with s. Hence, as s increases, 
the osculating circle at any point will contain the whole of the remainder 
of the curve ; and p diminishes more and more slowly as s increases. 



Negative values of xp would give unreal values of s. Each value of xp 
gives two values of 5, one positive, one negative. It is to be inferred that 
the origin of measurenoient of 5 is a point of symmetry. 

We have J cos xp ds— cos k^ds^ 

y— f sin xpds=: f sin k^ds. 


These integrals are not integrable in general terms. 

But cos result (Art. 1163, Ch. XXyilL), and 

sin ks^ds has the same value These are known as Fresnel’s integrals 


JowmaZ de Physique^ t iii., 1874, M. A. Comu. 
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Hence, when s becomes very large the curve dwindles down to a point 
on the line y=a! after an infinite number of convolutions about the point 

^/tt 

And the point is at a distance from the origin = "^^e value of p 

is infinite and changes sign when s=0. There is therefore a point of 
inflexion there. 

Also ^ = cos hs\ ^ = sin 

ds ^ as ’ 

which show that the tangent is parallel to the initial line 
when ^=0, tt, Stt..., 

and perpendicular to it 

, , 0 tt Stt 5jr 

when Y> y-> 


which, indeed, is obvious from the equation Jcs^ = ^ 

Taking k as unity for convenience, 

^=0, 1, 2, 3, 4, 5, 6, 00, 

give 5=0, ±1, ±1*414, ±1*732, ±2, ±2*236, ±2*449 ... ± oo, 

p=co, 0*500 0*354, 0*289, 0*250, 0*224, 0*204... 0. 

We are now in a position to form an idea of the curve which is shown 
in the figure. 

This spiral is of considerable importance in the theory of light, the 
length and direction of the radius vector at any point giving a graphical 
representation of the amplitude of the resultant of a system of superposed 
vibrations.* 

The values of Fresnel’s Integrals 

0=\l Bin^dv, 


have been calculated for values of v from 0 to co by Gilbert. + The tabu- 
lated values are necessary for accurate plotting. 

The general methods of evaluating these integrals are discussed by 
Verdet (GEuvres, vol. v.), Fresnel ((Euvres, tom. i.), Knockenhauer {Die 
UTidul.des Lickts)^ Cauchy {Oomptes Itendus, t. xv.) and others. See 
Preston, Theory of Light, page 220 onwards. 

Incidentally the spiral exhibits graphically the march of these 
integrals, the abscissa and the ordinate representing the integrals and s 
being the independent variable, showing their oscillatory character. 


Thus /* cos^o?5 increases from 5=0 to s=VT, decreases from 
k 2 


5=^/i to 5=\/2, increases from 5= n /2 to 5= n /3, and so on. And similarly 
for y. 

These integrals will be discussed more fully later. 


♦Preston, Theory of Light, Art. 141, onwards. 

couronifUs de V Acad, de Bruxelles, t. xxxi., 1863. 
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561. Length of Arc of First Positive Pedal Curve. 

Let ^ be the perpendicular from the origin upon the 
tangent to any curve, and x angle this perpendicular 
makes with the initial line. We may then regard x 
the polar coordinates of a current point on the pedal curve 



Hence the length of an arc s' of the pedal curve may be 
calculated by the formula 

<ix ( 1 ) 

662. Ex. Apply the above method to find the length of any arc of the 
pedal of a circle with regard to a point on the circumference (i,e a 
cardioide) 

Here, if 2a be the diameter, we have from the figure, 
p = OF cos 2a cos^ 



Hence, arc of pedal = j2'\ja^ cos* ^ sm^ cos® ^ dx 
— J^a cos^dx — 4a sin^+O. 



PEDAL ARCS- 
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The limits for the upper half of this curve are and 
Hence the whole perimeter of the pedal 


= 2 4a am 


2 


=8a. 


563. Arc of the Pedal Curve. 

Again, the tangent to the locus of F, the foot of the per- 
pendicular, makes with OF the same angle that the radius 
vector OF makes with the tangent at the corresponding point 
P of the original curve. 

dp ___dr 


Thus 




■m 


which again expresses the arc of the pedal in terms of 
elements of the original curve. 

The result may be presented in various forms. 


Thus 




.(3) 


which is equivalent to (1) for 


^=^ + X and r^=y*+(g.)* 


Also 


or 


or 


■f 








dx, for Cartesians (4) 


W~ 


dd forpolars (5) 


r2 + 



for pedal equations (6) 


(from equation 2). 


564. Arc of a First Negative Pedal. 

If the original curve be r=/(0), then r, 6 are the polar co- 
ordinates of the foot of the perpendicular from the pole upon 
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the tangent to the first negative pedal, whose tangential polar 
equation may therefore be written f(x), x angle 

the perpendicular to the tangent makes with the initial line 

(viz. x=^-iy 


Also 


ds 




dx~^'^dx^> 
s = ^ + j/(x) dx + constant 



565. Ez. Find the intrinsic equation of the first negative pedal of an 


ellipse ^=1 +e cos with regard to the pole. 


Here 


“dx 1+ficosx'^/l+ecosx 


I 




eZsmv . I , e-f*cosY . . 

5=7^— — ===cos'ir— const. 

(l+ecos^r vl — e® l+ecosx 

If we choose to measure s from the point where 

the constant = - - ^ cos“^ 1—0. 


PROBLEMS. 

1. Show that the whole length of the curve 

y^{a^ = is Traj2. [Oxford I. P., 1890.] 

2. Find the whole length of the loop of the curve 

3ay2 = a;(a; - a)®. [Oxford I. P. , 1889.] 
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3. Show that the arcs of an equiangular spiral, measured from 

the pole to the different points of its intersection with another 
equiangular spiral having the same pole but a different angle, 
will form a series in geometrical progression. [Trinity, 1884.] 

4. Show that the length of an arc of the curve = can be 

found in finite terms in the cases when ^ or -1-1 is an integer. 

2m 2m 2 ^ 

6. Evaluate the expressions, 

wherein the line-integrals are taken round the perimeter of a closed 
curve. [St. John’s, 1890.] 

6. If s be the length of the curve 

r = atanh“ 

between the origin and 6 = 2t, and A he the area between the same 
points, show that A = a(s-> air). [Oxford I., 1888.] 

7. Show that if the arc of the curve 

0 

r^a tanh^ ^ (n being integral), 

measured from the origin, be called s, and if A be the correspond- 
ing area swept out by the radius vector from the origin, 


s + r 


s + r 


= a^-27ia[Q"+|(y +...+^g)" ], 

if n be odd and > 2, 

= 2««[logcosh|-|l(I)’' + l(l)"+,..+^(I) “ |] 

if n be even, 


Q 

the results for r = a tanh ^ giving %A—a{s-r) = a{^s- aO). 

8. Show that the length of an arc of the Cissoid of Diodes 

sin^^ 

r=:a 

cos 6 

is aN/3(0-tanh"^s) taken between limits and where 
Ssf^cos ^ = 1 + 3 cos2 6, 
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9. Show that the intrinsic equation of the semicubical parabola 

is 9s=4ffl(sec®^- 1). 

10. In a certain curve 

X = e®sin y = e®cos d, ^ 

Show that 5 = e®\/2 + G. 

Also that for the curve 

fl; = e“‘'sin&0, y = e*®cos6^, + 11^ + 0, 

Name these curves. 

11. Show that the length of an arc of the curve 

a; sin ^ + 2 ^ cos ^ — f{B\ 
a; cos ^ sin ^ =/'(^), 
is given by s^f{6) +/"(^) + G, 

12. Trace the curve = and find the length of that 

part of the evolute which corresponds to the loop. 

[St. John’s, 1881 and 1891.] 

13. Show that the curve whose pedal equation is^ 2 -,. 2_^2 jj^g 

for its intrinsic equation 
What curve is this 1 

14. The coordinates of a point on a plane curve are given by the 

relations a = a [(1 - ^) cos 0 + 26 sin 5 - 1], 

y = a[{l - 6^) sin ^ - 2^ cos 0 ] , 
prove that = (2a + p) (p - a)^, 

P being the radius of curvature at the point and s the arcual distance 
from the origin [Oxford II. P., 1888.] 

15. The evolute of a parabola whose vertex is A meets the 

axis in G, and the parabola in Q. Find the perimeter of the 
figure bounded by AG, the parabolic arc AQ, and the arc of 
the evolute GQ. [Oxford I. P., 1889.] 

16. Prove that the length of the first negative pedal, taken with 
respect to the origin, of the loop of the folium of Descartes 

is equal to 6a- a{7r->/21og(N/2 + 1)}. 

17. Find the length of the arc between two consecutive cusps of 

the curve (c® _ ^ 2)^2 = ^2 (,e _ ^2). [Oxtobd I. P., 1889 ] 
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18. Show that the length of the arc of the hyperbola zy^a^ 
between the limits x — h and a; = c is equal to the arc of the curve 
^^(a^-l-r*) = aV2, between the limits r = h,r—c. [Oxford I. P., 1888.] 


19. By means of the formula g = find the length of the 

curve r = flsin2^. 

^ [Colleges a, 1887.] 

20. If s be the arc of an ellipse ^ + p = 1 measured from the end 
of the major axis to a point whose eccentric angle is prove that 

s + ae^oos <#) sin 0 - J s/a^ cos ^ B -h ^^sin ^ 6 dO^ 


where 


0 = tan“^ I 


[Colleges a, 1883.] 


21. Show that the circumference of an ellipse can be expressed 
either as 


4a J (1 - 


or as 4a ( 1 - J ( 1 - sin^ Sy^dO^ 

where a is the semi-major axis, e the eccentricity. [Trinity, 1887.] 


22. Show that the three-cusped hypocycloid has equations of the 
forms (i) p^i) cos 3^, 

(ii) r^ + Sbr^cos36+lSb^^ — 27b\ 

Show that the length of an arc of the inverse of this curve with 
respect to the centre is proportional to 

tan-i (2 n/ 2 sin 3^). [St. John’s, 1887.] 


23. Prove that the intrinsic equation of the curve 

1 i Izi- ^ 5,5..^ 5.2\^ 

ri = <iicosg^ IS - = _^t + -sm| + 3^sin-^, 

where s and ^ are measured from the point a, 0, and the tangent at 
that point. [St. John’s, 1889.] 

24. A circle of perimeter S and area A rolls externally in its 

plane entirely round an oval curve of perimeter S and area B. 
Prove that its centre describes an oval of perimeter 2S and area 
3A -H B, [Oxford I. P. , 1918.] 
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25. Find the centroid of a sector bounded by two radii vectores, 
and an arc of the curve whose polar equation is 

— - sin 2^)(1 + sin 2^)“^, 

and show that an arc of this curve is expressible as 

^ r cos^x^X 

2 J (1 + n/ 5 sin - 5 sm^x ' 

[Matz, Educ . Tirm 8 .'\ 

26. A rod moves always to pass through a fixed point and have 
one extremity on a straight line distant h from the point. Show 
that the arc of the curve traced out by its centre of instantaneous 
rotation, as the rod moves from the perpendicular position to one 
inclined at 45" to the line, is 

i{log(^/5 + 2) + 2^/5} A [Math. Tripos, 1883.] 

27. On the tangent at any point P of a curve, PT is taken equal 

to the radius vector of P ; show how to find the length of any arc 
of the locus of T. For example, take the equiangular spiral and 
verify the result geometrically. [St. John»s, 1884.] 

28. Find the arc of the curve enveloped by the line 

a; cos <?!> + y sin = (a G 08 ^<f> + b 

between the points corresponding to = <i = -. 

r t ' & Y r 2 ' [St. John’s, 1891 ] 

29. Find the whole area of the curve 

a; = asin^-5sin 20, 
y— a cos ^-6 cos 20 , 

and show that the whole length of its perimeter is equal to that of 
an ellipse whose semiaxes are a ^21, a- 2h. [CoLLBass a, 1885.] 

30. Prove that if s be the arc of the curve 


r = asec<x, 

^ = tana-a, / 

where a is a variable parameter, measured from the initial line to a 
point P on the curve, and if A be the area bounded by the curve, 
the initial line, and the radius vector to P, then 


9A^=2a^. 

Find the area swept out in any portion of its progress by the 
intercept of the tangent to the curve between the curve and the 
first positive pedal with regard to the origin. [Trinity, 1890.] 
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31. If a curve be given by = + m*cos2<^, where r is the 

radius vector and <1^ the angle it makes with the tangent, show that 

m tan “(<#>“ = tan 

$ being the angle the radius vector makes with the initial line 
(which is to be appropriately chosen). 

Obtain also a formula for the rectification of the curve. (The 
result is not obtainable in finite tei'ras.) [I. c. S., 1898.] 

32. Consider the nature of the curves 

iL s 

(i) ~ = sm-, (hi) s = ?sinm^, 

when m<l and when m > 1. 

33. Given a closed oval of continuous curvature without any 
singularities: a series of parallel curves is drawn. Prove that if 
A denote the area of any one of them and Z its perimeter, then 

4:7rA - Z^ 

is the same for all. [I. c. S , 1895.] 

34 In the equation of the curve r = a + eM, a and € are constants, 

the latter being small ; and w is a function of 6 finite for all values 
of 6 and periodic, with a period 27r. Show that if A denote the 
area of the curve, then its length is 2^17 A accurately as far as 
small quantities of the first order inclusive. [I. 0. S., 1896.] 

35 The area of an ellipse differs from that of its auxiliary circle 
by 10 per cent, of the area of the latter. Show that the perimeter 
of the ellipse differs from that of the auxiliary circle by 4 -9 3 per 
cent, approximately of the perimeter of the latter. [i. c. S., 1910 ] 

36. Assuming that for the catenary formed by a hanging elastic 

wire gj V t 

- = u + kshUi - = ch w + ch^ w, 
c c 

prove that - = ^Icu + sh « + J/c sh 2w, 

c 

reducing to the common catenary when 7c = 0 and approximating to 
a parabola when Ic is large. [B.A. Hon. Lond., 1899 ] 

^2 

37. In the cycloid y = ^ . Show that the only curve for which 

both X and y are finite integral functions of 5 is a straight line. 

[Oxp I. P , 1913.] 

38. Find the Cartesian equation (choosing convenient axes of 
coordinates) of the curve in which 

p2/fl2=(dp/rf.9)2+l. 


[Oxp. I. P., 1917.] 
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39. Find the intrinsic equation of the curve — Prove 
that the involutes of the curve 27ay2 = 4a:® are given by the equations 

{» = a tan^^ + c cos ^ - 2a, 

-2a tan ^ + c sin 
c being an arbitrary constant. 

What happens when c = [Oxv. I. P., 1915.] 

40. Show that the length of a quadrant of the curve + 

is equal to and find the length of one quadrant of the curve 



[Math. Tripos, Part I, 1910.] 

41. Trace the form of the curve 

as t increases from - oo to oo , and show that its area is tt. 

Find also the length of any arc of the curve in terms of t. 

[Math. Trip., Part I., 1910.] 


42. Show that the length of the arc of the parabola — which 
is intercepted between the point of intersection of the parabola and 
3y= Sx is 

2 + ^). [Math. Trip. 1 , 1908.] 


43. Prove that the perimeter of an ellipse of small eccentricity e 
and semiaxes a, h is equal to 

^TT { 3 (a + 5) — 2>/ oh}, 

neglecting and higher powers. [Math. Trip. I., 1917.] 


ff 


44. Prove that the length of an ellipse may be expressed by 

^ taken over the area, where dS is an element of the area of the 
P 


ellipse and p the radius of curvature of the similar, similarly 
situated and concentric ellipse passing through the element dS. 

[Colleges, 1892 ] 


45, Find the intrinsic equations of a circle, a catenary, and a 
cycloid, and trace the curves s = a<#>®, s<#> = a and 

At any point P of a cycloid the tangent is produced to a length 
PT equal to the arc measured from the vertex, and at T a perpen- 
dicular is drawn equal to the radius of curvature at P. Prove that 
the locus of the extremity of this perpendicular is the same cycloid 
moved parallel to its axis through a distance equal to twice the 
diameter of the generating circle. [gx. John’s College, 1882.] 
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RECTIFICATION (II.). 


Central Conic, LiMAgoN, Lemniscate, Trochoids, etc. 

Application of Elliptic Functions. 

566. We have reserved for a separate chapter the consider- 
ation of those curves whose rectification needs the employment 
of Elliptic Integrals. 

567. Rectification of the Ellipse. Axe measured from the End 
of the Minor Axis. 

If 6 be the eccentric angle of a point a?, y on the ellipse 


we have 


a; = acos0, y — hsind, 

dx= — a sin 0 do, dy=b cos 6 dO, 



Hence 

and 


ds^ “ (o^ sin® 04-6^ cos® 6) d6^, 
s = a| (1 -e® cos® 0)^d0 


gives the arc BP from the end B of the minor axis to any 
point P on the curve. 


677 
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Putting 

5=aJ^*yi— e*8in*x<^X=®®(x> ®)‘ 

(See Chapter XI.) 

568. This integral is Legendre’s elliptic integral of the 
second kind, and is not expressible in terms of the ordinary 
circular or inverse circular functions. But its value can be 
found for specific values of e and x from the tables 
calculated for the function E. Thus, for instance, the 
tables for E corresponding to e — J give 

^(10") = 17431 ^ 

J^(20‘’)= -34733 
E(S0'')= 51788 

E{4i0°)= *68506 Values extracted from 
E{^0°)= 84832 tables given in Bertrand, 
i?(60") = 1*00756 Calc. Integ., p. 7 1 7. 

5(70'’) = 116318 
JEf(80‘’) = 1*31606 
jS(90®) = 1*46746, 

Hence, taking an ellipse with a 20-inch major axis and 
eccentricity the arcs for eccentric angles 80®, 70®, 60®, ...0®, 
measured from B, the end of the minor axis, are: 1*74, 3*47, 
518, 6*85, 8*48, 10*08, 11*63, 1316, 14*67 inches to two 
places of decimals. 

The student should construct a quadrant of such an ellipse 
on squared paper, and by careful stepping with dividers round 
the perimeter verify this calculation approximately. 

The total perimeter of the ellipse in any case is 4aBi, 
where is the complete elliptic integral. And in the present 
ease 4 x 14*6746 = 58 7 inches very approximately. 

The circumference of the auxiliary circle = 207 r= 62*8318, 
i.e. 4*1 inches longer than that of the ellipse. 

569. Approximation. 

If an approximate value be required, we may expand the 
radical Vl — e^sin^;)(, and in cases where the eccentricity is 
small the series is rapidly convergent. 
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We then have 

® = “fo ^ ^ ~ M X- 2 • I • I e« sin® X - ...) rfx- 

For a quadrant the limits are 0 and and tlie arc of the 
quadrant 

--i 1 ?e« ® ^ ^ 

-®V2 2 2 2 2 4 4 2 2 2 4 ' 6 6 ' 4 ’ 2 ' 2 “ "7 

iraf, 1 P.3 ^ P.3^5 ^ , \ 

"T V 2® ® 2^ . 4® 2® . 4* . 6 ® ® ... to 00 j . 

The first three terms give for the above ellipse a perimeter 
of 58*7 approximately. 

570. Other modes of procedure may be adopted. 

Cartesians. 

Keeping x for the independent variable, we have 
dy ^ 


dx~ 


a^y' 


fdsV , 6 ^ x^ _i , /i a? 


Hence 


-m 


,2— e^a;^ 


dx. 


If we now put aj = asmx, where x is, as before, the com- 
plement of the eccentric angle, this reduces at once to 

rx 

s=a\ n/1 — e^sin^x^x > 

as before. 

571. Taking the central pedal equation 


we get 
Putting 


- f _ f 


7^ = a^ sin^ X+^^ X » 
r dr — (a* — 6 *) sin x cos x dx , 

^2 q. 52 _ ^ _ 0^2 (jQg 2 ^ -I- 52 ain 2 x = a® (1 — sin® x)i 
(a® -’r'^){'if^— 6 ®) = (a® — 6 ®)® sin® x cos® x ; 


N/l~^sin®x<^X* 


and 
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572. Taking the focal f-r eauation 

r ’ 


C rdr 1 

1 

1 


2o— f ^ 



sl2ar—v^ 


dr. 


Putting r=a(l+csinx) this reduces at once to 

s=a| \/l— e®sin®x^X» 

as before. 


573. It appears then that e), 

e®sm*x<^X> 

represents the length of the arc of an ellipse measured from 
the end of the minor axis to a point, on the curve, whose 

eccentric angle is X» semi-major axis being a and the 

eccentricity e. (See Art. 567.) 

This may be written as 

I N/a® cos^X+^^si^^X^X' 

or as lo cos 2x dx> 

where Z+m=ot and Z— m=6. Aad it is useful to be able to 
recognise these forms at once, when they appear, as repre- 
senting an are of an ellipse. They occur in many other 
rectifications. 


574. Maxell of the Second Elliptic Function. 

The form 5 = Vl— sin^x dx 

for an ellipse gives a very clear idea of the “march” of 
the “second elliptic function” corresponding to any given 
modulus e, and it is easy to construct a graph of the relation 
between x ^ by measuring off ordinates equal to the 
arc of the ellipse and abscissae proportional to the com- 
plement of the eccentric angle. 

Taking a = l, the figure (Fig. 131) shows the march of the 
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function for the values e = 0, which gives a straight line, viz. 


e = which gives 5= 1 = i)» 

Jo 

and e = 1, which gives s = sin x , the curve of sines. 



It will be seen that for the first 16° the difference of the 
ordinates is so small that there is no appreciable difference 
between ordinates in the drawings, in fact for e— 0, 
5=-26180; for e=|, s=‘26106; and for e=l, 5=’25882, for 
X = 15°, which only gives a difference of ordinate of ‘0030 
between the greatest and least, and the curve 8 — E(x) lies 
between these extremes. There is much more rapid deviation 

of 8 —E(x, curve s = 8inx after X = J- 

575. Arc measured from the End of the Major Axis. 
Fagnano's Theorem. 

Another method of proceeding gives the length of the arc 
AQ measured from the end of the major axis, and incidentally 
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a comparisoa of the two methods establishes a remarkable 
result with regard to the difference of two arcs, one 
measured from A, the other from B. This theorem is 
known as Fagnano’s theorem, being discovered by Giulio, 
Count de Fagnano (1682-1760).* It shows that two arcs 
of an ellipse can be found in an infinite number of ways, 
whose difference can be expressed by a certain straight line, 
and really establishes in a particular case the addition formula 
for elliptic integrals of the second kind. 



Take the central tangential polar equation 

^2 — ^2 (>os2 >^4-62 Qin2 ^ ^ 

\fr being the angle between the perpendicular upon the 
tangent and the major axis ; we have 


ds _ 

dyfr ^ dyp^ ^ 



Let Q be the point of contact, whose coordinates are 
obviously by comparison of the equation, x cos x//* -|-y sin ^ =^, 

with the equation ^+^ = 1, 


_a^cosx/r _h^sm\p' 
p - 2/s -f-- 


Also 



— QY, the negative sign occurring, because in 


this case Y is on the “forward drawn** tangent from Q, 
and p is diminishing as x/r is increasing. 


* Cajon, History of McUhematics, p. 241. 
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Also 

jj? dyfr = |>/a^ cos^ sin^ yfr dy^r = a J sin® yfr dyfr, 

which is the same integral as obtained in Art. 567 for the 

arc BP, yfr being in that case a different angle, viz. the 

complement of the eccentric angle of P. 

Hence, if these angles be taken the same in magnitude, 



^/l-e2sin2x/rd^/r, 

0 


and 


arc BP 


f'l' , 

=^1 n/ 1— e^si 

•'O 


sin® \/r d\p' . 


Thus, arc BP — arc AQ = tangent Q F. 

This is Fagnano’s result. 

576. Algebraic Relation between the Abscissae of P and Q. 

sinx^cosx/r a®e® . , , 

Now QY=—^ = - =— sin>/rcos>/r. 

dy 'p P 

Also the coordinates of Q being 

a® , 6® . , 

a;2 = - cosyfr, sm\/r, 

and those of P being 

Xi = asin\l^, y^=b cosyfr , 

X f ct® \ 

we have QF = e®^?^ , ^or e® p j . 

e® f 0 ,^ \ 

Hence arc BP—arc ^Q=“ ^12^2 » 53 W/2 ) 

This result is symmetrical as regards x^, scg , and therefore 

c® 

arc BQ—sltq AP = — 

as is, of course, immediately obvious otherwise. 

Also -a;i5C2= tangent PF', if OF' be the perpendicular on 

the tangent at P from 0 . Hence QY =^PY'. 

« . / « a** cos® ylr\ 

Again, (o* — (a* — x^) = (a® — a®sra® V^-) [f ) 

= 62 sin® >// = (1 - e^)x^W \ 
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577. The corresponding relation between and is 

- ft* = 0, 

that is 6 '® 2 /i^ 2 *-ft®(a/iH 2 / 2 ®)+ft*= 0 , 

where 

e' being the “ imaginary ” eccentricity. 

678. The Fagnano Points. 

It will be noticed also that 


a® 6® 

Hence, at the point F on the arc AB at which P and Q 
coincide when ^ is suitably chosen, 

a®"™ 6®“ a+6 ~~a+b* 

and the coordinates of the point are therefore 


X 



2/= 


and this is called the “ Fagnano Point, 




y a+b' 

” * for the first quadrant. 


579. Properties 
At this point P, 


BIT Azt a®— 6® 

arc PP— arc AF = — = — , — 


r=a- 


a o® a-\-b~ 

=the difference of the semiaxes. 
And the length of the projection of the radius vector OF on 
the tangent at P is also =a—b. 


580. The expression for QF, viz _ ^ ^ sin cos yj/' _ ^ 

^ v/a®cos®^/r+6®sina>/r' ^ 

be written as 


a^-b^ a®-6® 

Va® cosec® >//'+6® soc^yj/ J{a+by-\-{a cot yj/'—b tan \/r)® ’ 


and therefore QY attains its maximum when tan 



a— &. The Fagnano point is therefore the point for which 
QY has a maximum value. QY varies continuously from 
zero to a— 6 in travelling from P or .4 to P. 


* Grecnliill’s Elliptic EunctionSy p. 178 onward. 
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581 . If we seek for a point Q upon the quadrantal arc AB 
of an ellipse such that QY, the projection of OQ upon the 
tangent at Q, is of given length I, where 0<l<a—b, there 
will be two solutions, viz. the points P and Q, whose positions 
are given by the equations 

and ^ = 

r being the radius vector to either of the required points, viz. 
OP or OQ, 



Eliminating ^ we have 

(y2 _ ^2 _ {,2) — 0, 

r^— {a^+b^+l^)r^+P = 0, (1) 

with roots , such that 

( 2 ) 

and equal roots when and r^=a^—ab+b^. 

If we differentiate equation (2), 

If we call BP, and BQ, s^, and remember that 
df 

r projection of radius vector on the tangent, 
viz. Z in both cases, 

ds-y ” d»Z, 

2 6. 53^ + 52 = Z+C, (3) 

where C is a constant. 

Taking the case when ri = 6, that is P at B, we have 
and thex'efore must and Z = 0, for 
so that Q is at ; then = 0, ^ 2 = arc AB, 1 = 0 simultaneously ; 
/. G = arc AB ; 

/. arc jBP + arc BQ = I +arc BA, ie. arc BP — arc AQ = I, 

* Soo Bertrand, Calc InUg , p. 380 
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which is Fagnano*s result, and the points P, Q, in which \ 
the arc AP must be divided to give a definite value I for QY, 
are determined by equation (1). 

Examples. ' 

1. Show that if coaxial ellipses be drawn with a given centre such that 
the areas enclosed between them and their respective director circles is 
constant, the locus of the Eagnano points is a circle of the same area. 

2. Show that the locus of the Fagnano points for similar and similarly 
situated concentric ellipses is a pair of straight lines. 

3. Show that the locus of the Fagnano points which lie on confocal 
ellipses is 

2c being the distance between the foci 

4. Show that if P be the Fagnano point on an ellipse of semiaxes 
OA=a, OB=h, 

2 arc BF—aEi -1- a — 5, 'i 
2 arc AF=aEi - a+ 6, J 

where is the complete elliptic integral of the second kind 

/•5 

>/l-e^sin^<f>clcf>. 

5. Show that the central perpendicular upon the tangent at a Fagnano 
point is a geometric mean between the semiaxes, and equal to the semi- 
diameter conjugate to the radius to the Fagnano point. Further, that 
the radius of curvature at this point is also equal to the perpendicular, and 
that the normals at the corresponding point on the evolute pass through 
the centre. Finally, that the arc of the evolute is at such a point 
divided in the ratio 

6. Show that if a straight rod EM of length a + b slides with its ends 
on two axes Oj:, Oy at right angles and carries a point F whose distance 
from L and M are respectively a and 5, which thus describes an ellipse, 
then at the instant when LU is tangential to the path of P, P is a 
Fagnano point on the described ellipse, and the circle on LM for 
diameter passes through the point on the normal at P where that normal 
touches the evolute. 

7 Show that the tangents at the points yi), on an 

ellipse -^-1-^=1, which are related to each other so that 

tt 0^ a® dr 

intersect on a confocal hyperbola which passes through the Fagnano 
points. 

[Many properties of these points will be found in GreenhilPs Elliptic 
Functions^ pages 1 82, 183.] 
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582. Properties of the Locus traced by a Pointer which pulls 
taut an Inextensible String passing round a given Oval. 

Taking the case of any oval curve, let A be the point from 
which 5 is measured; PQ, P'Q', the tangents at contiguous 



points (5, yj/') of the oval; and let a length 

PQ=t he measured upon the forward drawn tangent at P, 
P'Q'sst+St upon the tangent at P'. Let the tangent to the 
locus of Q make an angle ^ with the tangent at P to the oval. 
Draw QN perpendicular to FQ', and let the arc QQ' = S<r* 

Then, to the first order, 

QN = t SyJ /" , Q'N = Scr cos </>, 
and t +55 = t cos Syjr +NQ' 

= t+S(r cos <j>] 

8t+Ss = costpSa’. .........( 1 ) 

If QR, Q'R' of lengths t\ t'+St' be the other tangents from 
Q, O' which can be drawn to the oval, and s', s'+Ss' be the 
arcs APR, APR' respectively, and if 0' be the angle which QR 
makes with the tangent QQ' to the Q-locus and the 
difference of the angles of contingence at R, R\ we have in 
the same way, Q'N' being the perpendicular upon QR, 
Q'N'=t'SyJr', QN'=8 <t cos <p', 
i^+55 =8<r cos’^) -\-t +5^^, 

to the first order ; 

8t'— 8s' =— cos </>'8(r. .. ........(2) 
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If the Q-locus be such that the tangent at Q always 
bisects the exterior angle between the tangents from Q to 
the oval, 

^=0' and QN — Q'N' = sin </> to the first order. 
Therefore 

and t = t ' J 

These equations give 

1 ^ 1 dt^ p 


ie. 


and also 


(ilogt dlogt' p p . 

dyf/ ~t' t’ ^ ' 

t+t'+s —s'= constant (4) 


Equation (4) expresses that in such case 

QP+QiZ— arc PJZ= constant, 
ie. QP +QR +arc PAR = constant. 


In this case the Q-locus is an oval traced by a pencil at Q 
which draws taut a loop of string placed round the original 
oval. 


583. Dr. Graves's Theorem. 

The case when the original oval is an ellipse and the 
Q-locus is a confocal, when the necessary property holds, 
viz. that the tangent to the Q-locus bisects the exterior angle 
between QP, QR, gives the well-knovm theorem due to Dr. 
Graves, viz. 

If two tangents be drawn to an ellipse from any point of 
a confocal ellipse, the excess of the sum of these two Ungents 
over the intercepted arc is constant.* 

Incidentally, we have a method of drawing an ellipse 
confocal to a given one. 

584. If the Q-locus be such that its tangent bisects the 
interior angle between the tangents QP, QR, as it would 
do in the case of an ellipse and a confocal hyperbola, and 
if we measure s and s' in opposite directions from the 

Salmon s Conic Sections, p. 357 ; Graves’s Translation of Chasles^s Memoirs. 
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point J , where the Q-locus meets the oval, we have, in the 
same way, 


QN =6o-sm<f>=td\Jr, QN'= So- sin 0'= t' d\/r', 

NQf= Scr cos <l> , N'Q'— 8<t cos <p ' ; 

and V 

t' +8$ +6(7 COS <p'=t'+St'J 

and when we have dt—dt'—ds~-ds\ and td\l7 = t'dyl/, 


so that 


dlogt d\og t' _ 2 ^ 

dyj^ dy^r t t' * 


and also s=^'— Z+const. ; 

also, as t, t\ s, 5 ' all vanish at 4, 

ts=t'—s\ 

i,e. tangent QP— arc -4P= tangent Qfi— arc AR. 



MacCullagh’s Theorem. 

For the case of the ellipse and the confocal hyperbola, 
where the condition </>=<!> is necessarily satisfied, we have 
the following result. 

If tangents QP, QR be drawn from a point Q on a hyperbola 
to a confocal ellipse cutting the hyperbola at the difference 
of the tangents is equal to the difference of the arcs AP, AR. 
This theorem is due to MacCullagh.* 

* Salmon’s Conic StctioiMy p. 358 ; Chasles, Comptes RtndniSy Tom. xvii. 
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585. Deductions. 

If we draw tangents to the ellipse at the extremities of 
the axes, the particular confocal to the ellipse which passes 
through the corners of the rectangle formed cuts the ellipse 
in the Fagnano points, and if Q be the intersection of tangents 



Fig. 136. 


at A and B, and F the point in the first quadrant where the 
confocals cut, MacCullagh’s theorem gives 
QB— QA = arc FBsxo FA, 
and if the semiaxes be a and 6 , we have 

arc FB—a,Tc FA = a— 6 , 
which is Fagnano's result. 

586. From the theorem of Dr. Graves it appears that if 
01 , 02 be any two points on the confocal and 0 iPi, QiBil 



02^2 S'fe the corresponding pairs of tangents to the 
original ellipse, 

0lPl +0iPi il^rC P 1^1= 02^ 2"l"02^2 ^ i 
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and therefore that the difference of the arcsP^iJi, is 

and is therefore rectifiable in terms of known lines. 

The particular value of the constant to which 

QP+QR—bxqPR 

is equal may be found by taking Q at a specified point on the 
confocal, e.g, where it cuts the conjugate axis. 

And a similar result follows also from MacCullagh's theorem. 

687. Exactly in the same way, if Q be a point on the ellipse 
and QPj QP' be tangents to the same branch of the hyperbola, 
it will be clear that 

QP— a.TcAP=QP'^ arci4P', 

for the tangent at Q still satisfies the requisite condition, namely 
that the internal bisector of the angle PQP' is a tangent 



to the ellipse. And the difference of the arcs AP, AP' is 
therefore expressible as the difference of two straight lines 
and is rectifiable. Moreover, if be another point on the 
ellipse, such that tangents Q^Pi, Q^P^' can be drawn to the 
same branch of the confocal hyperbola, the difference of 
the arcs PP^, P'P/ is rectifiable. In order that the point Q 
should be such that tangents can be drawn to the same 
branch of the hyperbola, such point must obviously lie in 
one of the regions between the asymptotes in which the 
hyperbola lies. In the limiting case in which QP is an 
asymptote, the difference of the infinite portion of the 
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asymptote QP and the infinite arc AP is finite and equal 
to the difference of QP' and the arc AP', Q being now 
at the point of intersection of the asymptote with the 
ellipse. 

588. Rectification of the hyperbola -=--^ 5 = 1 , 

Ir 

Let G be the centre, GA the semimajor axis, $ the length of 
an arc AP measured from A in the first quadrant, GY the 
perpendicular 'p upon the tangent at P. 



Then p=a;cos\/r+ysin\/r touches the curve if 

cos^ yp—h^ sin^ -v/r =a®(l — e* sin^ yp\ 

In the case of the hyperbola, when P lies in the first 
quadrant, yp is the angle MY and is negative, and as s 
increases from 0 to 00 whilst P travels along the arc from A, 
Y travels from A towards G along the first positive pedal 
curve r^=a^ cos^ 6—h^ sin^ 6, which becomes a Lemniscate of 
Bernoulli when 6 — a, i,e. when the hyperbola is rectangular. 
The angle yp therefore remains negative, and as its actual 
magnitude is increasing yp is algebraically decreasing and 
an increment dyp is negative. When P has travelled to 
00 along this branch of the curve the limiting position 
of yp is an asymptote. The tangents at the node of the 
pedal are therefore the perpendiculars to the asymptotes of 
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the hyperbola, coinciding with them in the case of the 
rectangular hyperbola and its pedal cos 20. 

Let us find the length of the arc AP from ^4 to a point P 
for which 

We have *=^1 

therefore, integrating, 


5 — «=[ 'pdyp' 
Jo 




Now t = is the projection of the radius vector OP upon 
the tangent =PY, and is positive 

p y _ — ae^ sin x//- cos _ 06 ^ sin X cos X 

J\ —e^ sin^^r n/ 1 — sin® x ’ 

and \l\ — c® sin‘^ —a [ >/l— e^si 

Jo Jo Jo 

arc.4P=P7— af J\ —e® gin® x dx, 

Jo 

. ae^ sin y cos y P . ; , 

or PY— arc4P=a[ V 1 sin^ x dx (1) 

Jo 

This integral is not of the Legendrian form at present, e being 
essentially greater than unity. 

If P be allowed to travel to oo , x ultimately becomes 


tan-i| {%e. 


Hence the excess of the infinite asymptote Coo over the 
infinite are Aoo is 

-1® 

J tan % 

As/l— sin^X^X 

It is easy to reduce the integral in equation (1) to two 
integrals of Legendre’s standard form 
Let e sin x=sin co. 
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Then e cos x co doo, and 



and a is the complement of the half angle between the 
asymptotes. 

Hence, 

Arc AF=PY +ae[cos^ a F((jo, sin a) sin a)], 

F and E being the Legendrian standard integrals of the first 
and second species, whose values are tabulated for particular 

values of the modulus sin a, w beinsr sin“^ ( ) in the 

^ '^sin a/ 

upper limit and FY, written in terms of co, being 

^,^L.tanccJ^/l— sin^a sin^ctfsaetancD A ^Mod. -Y 
sin a \ ej 

where ^ = ~2 sin^w , 

ie. Xxc=€Le{t&n a)A+ cos^ a F(w, sin a) —E((a, sin a)} (2) 

589. In a rectangular hyperbola a=~, e=\/2, and we have 


Arc=as/5|^tan co Jl — J sm^oo+iF ^)] 
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Examples. 

1. In the hyperbola = put a=6tana, A=N/l-sin2asin2<^, and 

show that we may take tan a sec ^ A, y = 6 cos a tan <^, and that 
ds b cos a ^ 6 a ^ » 

<^^“Acos2^’ 

and 5 = 6 sec a tan <^A + b cos a F{<^^ sin a) - & sec a E{<j>, sin a). 

2. Trom the polar equation deduce the rectification of the 

rectangular hyperbola, viz. 

5=a/s/2[A tan (o-\-^F- E]. 

3. If PQ be a chord of one branch of a hyperbola, touching a confocal 
ellipse at F, and the confocal cutting that branch of the hyperbola at A 
and B, and if PH, QS be the other tangents from P and Q to the ellipse, 
show that the elliptic arcs AR, BS exceed the elliptic arc AFB by the 
excess of the tangents PR, QS over the chord PQ, i.e. that 

arc .4 iZ + arc BS - arc A FB 
is rectifiable in terms of known lines. 

In particular, examine what happens : 

(1) When Fu the vertex of the confocal ellipse. 

(2) When F is at B. 

(3) When PR and QS are at right angles to PQ and F the vertex 

of the ellipse. 

590. Another Method of Treatment for the Central Conics. 
Use of Hyperbolic Functions. 

In the case of the central conics it is instructive to consider 
another mode of treatment of the rectification. 

The relation x+Ly=c sin (u+iv) 
gives a;=c sin cosh , ?/=ccosw8inh 

Then v=const. is the equation to the ellipse 

a!’’ I 

c® cosh^ v’^c^ sinli^ v ' 

and w=const. is the equation to the hyperbola 


c^sin^w ’ 

and different constant values of v and u give confocal ellipses 
and hyperbolae. 



596 


CHAPTER XVn. 


— =cos u cosh Xi dw+sin u sinh v dv^ 
c 


-^= —sin u sinh v cZw+cos u cosh v dv. 


Hence 


— =(cos^ u cosh^^+sin^ u sinh^ v) {du^+dv^) 
c* 

= {(1 — sin^ u) cosh^ v+sin^ u (cosh^ ^ — 1 )} {du^+dv'^) 
—(cosh^ x — sin^ u) {du^+ 

Hence, for any of the family of the ellipses ^;=const., 


— =v^cosh2i;— sin^wiZw ( =const): 
and for any of the family of hyperbolae w=^const., 
~=v/cosh2 u dv (w=const.). 


591. In the case of the ellipse xya^-\-y^/b'^=l, 
a=ccoshi;, 6=csinh'y, 
where e is the eccentricity, and /. e=sech'y. 

And ds=aJl—e^sm^udUf 

s =a 1 V 1 — e® sin^ u du =aE (w, e) 

Jo 

In the case of the hyperbola x^la^—y^lb^=l, 
a=c sin u, b=c cos u, and c^=a^+b^=a^e^, e=eoaecu. 
With the notation of Art. 689, in which 

sin X = sin u sin o), 

we have 

cos X = \/l “ sin^ii, sin^ft) = A and t = PY=ct&nco A. 

The line xcos'^+yBm\jr=^p is tangential, provided that 
jp^—a^ cos^ -v/r — b^sin^yfr 

= c^sin^u - c^cos^w sin^tt sin^o) = c^sin^u cos^o? , 

p = csimicoBa). 
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The point of contact P is given by 

a^Qosyl/' . . b^sm\lr „ . 

x= ^ = c sin A sec ft), y=i — —=ccos^ut8bna), 

P P 

and, as these are to be c sin u cosh v, ccos 7i sinh v, we have 

cosh -y = A sec oo, sinh v = cos tan w. 

It follows that cosh vdv = cos u sec^co doD, 

cos u dw 




dv^ 


Acosc 


,in, 


s/cosh^-y -sin2u=N/A^sec2ft>— sin2u = cos ty seco). 

Hence ~ = jN/cosh^t; - sin^tt dv 

0 f sec^ ft) , 

= cos^uj — 

= A tan ft) +cos^uJ?'— E (mod. sin u) 
by Legendre’s fourth formula, p. 399 ; 

/. Arc=Py+ae^l— ~^l’(ft), smu)—aeE{co, sin^^), 

the same result as before. 

592. The Lemniscate. 

The equation is cos 29 ; 

dr 


we have at once 
whence 


m — 

^ = r sec 20 = -7=^^ , 
Vcos26 


re 

5=a| 

Jfl 


dd 


Put 


Jo\/cos 20 

on sin0cos0d^ 

cos 20 = COS2 ^ ; /. dd = on " 

~ ' am v.H 


s = a 


sin (j ) cos (/> d^ _ ^ , 

ocos ^n/ 1 — cos*<?f Jon/ 2 — 8 in 2 <^ 


sin 20 

d^ 


= 4 r 


d<l> 




or 


\/ 2 Jo\/l — ^ sin ^0 n /2 ' n/ 2 ' 
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Hence 


Hence 


W2 . 

am — =0, 
a 

sJ2 , ^ 

cn _=cos0 = -. 
a ^ a 

s = -^cn-i-, mod. 

n /2 s /2 


Here s is meeusured from the vertex. 

We might have expressed 6 from the beginning in terms 
of r, and then y 2 




2f“ 

^ = ® Tf= 


dr 

then putting r=a cos 0 the work proceeds as before. 

For the whole length of the arc, we have 

The tables for (Bertrand, GJ, p. 716) give J?\= 1*85407, 
whence whole arc = 2aj2 x 1*86407 = a X 5*2441 
We might, however, proceed as follows : 

Jq n/cos 2 Q 

Putting 29 = 00 , we have 

s=2aj^ (cos 00 )-^ 

It will be shown later (Art. 872) that 

r(n)r(l-»i)=--^. 

' ' SmWTT 

where n is less than unity. Borrowing this theorem for 
pr«»t purpose, 

sin^ 

4 
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The values of the T functions are calculated. Tables of 
these values are given in Bertrand’s Odcul Integral, pages 
285, 286, to seven places of decimals from Log r(l) to 
Logr{2). As the values of r(£c) from r(l) to r(2) are 
all fractional, 10 is added to their ordinary logarithms for 
convenience of tabulation, as is usual in tables of logarithms 
of sines and cosines. (See Chambers’s Mathematical Tables.) 

Now ra)=ir(i), 

and L T(l) =L T{i) +log 4, 

where L denotes the tabular logarithm, 

= 9*9573211 from the tables of Lr(a;). 

+ *6020600 log 2 =*3010300 

10*5593811 logTT =*4971499 

21ogr(^)= 1*1187622 log 2,:^= *7981799 

log V27r- *3990899 log ^/27^= *3990899 

logA= *7196723 
log 5*2441= *7196710 

13 

Difference for 1= 8 


60 

50 

Hence i=5*244116 

Hence the whole perimeter of r^=a® cos 20 is, as before, 
5*244116 X a. 



for a lemniscate gives a very good idea of the graph of the 
functions cn and cn”i for the case mod. and we can readily 


I 
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draw a graph, taking, for instance, as unit length on 

V Z 

the ic-axis, and any convenient unit on the ^-axis, say tx, and 
constructing the curve with abscissa s and ordinate r. 



axis ofr 

— 

|M 

axis of s 

0 

1 N \ 


a 



Fig. 141. 

The ordinate shows the march of the function cncc, the 
abscissa the march of cn"^£c. 

Examples. 

1. Find the length of the arc of a lemniscate r^—a?co%'Zd from 
^=0to 


Here 


6 * 


TT 

^4’ 


-p==4^===r and cos2<^=cos5=ij <#>= 

\/2io N/l-4sin2^’ n/2 ^ 3 ^ 

and from the tables for (Bertrand, Calcul Intkgml^ p. 716) 


t 


-=2==-fi 
^0 Vl— 

.* s=a^/2x•41301 
= -58410. 


2. Find the area of the curve ^ for the portion in the first 

quadrant. What connection is there between this problem and the 
evaluation of the perimeter of the lemniscate ? 

3. Draw a careful polar graph of the lemniscate r®— 25 cos 2^, talcing 
one inch as unit of length, and deduce a Cartesian graph of 

57 n /2 

y=5cn-^ 


n the length 
-y^lh^=\ in 

1 , 1 12 1 , 1.12 32 1 . 1 12 32.52 1 . "1 

2 L 2 c"*' 22.4 ' 63'^22.4^6 e®‘^22.42.62.8 ' 


4 Show that the difference between the lengths of the asymptote and 
the infinite arc of the hyperbola a^jc^ —y^lh^=\ in the first quadrant is 
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594. The Limacon r=«+6cos0. 

Here ^=— 6sin0 and (^)*=a*+2a6cos0+6®; 

s=f n/ a* +2a6 cos 0 +6® <Zd 
Jo 

= j^-^(a+6)*— 4a6 sin* | dQ (Let 6=2<f>.) 

4a5 

=2(a+6)J^N/l— A®sin*^<i^, where i?= ( ^ 1 ^5 ) 2 > 

-2(.+6)«(^, Ig). 

An obvious modification will be necessary if a and b be of 
opposite sign. 

This curve very well illustrates the march of the second 
elliptic integral E. The arc AP measured from the vertex 



Fig 142 For the onse tt>-6 


is proportional to E, whilst ^ is half the angle AOP. See 
also Art. 574. 

The result shows that the arc AP of the lima9on is equal 
to the arc of an ellipse of semi-major axis 2(a+6) and 

eccentricity measured from the end of the semi-minor 
a+o 

axis to a point on the ellipse for which the complement of 


the eccentric angle is 


e 

2 


(compare Art. 573). 


The semiaxes of 


the ellipse in question are then 2(a-f6) and 2 (a— 6). 
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This would also be evident upon writing 
r +2a6 cos 6 +6^ d9 


as I y cos® ^ +(a— 6)® sin® | dQ 

=|^\/(2a+6)® cos® ^+(2a— 6)® sin® <j> d<j>, where 0=20. 

596. Ex. Consider the case of the limagon in which for the 

portion from 0=0 to 0=?. 

o 

„ a+6 2 j ,n 4ah 1 , 1 . 

^=;?3’ -^=2=®“ 6’ 


s=2(a+b)J^>Jl-isiJX^(f>d<l> 

= 8a(2-V3)x -61788, from the tables for j&(0, J), 
= 1-11012 X a. 

The lima^on is of course the focal inverse of a conic, and when 05=4 
the cardioide is the inverse of a parabola 

596. Trochoidal Curves. (See Biff, Calc,, p. 344.) 

If a be the radius of the fixed circle, b that of the rolling 
circle and the carried point P be at a distance mb from the 
centre of the rolling circle, 

x={a+b) cos 6— mb cos 0, 

y=(a+b) sin 0— sin 0. 

Hence ^= - (a+b) sin 0 +m(a+b) sin 0, 

(a+6) cos 9—m{a+b) cos 0; 

(^) =(<i+6)®(l +m®)— 2m(a+6)® cos y 

a0 TT , 

26-2+X- 




Let 



THE TROCHOIDS. 


603 


Then s= ~ (a+6)(l +m) [ s/\—h^ sin® X where , 

Of Jq 

=%+b){l+m)E{x, k). 

o 

"bir 

where s is measured from the point at which — > 

Of 

i.e. from a vertex F, as in the case of the epicycloid (Art. 540). 



Hence again we can find the length of any desired portion 
by means of the tables for Legendre’s elliptic integrals of the 
second form ; or, which comes to the same thing, such length 
can be expressed as being equal to the corresponding arc of an 
ellipse, measured from the end of the minor axis, the semi- 


major axis being ^(a+6)(l+m), the eccentricity being 
and X being the complement of the eccentric angle 
at the end of the elliptic arc. 


For a circle, when m=:0, 

For the epicycloid, when m=l 

sss^(aH-6) sm x= cos ^+const. 

which agrees with the result of Art. 540. 
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We might use this curve, like the ellipse and the lima 9 on, 
to construct a graph showing the march of 


for any modulus 


sin^X^X 


y _ 2\/m 


597. The Oassinian Oval. 

The bipolar equation of this curve is (See Biff. 

Calc., Art. 458.) 



Fig. 144. 


If be the foci, 5 ^ 512 = 2a, and if the line of foci be 

taken as oj-axis and its centre 0 as origin, the equivalent 
polar equation is 

2aV cos 20+a^=6^. 

Three cases arise : 

(1) a^b, two separate twin ovals with vertices distant 

from 0. 

(2) a=6, reducing to Bernoulli's lemniscate. 

(3) a<6, one single oval lying outside the lemniscate, 

which may or may not possess inflexions. 

The equation may be written 

y^+— =2a^ cos 20. 

Take an auxiliary angle & such that 

ra+^-^= 26 *cos 20 '. 
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Then r®=a® cos 26 +6* cos 26', 

cos 26-6* cos 26' ; 

/. 6 ^— 008 ^ 20 — 6 ^ 008 ^ 20 ', 
or sin® 20—6^ sin® 20', 

i.e. the auxiliary angle & is such th€t.t 

a® sin 20=6® sin 20'. 

Differentiating the original equation, we have 
rdd_ r^—a^ cos 20 
~dJr^ a® sin 20 ’ 


‘ ' \dr) sin® 20 sin® 20' ’ 

“ ^'~a®Jr sin20 Jr sin20'’ 
a$_b[^^ dr dr 

" 6 aJr s/l—u^ &Jr n/]— - y®’ 


where t 4 =cos 20 , t;=cos 20'. 

We shall adopt the first or the second forms according 
a is > or < than 6. 

Let , (a <t: 6) ; =cos2a, where ^=sin2a; 

/u=-~®- , (o > 6) ; =cos 2^, where p=8in 2^. 


In the case a <i: 6 , u^cos 20= 


6^ 


2a®r® 


so 


rt*2 

-„+X*^=2m; 
a® r® 


/. -+X -=^/2^/w+X, 
a r 

I-x-=^/27ra; 

a r 

(s/w+X+n/w— X j» 

, a / dw 

2^/2W^ 


as 
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a _ 6 rf^ du ^ 

6r -/sin0 \ , .fsinO . \1 

sn-H , cos a )+sn-i( — , sin a ) 

2L \cosa / \sma /J 


where sm2a=^ (Art. 388,4). 


In the case a > 6 , t? s cos 20 

r2 

_L...5 

r* 


r*+6*— a* 


2iV“ 




and the work proceeds precisely as before, interchanging 
a and b, u and v , 6 and 6\ X and jul , a and /3 , on the right- 

ccs 

hand side of the values of . 






where 0'=^ sin“^(sin 2j8 sin 20) and sin 2^=^ . 

The arc is in both cases measured from the vertex, where 




598. In the case of the Lemniscate, 

a—b , r2=2a2 cos 20 =c^ cos 20, say ; 
then 0 = 0', and either case gives 

s=|- 2sn->-(V2sin0, 

=acn-(^ri2l5^^.i=)=^cn-i(753iB, i) 



as in Art. 592. 


599. It is a very instructive process to perform the same rectification 
first expressing 9 in terms of r. We have 


= (r® + a® + 6® ) ( - r® + o® + J®) (r“ - a® + 6®)(}^ + a* - 5*) fiah* 
= [(a® + 6 Y - r*] [r* - (a* ~ 6*)*]/4a*r«. 
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Let r=\la^-]rb^u and 

the positive value to be taken. 

sin 2^ - (a2 + 62 )n/(1 -u^){u^ - 
and dr=\lo^^^W du ; 

• 

^“n/^62 A V(1 - A4)* 


Again, (I - v>){u^ - A^) = [(1 - ) (^a _ I _|, ^ 

=[(1 + X2)^A2 

=(l + X2)2?^*-.(tA4+Aa)a 


=(1 + X*)2w*(1-2;®), 


where ^ = (1 + X*^) i;. 


This transformation gives 

.•. «+—=./(!+ A-*)®+2A., 
w 


a-^=N/(l+A.»)»-2A., 

2w=\/(H-X^) 2? + 2X + >/(l 4-X®)v - 2X, 


*yr+i*' 




dv 


V^+r^ V”- 


26“ 


■i: 


2A. ’ 

1+A,» 

1 N/m? 


N/a' + 6» -»* 4 


I./ , 2A '*’-/ 2A. 

n’’+iTX‘ V^-T+rJ 


6* 


2<v/ci*+i*‘Vl +X* 



Now an integral of form /=f*-;=^== can be converted at 

7. n/( 1 -»»)(» +c) 

once into the standard Legendrian form as follows (Art. 388, 4) : 

Put v+c=(H-c) cos®<^>. 



4 - 
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r° — 2(1 +<!) sin <j> cos (l> d<i> 

N/{(H-c)-(l+e) 008® ^}{(1 — fl ) + ( 1 + c) cos® <^}(l+c)cOS®</) 

Jo ‘j 2 -(l+c)airi*<p 

J, V'-— 

j • 2A. . 

and as in our case c= ± it is numerically less than unity and 


- IS positive and less than unity , 


.*. </)=am(//>/2), mod 

" 2 

cos<^=cn(//N/2) and 
Hence, finally, we have 



if+i' 


N/2V(<i»+6®) + (a>~6») 

f j I 

\v((Js>+d)®) + J(a«~6«)/ \v(a®+6®)-V(a*-6*)/j’ 

the respective moduli being 

N/a® + i« + s/a»~6® \^a®+6®-Va®~ i® 

V2'/(^+3*y+(arr^ n^v'(?+6»)+^®'Z^ 

For the twin loop curve a >6, 

iJ ] 

«=^1cn-> . — 1 r 


's/a®+i» + N/a®-6s'*’*^'' Va^+b^-Ja^-'b^j 
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with respective moduli 

2a ’ 2a 

For the single-loop curve a <6, 


, \lb‘^-a^ 


•Jb^-a^ 


& — I ■ mm , , 

with respective moduli 

26 ’ 26 


600. The expressions written in this rectification are less simple than 
when written in terms of 6^, as in Art. 597, but can readil^^ be reduced 

6^ 

In the case a>6, let sin 2 a=- 5 ; then r^-2aV®cos20H-a^cos“2a=O 


Also cos 2a : 


w>-s. 


and cn“ 


s/a^-h^ 


,/a2 + 6HVrt2-62 


2a ’ 

" 2a ' 

. a® cos 2a 

r-h 

, r 

=cn“' - 

2a cos a 


/cos 2a -1- 


r* + a* cos®2a\ 


2a^r^ 
\/2 cos a 


.-n/cos 2a -1 - cos 2 $ 

= cn * 7 = 

V 2 cos a 


=cn 


,, /cos^a- sin'-^O _i/sinO 

1 A/ =Bn M 


/ sin Q \ 
\cos a/ 


Similarly, 


Hence a >6, 






^„-,/sine 


/ sin 6 \ 
\sin a/ 


r 1 /sin 6 \ , 

/sin 0 \"1 

sn“M , cosal-Hsn"*^ 

U7:7“> ; 

L \cosa’ / 

\sin a /J 


as before 

Also for the case a< 6, since 


r*+5^p;5! = 26>cos2e' (Art 597), 
r»+ ^*cos*2/? ^3ft.(, _2 sin^eO ; 
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(’■+7 “s =26»(1 -2 Bin'OO+Si® cosSjS 
= 4<J®(cos*jS-sin®0') ; 
6^coB2j8 

• ^ ^ - a/t 

26cosy8 ^ cos® jS’ 


. r® 4-6*003 2)8 

2r&co i^° 


i/sinG' q\ 


Similarly, sin^); 

where 0'=4sia”^(sin 2j8 sin 20), the result of Art. 697. 


601. Serret’s Method of Rectification of a Cassinian. 

A different method of rectification of a Cassinian Oval 
is given by Serret* connecting two arcs measured from 
different vertices of the curve, and expressing these arcs 
directly in terms of 0. 

In the twin-oval case a>b, let A and B be the vertices of 
one of the ovals, and let a radius vector OQP be drawn 



cutting that oval in Q and P. Let the vertex A be the one 
furthest from the centre 0. Let arcs AP, BQ be called 
Sj , Sg respectively. Let 6* = a® sin 2a. 

Then cos 20 + = 6* 

Solving, r2 =: a® cos 20 ± aVcos® 20-cos2 2a, 

the upper sign giving 0P\ the lower OQ^. 


Oalcvl Intigrdlf p. 266. 



OVALS OF CASSINI. 


611 


and 


Now, as before, 
ds 


rdO a^cos20 


1 

dr "" a® sin 26’ 
¥ 


= 4- 


¥ 


cos^ 20 — cos^ 2a ’ 
dsi _ ¥ J cos 0 + s/ cos^ 20 — cos^ 2a 


"do a Jcos^ 6—co3^2a 
the positive sign being taken as increases with 0. 

f=;i*TYn‘lfl.rl Y ^ ^ \/ cos 20 —Jqos^ 20 —cos^ 2a . 

^ do a Jcoi^26-cos^2a 

• I ds^y _¥ 2 (cos 20 + cos 2a) ¥ 1 

KdO^do) ""a* cos^20— cos®2a ~ cos 20 —cos 2a 

, (ds^ ds^ ¥ 2 (cos 20 — cos 2a) 2¥ 

\cZ0 do) cos®20— cos^ 2a ”” a® 


cos 20 4- cos 2a ‘ 


Hence 

8 


do 




do 


0 \/cos20— cos2a a JoN/sin^a— sin^0 ’ 


In these 
and 

Then 


’l+®2=T'^l 

/5 r 

^ ^ a Jo Aycos20H-cos2a Jos/cos^a—sin^d 

integrals put sin 0 = sin a sin <i> 1 . . , 

® ^ ^ . h respectively, 

sm 0 = cos a sin ^ J 


do 


=r^r 

a in 


do 


¥ P 


d<l> 


^.6. 


^ JoN/iT-sin^asin^^' 

. d<t> 

^ ^ Jo ^/l--cos®a sin^i/r’ 

0 = am (Sj 4 Sg), mod. sin a, 
>/r = am ^ (Si — Sg), mod. cos a ; 

, 1 ^ \ 
.. Si 452= — sn”^l-= — ,sina , 
^ ^ a \sina / 

6^ /sin 0 \ 

Si— S2 = ~sn”^( , cos a) 

^ ^ a \cosa / 
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¥ 


^sin d 

. > 


/Sin d \1 

¥ 

sn-1 

Uina’ 
/^sin 9 

sin 

+ sn-i 

, , COS a) 

NCOS a /J 

/sin d \“1 


sn“^ 1 

^sina* 

Sin aj 

1 — sn“^ 

( , cosa ) 

\cosa /J 


the former of these being the result previously obtained. 
Reducing in the case of Bernoulli’s Lemniscate, we have 

a=^, r^ = 2a^cgs29, 

Si=asn“^\/2 sin 9 

= a crr^^/cos 2d, mod. ^ , 

=acn-i-^, as in Art. 598. 
gLs/2 

602. The Single-loop Case. 

In the one-loop case a<b, the same method cannot be 
adopted, and M. Serret considers the arcs traversed by a pair 
of perpendicular radii vectores OP, OQ, starting from the ends 



A, B oi the two perpendicular axes. Let the arcs AP, BQ 
be respectively s and cr, and let = 62 sin 2/3. Then, solving 
as before, 

cos 29~\-a^ cos^ 2d = a^(cos2 2d -f cot® 2^) 
and r® = cos 2d ± a® n/cos® 2d 4- cot® 2^, 

and the positive sign must now be taken. 

Also, as before, 

ds _ ds _b^ n/cos 2d-f‘\/cos® 2d-f cot® 2^ 

rdd"r®-a®cos2d’ dd“ a N/cos®2d+cot®2/3 ‘ 
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Writing 0 + ^ for 0, 

V— cos 2^+\/cos^ 2^+cot^ 2j8 . 

Oj \/cos2 20H-cot2 2jS ’ 

/ds cZ(rY_ 2b^ >/cos^2^ + cot^2/3+cot2/3 
'* \dd^ dQJ ” ct^ cos^20 + cot2 2/3 


j /ds ^d(r ^ _ 2&^ Vcos^ 20 + cot® 2/3 —cot 2/3 

\c20 (i0/ ”” cos^ 26 + cot‘^ 2/3 

In each of these change the variable to 6', where 

. ^ . sin 26' j .1 £ cos 26' 

sin26= and therefore cos 26 a6 = - 


Then 


■sin2|8’ 


sin 2y8 


Then 


son , 12 0/0 1 . 12 0/0 sin2 26' 008^26' 

co8^20+cot22^ = ] 


/ (is do- y 26* cos 23' -fcos 2jS cos^ 26' 1 

\de''^dW) ~ c? 008^23' sin 2^ 7~su?2^ 

o c\ rk 


2/8 

_26* cos 23' 4- cos 2;S . 

~ 1? sini* 2/3-sm2 23' '® 


sm^ 2^ 


_2b* sin 2/3 


6* sin 2/3 


cos 26' —cos 2/3 sin^i8— sin*6'* 

Similarly 

/ cZs Y _ ^ ^ sin 2(3 

\dd' 56'/ ^ a‘^ cos26'+cos2jS~’a2 cos‘^j8— sm26'' 

1 . s+o- = Vsin 2/3 [-yT 7 ==^JL====, 

a '^JN/sin2/3-sm26' 


In these integrals put respectively 

sin 6' = sin /3 sin 0 and sin 6' = cos sin 

and remembering that sin 2/3= ^ 2 ’ 


5 + 0- 




^ 

Jo \/l — sin^/3 sin^<3{>’ 

^ J 0 V 1 — cos‘^/3sin2>J> ’ 



614 


CHAPTER XVII. 


, S + O" , 5 — (T . 

^ — 9)111 — ^ — f yj /' — fiiix — — j 

sin^' s-fo- sin (9' s—o-. 

smj8 b cosp 0 

s+£r=6sii-i(^, cos^); 

whence 

where = i sin“^ (sin 2^ sin 29). 

The first of these was established in Art 697. 


603. The Elastica or Lintearia. 

This curve is of considerable importance in various branches 
of Physics. It is (1) the form assumed by a uniform originally 
straight elastic rod bent into a bow by a bow-string, or by equal 
thrusts at its extrenoities, i.e. it may take the form ABC or 

_ B _ _ F _ 

^ ^ 

Kg. 147 

ABODE, etc., according as the string is tied at A and G, A and 
E, etc. This is called an undulating elastica. When the bend- 
ing is slight, the form is approximately the curve of cosines 
(E J. Routh, And. Statics, vol. ii. p. 281, “Bending of Rods”). 

(2) It is the form assumed by a flexible thin rectangular 
sheet, two of whose opposite edges are fixed horizontally at 



the same height, the flexible rectangular sheet forming the 
base of a rectangular box with vertical sides into which water 
is poured, the material being supposed impermeable for water 
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and the base fitting the sides so closely as to prevent appreci- 
able escape of water. From this property the second name 
arises (Kriieanzw=made of linen). 

(3) The curve also occurs in the case of water drawn up 
by capillary action against a partially immersed vertical plate. 



Fig. 149. 


The curve may assume various shapes according to the 
physical circumstances occurring. It may undulate, or there 
may be any number of complete convolutions forming loops and 
nodes. Such cases are exhibited in the accompanying figures. 



Fig. 150. 



Fig. 166. 
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604 The determination of the nature of this curve is due 
to James Bernoulli (1654-1705). 

For much detailed information as to the curve and its 
physical properties, the student may consult W. H. Besant, 
Hydromechanics^ pages 168-171, p. 194, p. 201, etc.; G. M. 
Minchin, Statics, vol ii. p. 204 ; E. J. Routh, Analytical Statics^ 
vol. ii p 283, etc., “ Bending of Rods ; Sir A Q. Greenhill, 
Elliptic Functions, p 87 ; and the article on Capillarity in the 
Encyclopaedia Britannica, by the late Sir J. Clerk-Maxwell. 

K. 

605. The stress couple at any point being — , where p is the 

P 

radius of curvature and K a certain constant called the flexural 
rigidity, we have as the geometrical property' of the curve, 



where y is the ordinate from any point to the line of thrust 
and T the thrust, or string tension if the bow is bent as in the 
ordinary case by a bow-string. 

Hence the equation to be considered is py — c^, c being a 
constant, and two cases arise accordingly as the curve is 

(1) undulating, (2) nodal. 

606, Rectification of the Bow. 

Taking the bow-string as a;-axis, its mid-point 0 as origin, 
and a perpendicular through 0 as the y-axis, let y be the 



B o N A ^ 

Fig. 157. 


ordinate of any point P. and let be the acute angle the 
tangent makes with the tangent at the vertex V of the arc, 
and let arc FP=s. Let = a when P is at A, and let OV = 2a 

Then py = cp^ 
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Differentiating, 1 +psini/. (p= +^) ; 
-~^dp = sm\jrd\lr, 

and integrating, yj/'—cos a), 

P 

iov \p' = a when y = 0 and p = oo , ze. at A, 


Hence 


— P d\/r 
\/2Jo \/cosi/r— cos a 



. . a . 

sin-|- = sinHsmx, 





The student should note the analogous result in Kinetics 
in Art 389, viz the case of the oscillating motion of a simple 
circular pendulum. For a comparison ot‘ the two results, see 
Greenhill, Elliptic Functions^ p. 87. 
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The ordinate y is given by 


!/=— =2c \Lm^ “sin^ ^ 


=2c sin 5 cos x“2c sin § . cn - ; 

A A 0 


2 /= 2 csm|cii(^, sin|). 


To find the abscissa x, we have 
dx 


dx , da 

d^_ l-2sin^gsin^x 

dx dx 


and adding 


->/l-sm2| sin^X 5 

.*. ® H- s= 2c — sin^ | sin^x 


c=2c£(^ 


X. sin|)-s. 


We thus have for the bow, or undulatory elastica, py—c^. 


“4 . a\ 
/ 


[ 2^ 

a:=2c5 1 sin~i ' ■ ^ , sin 1 1— s, 


3/=2csin|cn(^, ain|). 
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607. BectifLcation of the Elastica in the case when there are 
several Convolutions, viz. the Nodal Elastica. 

Taking the ^/-axis to pass through a vertex V as before and 
the line of terminal thrusts as the x-axis and ^ the angle 



which the tangent at P has turned through in passing from 

q2, 

F to P, we have again ~=y. 

P 

dp dy . , 

-3 dp=sm \}r dy^r, 

c2 

and integrating -2=2 cos-^+a constant=2 cosyfr+A, say. We 
P 

have not, however, in this case, as we had before, any point 
at which p is infinite. Let 2a be the ordinate of the vertex. 

Then at y> P=^- 

putting p=^> when y}r=0, 4=^-2; 


4a2 


^=-^-2(l-COSl/r) 

=4g-sin*^), 

' being >1, as p cannot be oo by supposition, and 
c 


d^ 


la^ . r 


1 '' 
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(& ri- 
®~2o ■ 


1 ^ gJu* 'k. 

^ a* ® 2 


, or putting \/r = 2x, 


'o 


go) 


=?^(x. % 


X=am^. 


Hence the intrinsic equation is 


\lt 

s= — am“^ . 
a 2 


Also y=7=2a^3-~8in2|=2aA®=2aA(x); 


«/=2odn^. 


diC 

Again, ■^=—coa\p', 

dx , C?5 

dx_ (1— 2sin^x) 

<^X~ « /, c2 . . 

X 

=-“ r=^= — 


/I—-; sin 


^sin-x 


••• a;=(2^'-l).-2aB(x, 
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Hence, in the nodal case of py=c\ 

^=(2$-l)®-2aS(|. 1 ), ■ 

y=2adn^. 


Compare with this case the result and process of Art. 390 
for a revolving pendulum. 

608. In the case of an infinitely long rod, imagining the 
elastica to touch the line of thrust at oo , we have 
p = oo when >//"=7r, 


and 


^=2(l+cos \/r)=4cos2^; 
o ^ 


^=|sec^ and 8 = clogtan (J+ j) , 
s being still measured from the vertex. 



This species of elastica is called the Capillary curve (see 
Besant, Hydromechanics, p. 201), the shaded portion in 
Fig. 159 representing the water raised above the normal level 
by capillary action due to the presence of a partially immersed 

vertical plate PQRS. In this case p = ~ at the vertex, and 
c = a, the modulus of the elliptic functions occurring in the 
second case becoming unity. 
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609. Cotes’ Spirals. 

These Spirals are defined by the pedal equation 
j 5. (See Diff. Calc,, Art. 454.) 
There are five varieties : 


(1) jB= 0, an Equiangular Spiral. 

(2) AL = 1, in which case B is essentially positive (as r>p); 

the curve is the "Reciprocal Spiral {Diff. Calc., 
Art. 452) ; and the other three are reducible to the 
polar forms 

u — asinnd, u — a sinh nO and u= a cosh nO. 


(1) The rectification of an equiangular spiral has been effected 
in Art. 449, Diff. Gale. 

(2) In the reciprocal spiral r = ^ , we have f = — ^ , and 


giving 


da ^a I 1 

fN/r+^ 


do. 


(Let 0=tan 
= a| cotv • sec»^ aj 

=aj 


0COS (f> 


dsin0 


sin2^(l“sin20) 

= (i{ \ ' \ + s — - +T~; — r'jldsin^ 

J Lsm^^ 2\l—sin0 l+8in0/J ^ 

^ , a, l+sin6 
= -acosec^ + 2log^^-^ 

= - + 1 log . 

The remaining three are rectifiable by the aid of elliptic 
functions. For instance, take the first, viz u = asin.n9 for 
the case > 1. 

“■&V (Art- 511); 

V sin^Ti^ + cos 6 


as — 


I 


sin^nd 


■do. 
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measuring s from the vertex at 0 = ^ . (See figure of curve in 
Art. 387, Diff. Gale) 

Let vd=^; 

... 

■?ij„ sin^^ ^ 


... 

■?ij„ sin^^ ^ 

T 

Jtt sm^d) ^ 

ji * 

where A = Vl — and /c^= — ; 

' 'n/ 

= — Acot^4-(l— /c^)f ^”"f 
*'5 

= ’-•^cotn6j8m^n6-\-ri^coQ^n6+ 

- 1^(710, k ) - £'i , /c)} , 

where «:2=1 — ^o. 


610. Si-Folar ChiiTes ; Plane Elliptic Coordinates. 

Let S, H be fixed points, and let the distances of a moving 
point P from S and H be and respectively. Let SH=2c ; 
0 the mid-point of SH, PN a perpendicular from P upon SH ; 
ON — x, NP=y ; also let ri+^2=2^» 

Then vj may be called the elliptic coordinates of P ; for 
const, and »?= const, give families of confocal ellipses and 
hyperbolae 

Let A be the area of the triangle SPH, 

Then 

1 6 A2= (2c +r^ -fro) ( - 2c -fr^ -f 7’2) (2c- r^ +rj) (2c +r^ - r^\ 
ie. A 2 =(f-c 2 )(c 2 -,; 2 )^ 
where ^ is necessarily <t: c and >? :|> c. 

Hence cy=^J(^—c^){c^— 
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Also, if m be the length of the median OF, 

nt 2_l~i 2 



Tims the Cartesian coordinates of P are given by 

ct/=s/f2-cVc*-j,* ; (1) 

,, c ^ dtjf 

VSz^' 

Aud therefore, if he an element of the arc of the Bi-Polar 
curve traced by P for any relation between and r^, 

and (2) 

If we put c cosh V, rj=c sin u, 

we have (^) 

Moreover, aj=c cosh sin u, 

y=c sinh v cos ^6, 

33+ z^=C sin (t(,+£^;), 

the transformation used in Art. 590 for the rectification of the 
central conics. 
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The (w, v) system and the (^, tj) system are therefore 
connected, and either may be regarded as “ elliptic ” coordinates. 
Moreover, we have a definite interpretation of u, v as used in 
Art. 590, viz 


iJ=cosh“i u=sm"'i ^ 

2c 


2c 


and they are thus expressed in terms of the bi-polar 
determination of a point. 


Ex Employ Formula (3) m the case 

sm coshtJ 

To what curve does this equation refer ? 


611. If we wish to express the result of Art. CIO in terms of 
the original radii vectores 7\, rg, we have 

3'“'^ ^2 _c2 -f- cs _,2- (rj + - 4c® - (?'i 

_ (dr, +dr2)^[4c®-(ri— r^)®] +(dri \ ( n+^z)®— 4 c®] 

(2c+ri H-rj) (-2c+ri+r2)(2c-ri-l- r,) (2c+ri -r^) 

A ® + (<t® y, ® -r^) 

16<r(o — a) (o’ — '^i)(<T — ^j) 
whore 2c = a and 2(r=rt4-r, H-r^ ; 



v/r,r2(dri®+dr,®) + (a^-r^^-r^^ )dr^drl 
'Jcr{(r—a.){cr — 'rj){cr — 'r2) 


List of Well-known Bi-Polae Equations. 

612. The principal bi-polar cases of w'oll-known curves are : 


Name. 

Bi Polar Equation. 

Form of Equation in Elliptic 
Coordmatos. 

1. Ellipse 

r^+r2 = 2a 

i=a 

2. Hyperbola 

r^ — r^ = 2a 

rj==tC 

‘1 Cartesian oval 


4f=i 

a h 

4 Circle 

II 

7] = mi 

5 Circle 



6 Straight line 

— 7'g^= 

If® 

7. Cassini an oval 

r^r2=^K^ 

2 2 

K.I.O. 

2r 
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613. Ex. 1. Rectify the ellipse ri+r2== 2a. 

Here ^==a, d^-0. 

*=r (’» increasing) (17 < o < a) 

0 where 7)=c&\n 0 (cf Art. 667). 


Ex. 2. Rectify the hyperbola 2a. 

Here -jj^a, d-q—Q. 


(| > c> a) (cf . Art 388, Case 6), 
=tan a)\/c2 — a*sm2 ft)+^— J^o), 0-c.&^u), 0, 
where sin^tu (cf. Art. 688). 

Ex. 3. Consider the case of the BernoullPs Lemniscate rir2=c2 
Here and 

^ T 


Hence 


drj^ ^ drf drj^ 


. s=c®a/2 



9?= 


(cf. Art. 388, Case 2), 


=ccn“i^^, (cf. i)^y. Cafc., Art. 458, and Int, 
(7a^c., Art. 692). 


614. TTse of Bi-Angolar Coordinates. 

It is sometimes desirable to express an element of arc of 
a bi-polar curve in terms of the bi-angular coordinates 
which ra, respectively make with the line joining the poles. 

Let /(^i, 7 * 2 )= const, be the bi-polar equation of a curve, c 
the distance between the poles S, H. Let the angles of the 
triangle SEP be dg, so that r^, $2 are the polar 

coordinates of P with SH for initial line, r^, 6^ the polar 
coordinates with HS for initial line. Let the normal PG 
cut the line SH at 0 and the circumcircle of 8HP at Q, Let 

SPQ=X2y 

and let SQ=p^, HQ=p^, PQ=N. 


dOa Po® 

^i^=cosxi 

dd, C* + P,*-0,* 

-rj -^^=co8 y, = p — ft.. 


2cp2 


Then 
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Hence multiplying by p^, respectively, and then adding 
and subtracting, 


dO^ do. 



(i) 

Pin ^ +p2n ^ c 

(ii) 


Now PSQH being cyclic, 

Pl'>'l + P2‘>'i=No. 



Q, 

Fig. 161. 


Q 

Fig. 161. 

Hence these results may be respectively written 

c ds={Nc— p 2 ^ 2 ) ^^ 2 ““ (iii) 

=Pin de2—Nc(d9^-ddz), 

2 2 

and ^ ^ d8=pirid9j^+ p^r^dd^+Ncdd^, (iv) 

c 

for ddi -I- dO^ -h rf 03 =O. 


The last equation (iv) is due to Mr. Roberts (vide Professor 
Williamson’s Integral Galcuhis, p. 601, for a somewhat 
different proof). 

Again, in travelling along the curve /(r^, ^ 2 )= const., 

fn dr^ +fr, dr ^= 0 (where /„ stands for ^ , etc.), 

/r.sinxi-Asinx2=0. 

/_v SG nsinxi rjr, 

W HG-T,smx,-r,A 

(see Diff. Gale,, p. 181, Ex. 32) ; 

( 6 ) 

Pi sinx2 A* 


Hence 
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In cases in which /(r^, is homogeneous in and and 
of degree u, and if for convenience we write the constant as 

c— , so that f{r^.r^)=c—, 

we have, by the theorems of Ptolemy and Euler, 

Pi P2^ '^lPl + ^gp2 _-^0_ N 

fn A 'f'Jn+'TiA V 


Then 


Pi=/ni'. P 2 =A>'. ■Ar=a” 


The quantities v and N can be obtained in terms of r^, 
as follows: r r -)-n « 

(Hobson’s TrigonoTnetry, p. 203) ; 


and V is therefore found in terms of and the constant a. 

And as Pi=H/rp P 2 =>/r*, 

Pii P 2 i ^ known in terms of rg. 


Also, since 
and 


'1 


sin sin sin + 62 ) 


a«- 


^2)=C— > 


we have theoretically the means of expressing r^, rg, yoi, pg 
and A either in terms of 0^ or in terms of 0g, as required. 

Hence the rectification of the curve depends upon the in- 
tegration of either of the formulae 


or 


or 


C Jpi Pg Jpj^ Pg*^ 


idO,, 


. P2^* -Pi* "^Jpe^-Pi* 
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615 . Bectification of a Cartesian Oval. Oenocchi’s Eesult. 

The last form was used by Mr. Eoberts in a proof of Prof 
Angelo Genocchi’s Theorem, that the arc of a Cartesian oval 
can be expressed in terms of three elliptic arcs. 

Thus, for this oval, viz. 


we have 


Pi P2 ^ 


and r^=N^-\r =1/2(^—2^3 008 

p^—W p^ cos dg =v^(ls— 2 l^l^ cos 

c2 = pi2-f p2H2pj P2 COS d3 = J/2(Zj2_^2?lZaCOS 03 + ^2^) 

Hence 


and i=k\‘Jk^-2l.2 ?s cos 01 + d9^ 

+ — cos + ti02 

+ ^3 + 2?! Zg COS ^3 4- 


And these are the integrations required in the rectification 
of ellipses. This is Genocchi’s result. 

For a full description of the elements of these ellipses and 
for many other important properties of the Cartesian Ovals, 
the student should consult Professor Williamson’s DifferenUal 
Calculus, pp. 375-382, and Integral Calculus, pp. 239-243 



616 In a similar manner, if the tangent to the curve cut 
the circumcircle of the triangle SPH at a point Q whose 
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bi-polar coordinates are o-i, o-g, and T be the length of the 

tangent PQ\ which makes angles Xi, Xa ^2» have 

dr, c^-ho-o^ — o-,^ 

-cosv, = ^ ^ 

da ^ 2c(ro 


d/To 

^=-cosx.= 


_ C^+g-i^— (Ta^ . 


I ®^2 0^1 

;7r=-^ 


rfr, or,®— 0-2® 


cfe ^ flis 

C8 = |<rj(Zra— Jo-gCir, 


2ccri 

, dro dr. 


“1 


617. A General Theorem. 

Let there be two given curves 

and let OP^P^ be a radius vector from the origin cutting 
these curves at Pg 



Let a point P be taken on OP^P^ so that 
0P=Xi0Pi+X20P2, 

Le. 

and f=Xiri+X2r2, 

Xj, Xg being constants and dots denoting differentiation with 
regard to 0 . 

Hence 

r2H-f2==Xi2(ri2+r^2)H-X22(r22+f22) + 2 X^X 2 (rirg+rifg) (1) 

Let §1, Sgj Sp be corresponding arcs of the three curves. 

Now (rir 2 +rir 2 ) 2 +(riri-r 2 r 2 ) 2 =:= 
and (^1^2+ V2)^+(^i'^2— (^2^ +^2®)* 
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Hence there are two cases of simplication, viz. 

(A) when (B) when 

Cs/se (A) arises when the given curves are so related that 

= const . = aK 

Case (B) arises when ^ ^ 


ia ^ = constant and the original curves similar and similarly 

situated with regard to 0 . 

In case (A) 

(r^rg + = (r^ +a^+ r^) (r^ — + r^) 

= (V-a 2 )(V+a 2 ) 

and Xi%*+ W+ 2XiX2x/(V-a2)( V+ a*> 

If we take Xj = Xg == X, say, 

.4p2 = X^ [^^2 oj,2 + q 2 + a2-+ 2 7i^2+^] 

and ^P = X[\/^2^+a24*V^j^2__^2] 

If another point Q be taken on the same radius vector such 
that Xj = — Xg = X, say, 

then ^<3 = X [>/ ^2^ + a* — >/ a^\ 

The radicals are placed in this order because 

as may be seen as follows : 

^ 2 ^ - 1 - - (^*^2 _ 0 ^ 2 ) = (^^2 ^^ 2 ) _ ^^2 + ^ 12 ) + 20 ? 


and is positive. 
If we take 


=$n*+a<==a*(n-^). 


X=J, i.e. rp= 




then the P-curve is the locus of the mid-points of PiPg, and 
the Q-curve is such that OQ — P^P^PP^ and, 

. V . ^ + ^ 1—^2 0^2 

^f»-e=— 2 ^=T’ 

SO that the P and Q loci are inverse to each other. 
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For such derived loci we therefore have 

Sp-f- = jj'\/ 

and when these integrals can be found, Sp and Sq can be found 



Again, the P and Q loci being inverse to each other, the 
constant of inversion being ^ , 




/¥» 2_/p 2 


1 -dsp 




dsp+dsQ= dsp=-^ 

^1 + ^2 ^ - 


dSfj — 


2r, 


d$p = 


ri— 

2r, 


-dst 


^ ^ r^— r. 


v> 




••• Sp=iJ(l+^ys2®+a2c?0 = i|(^+l)s/i;niI^2^0^ 

Sg= i[(l (^9. 


618. In Case (B), ; 

whence Sp = \s ^ + 

and Sp = XiS^ + ; 

but as the curves are then similar this is an obvious fact, and 
this part of the investigation does not render any new 
information. 
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619. A Useful Case. 

In Case (A), it may happen that the derived curves are 
different branches of the same curve locus, 

r®— say, 
whose roots are Vp, Tq and rp 7 ’Q=^, 

and therefore r^^—T^=^4irprQ=a\ 

In this case the two branches of the curve are 

__bF(0)±Jb^F(e)Y-^a^ 

2 

which are inverse to each other with regard to the pole, the 
constant of inversion being ^ . 

And the “ given ” curves from which this curve is derived are 
r,=bF(dl 
T^^^b\F(Q)f-a\ 

And if 6*1 and be the differential coefficients of the arcs of 
these curves, the arcs of the derived P and Q curves are given by 

2sp= -f . a^dd^ 

620. Ex 1. Consider the rectification of the curve 

4(a’2.+ 'i/){x - a) + a^x = 0. 

Putting this into Polars, 

a® 

r®-ar8ec^+^=0, 

4 

a sec tan 9 
2 

The original curves from which this is derived are obviously 
ri=asec d 

and rg— atan^, 

the first being a straight line and incidentally an asymptote of the curve 
we wish to rectify 

Tlie P and Q curves are branches of the same curve and inverse to 
each other. If N be the node on this curve (see Fig. 165) and A the point 
where the asymptote T-2a cuts the .v-axis, the several arcs are 
APi = ,Sj , OP.^^32, NP = Sp^ NQ=^8q, 
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Now »i=:asec®^, 82^=^a^t&n^6 + &ec*6)t 

tan^ d (sec® ^ + 1 ), 
a2^H-a®=a2geca^(Bec®^+l) ; 


.*. N/^®^2=a^^>/ITcos^ 



Fig. 165. 


Now f^^^Vl+cos®^d[^ 

J cos*o 

=sec e^Y+^+j 

= sec ^ Vl + cos®^ - sinii™* (cos 6) 
=N/sec2^+l - sinb”i (cos ^), 


and Jsec® 6 VI +cos® 6 dB—tdJi 6 ^^ 1 + 008 ®^+ \ 

=taii0>/r+^+/(^7===^-vr+ cos® i)de 

=tan 0Vl+cos2^+V2 l^^==^^-j2 j s/l-^aiD.^dd9 

=sm ^^/aec®^+l+^/2 
Hence 


a^cNP+a^cNO=£E|^sin0^/sec®d+l+^/2i?’^^, -^~s/2 E^d, 
arc NP - arc NQ = a [Jsec^O + I - sinh”^ cos ^]. 
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Thus arc^P and arc ^<2 are found by addition and subtraction. It is 
to be noted in this case, that although each separate arc NQ requires 
for its expression the elliptic integrals of the first and second kinds, their 
difference is free from these functions, and expressible in terms of 
trigonometric and logarithmic functions. 

Ex. 2. As a further example, consider the “ derived ” curves to be the 
branches of the Cartesian oval 

r2-(A + Pcos ^)r+^=0. 

The roots being and r^, we have 

n = rp + = A + 5 cos 

ra=rp-rQ=N/(A + Pcos 

and these are the “ original ” curves from which the Cartesian ovals are 
derived, the first being a Lima^on. 

^^2 s_ ( ^ 5 cog 0yi ^ ^2 gj jj2 0 

= A2 4- 2 AP cos 0 -f B% 

8p-8q=j v/A2 4-P^-a‘'^+2APcos 6 d$. (See Art. 573.) 

Hence the difference between corresponding portions of the inner and 
outer loops of the curve 

f^-(A + Pcos 0)r+~=O 

can be expressed as the corresponding arc of a certain ellipse. 

[This polar equation to the Cartesian oval is an ordinary conversion to 
polars, retaining one of the poles as origin, of Zr+m/ssw, writing 
;^4.c2-2rccos^ for r'* and performing the rationalization.] 



We may remind the student that any arc of this curve has already 
been expressed in terms of three elliptic arcs (Art. 615). 
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The arcs «p=AP, Sf^^A'Q to which the integration refers are shown 
in the figure 

We may construct the ovals as follows. Having drawn the limagon 
ri=.4 + 5cos6> as explained in Art. 424, Diff. CcHc., take any radius 
vector OPi, and on OP^ for diameter construct a circle. Take centre Pi 
and radius a and draw a second circle cutting the first at B. Then with 
centre 0 and radius OB draw a circle cutting OPi at P 2 . 

Then OPi =A+Bcoa9, 

OP 2 = n/( A 4- P cos 6)^ - a®. 

Bisect P 1 P 2 at P and make OQ^PP^; then the points P and Q are 
points on the Cartesian oval. 


s — c{secylr- 1 ), 

[I. 0. S., 1893.] 


MISCELLANEOUS PEOBLEMS, 

1. Prove that the three equations 

jc-clogsec^, y — 
represent one and the same curve. 

2. Find the area of the curve 

considering all cases which may arise 

3. Prove that the value of the integral 

taken round the ellipse a^/a* + yS /62 = 1, is denoting the central 

perpendicular on the tangent at (x, y) and ds an element of arc. 

[I. 0. S., 1912.] 

4. If the point a;, y lies on the curve 
prove that 

y aj+jp x + 
dx 


and hence obtain the integral of - 

sjx^ + 2^x + q 

If, however, the point {x, y) lie on the circle x^-¥y^^a\ show 
that the corresponding relation is 

,ds 

y~' X 

where s is the length of the arc measured to the point (x, y). 
Deduce the known formula for the integral of 


dx 




[I. C. S., 1908 ] 
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5. 


Show that if 5 stands for 


I dR fx+g 
It dx qjXj^ + 6fl; + c* 

and if h^-iac be positive and the roots of aa;2 + &a; + c = 0 be 
A. and /x, prove that E-{x- Xf{x - /x)’, where 
p / . 2ag-bf 
g'“2a*“ 

And if a- -1, 6 = 0, c=l, 

If 62 - 4ac be negative, 

f. ^ ^ ^ 20X+6 

B=^(aa? + bx+c)^e’‘''*^ 

If 62-4oc=0, 

H — ^ j « g" fl(2ax+6)^ 

[E J Route, Proc. L.-M./S., vol. xvi,, p. 250.] 


7. Show that 

W1 ■■■ ••• 

there being 2A:+1 integrations, 2k + 1 being an integer, though h 
may be a fraction, is equal to 

2®^(®*-l)*(an)’ 

where M = (]c + l){h-{-l-\) ... to 2A + 1 factors. 

[Cf. Route, Proc. L,M.S.i vol. xvi . p. 249 ] 


8. ABC is a triangle with the corner A fixed and with sides 
AC, GB respectively VS and s/w + 1, given lengths. 

The side AB ( = r) makes an angle 6=:nA - (n+ 1) B with a 
fixed straight line A A. 

Show (1) that the path of B is rectifiable by the formula 
5 =Vn r , — ^^s/nam-^A, mod. 

Jo 

^ 0 \ rfc + 1 

(2) When ?i = l the rectification is the same as that of a 
Bernoulli’s Lemniscate. 
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(3) The inclination of the normal to the radius vector 

is A +jB. 

(4) The area of the triangle is equal to the area of a sector 

of the curve starting from the axis AX, 

[M. Sbbret’s Problem, Calc, IrU.t p. 269.] 


9. C is a point of maximum curvature on the Lima^on 

r=acos^ + 5, b>a] 

A and A' are the two vertices Prove that the diflPerence between 
the arcs AGy A'C is 4a. [St. John’s, 1891.] 

10. If 2 / = prove that 

dsc _ dy 
V!r*-4a2“3V3/*-4o«’ 

and by integration express x explicitly in terms of y. 

[Oxford I. P., 1916.] 

Apply this method to solve the cubic 

a;3-.3a;2- 45a; -473 = 0. 


11. Prove that 


^ 3 . 11 ^ 6 . 21 ^ 7 . 3 ! 


[Oxford I. P., 1916.] 


12. Prove that if n be an odd positive integer greater than 3, 

n f ^ sin”» da: = (2 - ^/3) ^ 

Jo ^ 71-4 3 

-:^r-L4.!Lii J_ il 

8 L2«-® ■^71-2 71-4"* 3i 

[Oxford I. P., 1916.] 

13. The parameters of two points A, B of the unioursal curve 

a/(l - P) =y/(f - <*) = o/(l + P) 
are equal to tan a, tan where 

-•J7r<a< - JflT, 

Prove that the area of the curvilinear triangle A OB^ where 0 is 
the double point, is 

- 2 + ^ - a - sec ^ sec a sin (/? - a) + i tan yS tan a sin 2 (y8 - a)J. 

[Oxford I. P., 1916.] 

14. If 71 be a positive integer, show that 

a:sin277a:cosec2xda;=i7iT2. ^ ^ 

Jo ^ [Oxford I. P., 1912.] 
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1 5. By assuming 

f dx to be of the form + + ^ + 

obtain the integration by differentiation and equating coefficients, 
also obtain the result directly by putting = 2 ;. 

16. Given a rational integral relation between x and y of the form 

+ . . + = 0 = F{x, y), say, 

where A^, A 2 , • An are rational functions of a;, prove that when 
^ydx can be expressed algebraically in terms of jc, then 

jy dsc = Bo + B^y + -1- + . . . + 


where Bq, Bg ... are rational functions of x, [Abel.] 

17. Assuming X to be a rational function of x, and = 
and that Jy dx is integrable in algebraic form and expressible as 

jy ia = Po + + P22/2 + . . . + 

where A, jP^, ... are rational functions of a;, show that 
Bo=*B2 = P3 = .. =Bto*i — 

that is that the integration must contain one term only, and that 
i Jy is a rational algebraic function of x. [Liouvillb.] 

18. If M and T be two rational polynomials, then, provided 
f M 

can be integrated in algebraic form at all, the form of 

the integral is where ^ is a function of a?. 
sjl 

Show also that 

(1) 6^ is a rational function of x, 

( 2 ) 

^ ' dx m dx 

(3) That 6 is an integral polynomial expression and not of 

such form as -p, where U and V are complete poly- 
nomials, i,e. not such that V contains x, 

(4) That the degree of the polynomial 6 is greater by unity than 

the degree of M. 

f o^dxi 

expressible algebraically. 
[Bbrtkand, O'. p. 94.] 
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19. P, Qj M being any rational algebraic polynomials, and 

Cp dx 

assuming that when I -q is integrable by means of the ordinary 
elementary functions, the integral must be of the form 

where 6/, a^, /3^, etc , are rational functions of x, a result 
established by Abel,* show that when the integration can be 
reduced to one term, the general type of the result is either 
algebraic of form djjB or may be written as 

In the latter case show that 

(1) aS-i825=Q. 

(3) 2a'e-0'a = ^A 

where accents denote differentiation with regard to x, 

20. Show that 
■a^(lljr2 + 37a; + 28) dx 

- 2 tant-i i 


jai4 _ a? - 4a:i! - 5a! - 2 ° 

21. Prove that 


^^/p+] 


xdx 


• 2a* - 6)(a;2 4a; - g) 2 

22. Prove that 


= ltanh-^»-± 4 ^^ 
2J -f 5 Y + 


4a;-8 


2 a ; -5 


(1) 


f 5 a ;2 + 3 fl; + l dx __ Xsjx^ + 2 a ;2 + 2 a; + 1 


J 2a;+l + 2a;2-i-2a;+ 1 x^ + x+l 

/o\ f 3tan2^ + 2 a jn . 1 sin ^ 

J 2 tan^ 6 i + 6 tan^e + 4 ®®® ® r+cos^i?' 

( 3 ) f _. sinhixdx . . . /co 7 haai+l 

J v/^osh^a; + [ x/cosh^a; + 2 V cosh^a; + 2 ’ 

* (Euvres. See Bertrand, Ca2c InUg , chap v. 
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23. 

(i) 

(ii) 

24. 

(i) 

(iii) 

(iv) 
(V) 
(Vi) 

(viii) 

(^) 

(xii) 


Show that 
271 + 


2 


IJ Ic^ 


271- If 


+ - £c2 


271 + 




271- 


+ sm2»-i^ 

1 +sin^“+^0 


[f ja^ 

= tanh-^a;^' 


+ - a;^ 


/jj2n+l ^2n+l 


gin2n-l^ 

Integrate the following : 

f (2a;+ l)^a; 

J s/a;^ + 2a:® - 3x^ - 4a; + 3 

pa;2 + 1535 + 12 dx 


sec ^ 
sec 0 = tanh 


-'(“'Vii 


gjn2n-l^\ 


gij^2ji+3^y* 


(li) I 


xdx 


\/a:^ + 2a:^ - 3x^ — ax + a 

[Abel.] 


J 53)2 + 1535 +9 v'(a5 + l)(3; + ^‘ 

(1 +Sx)dx 

-s/1 +63; + 4a5Vl - 2a; + 4a;2 

(2a; +a)c?a; 

v/a;^ + 2aa^ + Sa^a;^ + 2a^x - 


f: 


f3*‘-2a:* + l 

dx 

) 2a;3_a;2+i 

s/a^ + l 

f 33;4+1 

dx 


r l+a;-2;2 

dx 

- x+x^ +x 

Va:*- 

fl +3a«+2a;s 

dx 

J 1 -^^X-X^ 

Vl+X* 


3a; + 1 


X - 2a;2 - a;® Jx 


(") Jri 

/ -N f 1 + ^ 

' j 1 + a;2 - a;4 ,y;^43Y' 


25. Show that the whole perimeter and area of a single loop of 
the curve r = 2acos7i^ (^>1) ^-re respectively equal to the whole 
peiimeter and area of the ellipse — [Oxp. I. P., 1911.] 

26 If an element of a curve lie at distance r from the origin, 
and subtends an angle dd there, it is known that unit electric current 
flowing along ds produces a magnetic force at the origin at right 

angles to the plane of the curve proportional to — . 

Show that if unit current flows through a thin endless wire of 
given length in the form of an ellipse, the magnetic force due to 
the current at the centre of the ellipse is inversely proportional to 
the area of the ellipse. [Oxford II. V , 1913. 
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27. A current of electricity is flowing round a fine w'ix’O 
ABCD KA bent into a plane polygon. 0 is any point wibh.^^ 
the polygon, and perpendiculars OP, OQ, OR , ... are drawn to 

sides KA, AB, BG, etc., respectively, and again perpendicular’® 
whose lengths are a, y8, 7, ... from 0 upon the sides PQ, QR, RS^ - - - 
of the inscribed polygon PQRS .. . Show that the magnetic fore© 
on unit particle situated at 0 is 

^&mA 

a 

where i is the current strength. 

28. Show that the perimeter of an ellipse of axes 2a, 25 and small 

eccentricity e is approximately equal to the perimeter of a circle 
diameter a + h, with an error which is only about 0*0025 per cen.'b- 
when e is as great as 0*2. [Math. Trip. Part IL, 1913. 3 
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EECTIFICATION (III ). MISCELLANEOUS THEOBEMS. 


621. Arc of an Inverse Curve. 

Let s and s' be the corresponding arcs of a curve and of its 
inverse with regard to a fixed point 0, the constant of inver- 
sion being 1c. ^ 



Fig. 167. 

Then if P, Q be points on the curve and P', Q' the inverse 
points, we have ^ P" 

And ultimately, when Q and Q' are made to travel along their 
respective paths to ultimate coincidence with P and P', 


^.e. 


ds' = /c®§. 


( 1 ) 


giving the arc of the inverse in terms of elements of the 
original curve. 

622. Modifications for Various Coordinate Systems. 

This formula may be modified as required for different 
systems of coordinates, and with the usual notation, we have 
for polars, the inversion being with regard to the pole, 

( 2 ) 



m 


CHAPTER XVm. 


Again, we may write 



^.e. as a formula suitable for tangential polars, 



or for pedal equations, 

(*' 

and for Cartesians, 

p) 

the inversion being with regard to the origin , 

“ ® J(a!-ar + (j^-6)*’ 

if the inversion is with regard to the point (a, 6). 

623. Illustrative Examples. 

1. Consider the arc of the inverse of the parabola 

p2=ar ^or ^ = l+cos0^ 

with regard to the focus ; i.e. a cardioide. 

Here 

=— vl“aM= — sm* • 
a a 2 

2. Rectification of the inverse with regard to the centre of the first 
negative pedal of an ellipse with regard to the centre. 

The ellipse being the first negative pedal is the enve- 

lope of 

xcoB^+i/sm\f/=p, where 

or 

Hence the tangential polar equation is 

ah 
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Differentiating we have 

djp (g^ - sin ^ cos xf/ 

(g^ aiu^\p-\- 62 cos2 \p)^* 


whence 


/^2 ^g\ sin^ t/> - 2 (g^ -» 62) aii^2 ^ ^^32 ^ ^ 

(a2 sin2 ^ + 62 cos2 1/»)^ 


__ g2(2g2 - 62) sin2 \p + 62(262 — coa2 

- * - - -- - - * 


and 


(g2 sin2t/< 4- 62 cos^\p)^ 


^+/'^V= g2y a*f>m^ + ¥coa^>l> ^ 
^ \d\l^ ) (g2 sin^ + 62 cos2 


Hence 


^ r a^(2a^ - &^) .in^ t+ ^( 26 ^ - cos^ 

^2 j g^sin 2 i/^ 4 - 6 ‘*cos 2 jf ^ ^ ^ 

= ffs-'-T — ^ ■^; - 4 * s/a^ sin2 + 62 cos2 \p d\ff 

J\ g 4 sm 2 i/» + 6 ‘^cos 2 t/»/ ^ ^ ^ 

= Jj^2 >/g2sin2<// + 62 cos 2 ;/» 

g 262 (g^ 3 in 2 i/i + 6^ cos2 4- q^ 2 52) -j 

g 2 4 * 62 (^4 sin 2 ^ 4 - 6 “* cos 2 1//) sin 2 1/- 4- 62 cos 2 j/' J 

Hence if e be the eccentricity of the ellipse, and the integration be 
taken from to - and if x be the complement of we have 

>'^^[_2E(x, «)-^-P'(X. n(x, «, e*-2e^)]. 

This curve therefore requires all three kinds of the Legendrian integrals 
for its rectification 

Note for the first negative central pedal of an ellipse that we have 
incidentally 


( 1 ) 


, a2(2g2- 62 ) sni^iP + 62 ( 262 - g2) coB^xP . 

p = CLO 5 » 

(g2 sin^xp +h^ooa^xpy 


fg\ ^_„2M g'‘sin° cos’’/' . 

(o^smV+6’cos2^)” 

(3) ji>^de = J^eeJ,/,=3a6tan-*(|tan./)-(a® + 5=)tan-'(ptan./'); 

(4) Pp d^ = br-f.=M=^=b r-=i^L= = 6if(x, e). 

' ' ^ ^ s/l—e^oos^^xp jo ^/l — c-sm^'x 
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3. Central inversion of epi- or hypo-cycloids. 

Here where il=a-f26, *1 

^ _ a I" See Diff. Calc.^ Art. 410 

a+26* J 




*2 


AO.-B^)^mBxPdyP 

fo A=‘{l-(l-5a)cos»^;^}’ 


or -B f* 


E.ff, in the case of the inverse of the cardioide with regard to the centre 
of the fixed circle a = 6, A = 3a, jB = J, 


2fe2Vi 

3a 


tanh“i^?^ c 


ox- 


In the case of the inverse of the three-cusped hypocycloid 


b ia, A=|, B=3, 

s'=^^^[^tan-‘(2 Vicos 

Note that these inverses are such that their arcs are expressible 
logarithmically if derived from epicycloids, or by means of circular 
functions if derived from hypocycloids. 

4. Inverse of the parabola y^—^ax with regard to the point x— —3a, 

y=o. 

The general problem for any point on the axis is discussed by Mr. R. A. 
Roberts, in the Proceedings of the London Mathenuitical Society, vol. xviii., 

p. 202. 
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Taking am\ ^am as the current coordinates of a point P on the curve 
y^=^4dcuc, an element of arc is given by 

d8=s/da^ di/^=^as/ i + m^dm. 



Fig. 169 


Also OF^ = (am^ + Zay + 4aW = a W + 10a W + 9a^ 

= a2(m2 + l)(m2 + 9), 

ds 

and the element ds' of the inverse is ds'=Jc^-^p^; 


8'=k^. 2a 




n/I + dm 


(?»2+ l)(m2+9) 


?*! r 

« Jo (m^+9)^/m^ + 1 


(Let m=:tan <^) 


^ ^ cos d 
a Jo sui?^r+9"cos^ 

2^ dsin<^ C dain<l> 

a Jo 9 — 8 sin^</>~ 4aJ § - ain^<f> 

_^lo 3 + 2\/2sin<^ 

6a^ ^®3-2>/2 8in </> 


Example. Mr. Roberts shows in the article above cited that for 
points between — oo and - 3a on the j;-axis the arc of the inverse curve 
can be expressed as a pure logarithm. For points from - 3a to a such 
arcs are partly logarithmic, partly inverse circular. For points from a 
to + the arcs are inverse circular expressions. Examine the truth of 
this. 


624. John Bernoulli’s Theorem. 

Let a number of points Pi(aJi, yi), y ^7 etc., be moving 

in a plane, and let etc., be elements of the paths 

described. Let us impose upon their motion the condition 
that they are all moving at every instant in parallel directions 
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in the same sense. Let yjr he the angle the tangents to their 
respective paths make with the aj-axis. 

Suppose heavy particles of masses mg, etc,, to be placed 
at Pi, Pg, etc., and let x, y be their centroid. 


Then 


_ Smcc 



'2'nidx Smcfo , 


%= 


Sm dy _ Sm ds 
2m ” 2m 


sin'll. 


R 



Hence 


da; 


cos\jr sin*^’ 


and therefore the motion of the 


centroid is always parallel to the motion of the several 
particles ; moreover, if ds be the corresponding element of the 
path of the centroid, ^ 


ds= 


2m 


and 


- 27715 

®“2m 


C25. This result is ascribed by Mr. R. A. Roberts, in the 
paper before cited, as due to John Bernoulli, the intentior 
being to give a method for the generation of new rectifiable 
curves from any system of curves whose rectification has 
already been efiected. 
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It is to be remarked that the same theorem obviously holds 
for any system of particles moving in the manner prescribed 
upon twisted or tortuous curves in space. 

Again, several of the points may be moving on different 
branches of the same curve. 

It appears from Bernoulli’s result that as mj, mg, ... can 
be arranged at will, we can from any set of rectifiable curves 
generate an infinite number of other curves which are rectifiable 
in the same manner and in terms of the same functions. 

Thus, for instance, taking any set of catenaries with parallel 
directrices whose typical equation is s=a+ctan>/r ; 
or any set of equal equiangular spirals, type 
or any set of circles, types=a+6V^; 

or any set of involutes of circles, type s=a+6(>/r+a)® ; 

or any set of similar epi- or hypocycloids, type 

8 =a +b sin {nyjr +a) ; 

or any set of semi-cubical parabolas with parallel axes, type 

Urns s=a+hsee^\j/; 
or, in fact, any of the cases in which reduces to an ex- 
pression of the same form, the locus of the centroid 


- 2ma; 
x =-= — , 
Sm 



is another curve of the same kind, and the length of any 
portion of its arc is to be found from the formula 

- Sms 
Sm ’ 


And further, when curves of different nature are taken as 
the original curves, though the derived locus be not of the 
same nature as that of any one of the original curves, yet it is 
still rectifiable in terms of the same functions as those in terms 
of which the original curves are rectifiable. 


626. Extension of Bernoulli’s Theorem. 

When the forward-drawn tangents at the several points are 
not all in the same sense, we may still apply the theorem, but 
with the precaution of reckoning all those elementary arcs 
which are traversed in the same sense as positive, and the 
remaining ones as negative. 
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Thus, if Pi(x^i 2 /i)» -^2(^2* 2/2) opposite extremities of a 
diameter of an ellipse, or centric oval, and if cos \/r, sin \fr be 
the direction ratios of the tangent at Pj^, —cos >//•, —sin will 
be the direction ratios of the forward drawn tangent at Pg, and 
+^s ^^2 (ds^cos ^) + mg ( —ds^eos >//■) 

+^2 -f mg 


ds^—m^ (feg 


cos\/^, 


and 


^ mi+m 2 


sin>/r, 


and 

m^+mg 


giving s=- 


m^+mg 



Moreover, for an ellipse, or centric oval, obviously ds-^^ds^^ 
and Si=S2, and if we make mi=m2, 5 = 0 , as it should be, since 
all diameters are bisected at the centre, and the centroid locus 
degenerates into a point. 

In the case when one of the curves degenerates to a point 
and one other point describes a given curve, Bernoulli's 
Theorem states that the similar and similarly situated centroid- 
locus is such that corresponding arcs on this locus and on the 
original curve are proportional, which is a priori obvious. 

627. Ovoid with One Atir of Symmetry. 

Let us consider the ease o£ any ovoid with one axis of 
symmetry, and discuss the locus of the mid-points of chords 
which are such that the tangents at their extremities are 
parallel. Let PiPg be such a chord and ff its mid-point. If 
we take the direction ratios at P^ as cos\/r, sin>^, then at Pg, 
where the forward- drawn tangent is parallel, but in the 
opposite direction, they must be taken as — cos\/r, — sin>/r. If 



SYMMETRICAL OVOID 


661 


it be a question of applying the theorem to the locus of the 
mid-point G of the chord we have 

where d<T are the elementary arcs traced by P^, Pg, G 

respectively, and as the inclination of all three tangents to the 
OJ-axis is the same, p\—p^ 

where pi, p^^ p are the corresponding radii of curvature. 



F 

Big. 172. 


Now, in integrating to find o- for the whole length of the 
path of 6r, considerable care is necessary, for when the points 
Pj, Pg pass through positions at which the radii of curvature 
become equal, ds-^—ds,^^ in general changes sign. So that in 

estimating Jdo- for the whole ff-locus, for some parts we must 
take <r = 

care that the difference of the elementary arcs at the ends of 
the chord is reckoned positively. 

Hence we shall write the result 

ds^ - dsg 
2 ' 

In such an ovoid there will in general be points A, P, C, P, 
of which the first and third are the extremities of the axis of 
symmetry, where tlve radii of curvature are respectively 
minimum, maximum, minimum, maximum; 



and for others 


1 2 ^ 


i.e. we must take 
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and there may be a pair of points, one between D and A and 
one between B and 0, at which the tangents are parallel, and 
such that the radii of curvature at those points are equal ; and 
the same is true of the portions AB, CD of the ovoid. In such 
case, on the 6f-locus there is therefore a point at which /o = 0, 
with a change of sign of p. Hence there is at such a point a 
singularity on the (j-locus, in general a cusp at which the 
tangent is parallel to the tangents at the corresponding points 
on the ovoid. 

628. Gleometrical Ezamination. 

Let us examine more closely, in a geometrical manner, what 
is in general happening at such a point. 

Let PoPj, PjPg, P^P^, P^Pg, ... be elements of the 

ovoid, with equal increments dyjp in the angle of contingence, 



and drawn in the neighbourhood of a point on the ovoid 
which has the peculiarity under consideration, viz. that th( 
radius of curvature at that point is equal to that at th( 
opposite extremity of the chord. 

And let ^ the opposite paralle 

elements, the angles between consecutive pairs of either syster 
being therefore d\fr, and let 
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Let Qq, (?!, 6f2, ^3, (^4, ...be the mid-points of the chords 
^a2^2»^3?3» ••• respectively, then it will be obvious 
that GqO-^ = \ (PqPi — 

’-P1P2). 

^ 26^3 = i {^2P3—P2Ps)> 

® 3 ^ 4 = ^~'PzP^ ~ 

= i (^>4P6— -P4^6)» 

®B^6 “ i ^ 5-^ e)* 

etc 

The points ffg, (74 coincide, the element makes an angle 
2 dy}r with the element (j 2®3» the direction of the tangent to 



the path having turned through an angle 7 r+ 2 d'^ Ulti- 
mately then we have at two coincident tangents to the 
ff-locus, i e. there is a cusp on the 6r-locus at such a point, and 
this cusp lies upon the envelope of the chord, for G^ is the 
point of intersection of two consecutive positions of the chord. 

629 . Again, at the points E, F on the double ordinate at the 
widest part of the ovoid the radii of curvature are obviously 
equal, and at the mid-point Y of EF there will be a cusp on 
the ( 3 -locus, whilst at X, the mid-point of the axis of symmetry 
AG, the tangent to the G -locus will be perpendicular to AG. 

Let IJ be that chord of the ovoid for which the tangents 
at I and J are parallel and for which the radii of curvature at 
the ends are equal, and whose mid-point is situated at the 
cusp L of the G-locus, and let TJ' be the corresponding oliord 
through the cusp M, symmetrically situated with regard to 
the axis of symmetry. 
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Then, integrating along corresponding arcs, 

arc/'CT—arc J'AJ 
arc MXL = 2 > 

r arc JDF^SbTC IE 
arc 2/7 = ^ , 

, arc arc FF 

arc FJSf = 2 • 


arciF =- 


arcFJSf -- 


Thus the whole perimeter of the tricuspidal ff-loeus 
= J(arc Z'C?— arc Ji^+arc arc FJ 4-arc arc FF), 

i,e. in short, half the difference of the two sums of alternate 
arcs of the original ovoid, the points of division being those 



Fig. 176 


at which, whilst the opposite tangents are parallel, the radii 
of curvature are equal. 

630, Of course, in the case of any closed oval symmetrical 
about two perpendicular axes, such as an ellipse, the diameters 
are all bisected at the intersection of the axes of symmetry, 
and the tricusp is evanescent, the radii of curvature at all 
opposite points being equal and the tangents parallel. 


631. Note (i) that if lines be drawn through the points Q 
parallel to the tangents at the extremities of the chords through 
G, then the points G are the points of contact of such lines 
with their envelope ; 

(ii) that the cuspidal tangents to the ff-locus are parallel 
to those parallel tangents to the ovoid at whose points of 
contact the opposite radii of curvature are equal ; 
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(iii) if be a point on such a chord P^Pg as has been 
described, and dividing it in the ratio then the theorem 

is true for the whole perimeter s of the ovoid, 


i.e. 


m,— mo 
— -5 


(for in integrating round the curve s^=S 2 — 8), provided that 
R does not lie intermediate between a certain pair of points 
Pj, Pg on the chord, for which mgpg can vanish, 

ie. if X and X“^ be the greatest and least values of the ratio 
Pi/pg attained as P^ travels round the perimeter of the ovoid, 
the points Pg are the positions of P for which m^ = Xm 2 
and m 2 =Xmi respectively. Thus, for all points P on the chord 
or the chord produced which do not lie between P^ and Pg, 
the perimeter of the P-locus is 


m, — 

0 - — 

m^+mg 

But for points between P^ and Pg thus defined, precautions 
similar to those described for the mid-point must be taken. 



632. An Instructive Problem. 

Let us discuss the locus of the centroid of the triangle PQR when 
these points lie upon a cardioide and are such that the tangents at 
P, Q, R are always parallel. 
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The equation of a normal to the curve r=a(l+cos^) at the point 
0 = 2ais 

(St - f)x - (1 -3t2)y =|{(31 - «3) +«(I +«3)}, 
where i=taiia {Biff. Calc,, p. 158). 

The three normals will be parallel at points such that 

j- 3 ^= say, %,e, tan 3a = k, 

tan 3x = tan 3a. 

Then 3x=W7r + 3a, 

, TT StT 

X=a, a+g, aH-g. 

Hence 2a, 2a +~, 2a +~ are points at which the normals, and 
therefore also the tangents, are parallel. 

Let these be called 2a, 2;S, 2y. 

(^11 y-di (^ 2 ) (^ 3 J ya) the coordinates of P, Q, P, 

= 2a coa2 - cos 0 = 2a cos^ a cos 2a = | (1 + 2 cos 2a + cos 4a), etc., 

$ 

yi=2a cos^- sin d=2a cos^a sin 2a=| (2 sin 2a+sin 4a), etc. ; 



Fig. 177. 


(i) y=0, and the centroid is therefore at a Exed point O 

on the axis. 
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(li) Let PG, QGt RO cut the sides of the triangle at L, M, N, Then, 
since C?P= 2GL, etc., the points L, M, N, Le. the mid points of the sides 
he on another cardioide of half the linear dimensions of the former. 

(lii) The tangents at L, Af, N to this cardioide are parallel to the 
tangents to the original cardioide at P, Q, R. 

(iv) The triangle PQR might have been described as one in which each 
of the sides subtends an angle 120“ at the pole 0, 

(v) All other points which divide the sides, or the medians, in a 

constant ratio, or any points connected with the triangle FQR by the 
formulae ^ _ 2Zy 

where I, m, n are either numerical or not dependent upon the magnitude, 
shape and position of the triangle, also trace cardioides , and lines through 
such points parallel to the tangents at P, Qy R, envelope caidioides. 

633. Areals and Trilinears. 

It has already been explained that such systems are not 
well adapted for metrical purposes (Art. 460). 

We can, however, readily obtain suitable formulae for such 
cases if necessary 

Denoting the trilinear coordinates of any two points by 
(oi, j8i, Vi), (a 2 , A, 72 )> triangle of reference being some 
given triangle ABC of sides a, 6, c, and area A, the distance 
between these points is 

~ -^t)(.yi-Vi)+Hyi -y2){ai-ai) 

+c(ai— 02 )(^ 1 — ^a)] 

or ^2 [a cos 4 (a,— +bcosB Oi — /S,)® + c cos C(yi — ya)®] 

(Ferrers’ Trilinears y p. 6). 

Accordingly, the length of an elementary arc ds between 


two points 

(a, P, y), (a + da, d^, y + dy) 

may be written either as 


(a djS dy+bdy da+cda djS) 

or as ds^~ 

“2 (a cos A da^ +b cos B cZ/3® H- c cos (7 dy^), 

where 

aa + + cy = 2 A, 

and therefore 

ada + hd^+cdy = 0. 
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The corresponding expressions in Areals will obviously be 
— {a^dydz-\-h^dzdx-{-c^dxdy) 
or ds^ — bc cos A dx^ + ca cos B dy^ + ah cos C dz^, 

with the identical relations 


£c-|-i/+ 2 ;=l, dx+dy+dz^O. 
The Areal results are a little the simpler. 


634. XJnicursal Curves. 

In the case of a curve being unicursal, i.e. such that the 
coordinates of a point upon it can be expressed as rational 
functions of some parameter then if we have taken areal 
coordinates x, y, z, so that their sum is unity, we may write 
^ _ V _ z \ 

where /(0=/i(0 +/*(«) +/ 3 (<). 

Let these fanctious be made homogeneous and of the same 
degree, say the by the insertion of a proper power of 
another letter t, where t=1. 


dt 


Now, by Euler’s Theorem, 


/«). flit) 
fit), fit) 


1 

n 






Bt 


dt ’ dt 


1 

n 


Bt Bt 

d± du 

dt’ dt 



where is the Jacobian of /i and / with regard to t and t, i.e. 

n d {t, t) ’ 

and T is to be put = 1 after the differentiations are performed. 
Thus cbi=- ^dt. 
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Similarly dy — ^^ dt, 

dz = -*^dt, 

71/2 

where Jg sire respectively 

r) ’ dlt, t) 

Thus the areal formulae for rectification in the case of a 
unicursal curve become 


or 


s = “ I 'yj^ [be cos A + ca cos + ab cos CJ^^] dt 


These simplify a little further in the case where it is 
possible to take the reference triangle equilateral. 


635. Ex 1. For example, if it be required bo apply this method to 
rectify a circle referred to a pair of tangents inclined at 60® and the 
chord of contact, the equation is 

0^ = 7/Z, 



and we may put |=l/=£=^_^ 

ob!_ 1 — <i!/_ l + 2< de 2i+«* 

+ jt~ (r+«+?p’ J«~(T+7+i^’ 

0 ^= +|\^to2+flify!‘+cfe“’)=o’‘Y;j^Jj5 ; 


*=-“ 1 + 7 +? 
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We take the negative sign, because we measure the arc from <9, where 
^=1, the nearest }Doint to A, and aa the curient point P moves from 0 
towards B (Fig 178), t decreases, i.e s increases as t decreases, i.e. 

2a . _J 1 1-A 

“73*"“ bi+i} 

j^Clearly the radius hence we can determine the geometrical 


meaning of the parameter viz. t- 


l—JztunWDP- 


1+n/ 3 tan-^O-DP -* 

Ex. 2. Take as triangle of reference any pair of tangents to a parabola 
and the chord of contact. The equation of the curve then is 

and we may write ; 

1-^ dy _ 2 dz , 

dr (1+0^’ 


\ \hc cos A (1 - 1 )^ + m cos P + a 6 cos Ci^'] dt^ 

(c2 - 26c cos + W)dt^, 

— ccos A)2+c®sin2^ 

‘-n (1+^ 

Put 6^ — ccos A. = csin^ . tan 0 ; hdt—c^\n A BQ(?ddd \ 
s — 26 c-sin A j ^1) cos ^ + c sin A sin &f 


/ dO 

7 SI — where p=h+ccoQA. 

(pco^ d+qsmdf^ . 


q—c6in Aj 


, f sec^l 6 - tsLxr^^^ dd 

\ P/ 

= ^ r tan ( 0 - tan~^S) sec - tan“^ 

(62-h26ccos.H-c2)^‘- ^ p/ \ pJ 

+ logtan(|+|-itan-|)], 


, q csin^ j n ht — cco^A 

where ~ = r and tan0=— 

p b+ccosA csin^ ’ 

which, when taken between limits tj, ^g, determines the length of the 
intercepted arc in terms of and the elements of the triangle of 
reference. 
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636. ConnexioiL between Quadrature and Rectification. 

It is perhaps of historical rather than mathematical import- 
ance to point out the connexion between the problems of 
rectification and of quadrature. 

If yz=zf(x) be the Cartesian equation of the curve to be con- 
sidered, we shall suppose a new curve to be constructed from 



it, taking the same abscissa and an ordinate >; = a sec where 
^ is the slope of the tangent to the original curve and a is 
any constant. Then 

ds^^dx seQyl/' = -dx : 

^ a 



Hence the rectification of the first curve may be regarded as 
the quadrature of the second. 

Sec \// may be interpreted in various ways to facilitate the 
drawing of the graph of the new curve , for example, 

, Tangent Normal . 

®ec “ gxii^tangent ”” Ordinate’^ 

Accordingly, if the ordinates of the original curve be all 
increased to a length rj so that 

_ Tangent Normal 

^ ^ Subtangent Ordinate’ 

a new curve will be found for which the area bounded by the 
new curve, the cc-axis and the terminal ordinates is equal to a 
rectangle, one side of which is a and the other side is the 
corresponding arc of the given curve. Also a, being at our 
choice, may be taken as unit length. 
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637 Ex. If the ordinate of the semicubical parabola be 

produced to a length t] so that show that the path of the 

new point thus found is the parabola 

47 ^ 2 = 4^2 + 9007 . 

Find the area of a portion of this parabola bounded by two given 
ordinates, and deduce the result of Ex. 1, Art 516, for the length of 
the corresponding arc of the semicubical parabola. 

Van Huraet’s rectification of the semicubical parabola referred to in 
Art. 516 was effected thus (Williamson, I'nX. Calc,, p. 249 ) 


638. On a Class of Rectifiable Curves. 

TTT/fS J*/J\ 


and 


g=l’(<)cos/(<) 

Hence in the curve 

a::=|jP(i) cos/(<) 

y=jF{t)ainf(t)dt, 


Q 

we have ■^=F(t), 


we have 8 




The functions F(t) 8 >nd f{t) being at our choice a large 
number of rectifiable curves arise. 

In constructing a rectifiable curve, a common method is to 
make f{t) = n tan~^^ and make use of the formulae 

cos {n tan“^j 5 ) = — - — ;^{1 — ’*(72^^+ ”^4^ — •••)> 




sin (7itan-^i)=- 




n 

and either to choose an even value for n, or to take (1 as 
one of the factors of F{t), if n be odd, to facilitate integration. 


639. Ex. 1. Thus, taking 


1-“. 

S-'- 


here 71 = 2 and F (^) = 1 + 


we have 


and 


1 


^= 1 +^ 2 . whence 
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The curve in question is then 

y2=:ip^l-|^,acubic, 

and we have in this curve 

or 


Ex. 2. Let us talce 


dt 


=a(i-t). 


Then 


1=^“- 

§=a(i + <), 

^=a(log<-y, 2/=2at, «=o^logt+Q; 

is the Cartesian equation of the curve. 

Also 

and the intrinsic equation is 

5=1 tan2 ^ +alog tan 


Ex. 3. Take 
and 
Then 

and 

Hence s^-a^ = 


<* ^ 
dt 

^=4a(ti-f), I 

y=§at^, J 

*=4a(ti + f). 

, and the intrinsic equation is 


s=4a '^tan ^ ^1 + J tan^^^. 


Ex. 4. In the curve for which 
dt 


= l-6t3+^*, 


|=4Kl-<*). 
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we have 


^=1+2**+**. 

. , fi 

*='+T + 6’ 

x=t-2P+~, 

tan ^ ^ = tan 4^, if tan $ ; 


and the intrinsic equation is 




«=taii |(l +1 fan^l +1 tan* 0 


the Cartesian equation being the ^-eliminant from the values of sp and y. 
Several examples of this class of curve will be found in Wolstenholme*s 
Problems (No. 1800 onwards). 

640 Since (w^ — ?i 0 ^+( 2 mw)^=(m^+n 02 ^0 may construct a curve 
such that 




and then vve shall obviously have 


=/^(0[/A«)+A2(0]rf*, 


where f\{t\ f^if) are all at our choice. This artifice amounts to a 
form of the last method 


641. Ex Let 


Hence, for the curve 


we have 


^=2ea.tft)i. 

ds 

^ = CHf(i2P + <2g), 

/ f2p+2 ^22+2 \ 

jP+g+2 

/ i«P+2 ^22+2 \ 

®““l^+2’^2i+2j 

(p+g+ay 
(p+l)(g+l)4 • 



BOBERTS’S THEOREM. 


665 


642. A Tkeorem by Mr. B. A. Roberts. 

An important transformation may be used in some cases to 
derive one rectifiable curve from another, as follows : 

Put x+iy=u,\ 

1- where £=v— 1. 

Then clearly ds^ = dx^ + dy'^ = {dx-\-L dy) {dx—i dy) 

= du dv. 

In cases where the equation of the original curve takes the 
form ^ (^u) (j> (v) = const., say unity, 

if another curve be derived from this one by taking 



it is plain that 

du' dv' = [(j) (u)]^ [<j) du dv = du dv, 

and therefore ds'^=ds^ and ds'=ds, 
and corresponding arcs will be equal. 

The theorem is given by Mr. R. A. Roberts [Proc. LM,S., 
vol. xviii.]. 

64S. Precautions. 

Some circumspection is necessary in the inference to be 
made as to the whole perimeter of the derived curve. For 
instance when the point P{x, y) of the curve, supposed closed, 
traces out the complete path (j>{u)<l>{v)=^\, the corresponding 
point P' on the derived curve may not trace out tlie whole of 
the derived curve, or it may trace the derived curve several 
times. This point must be examined in all cases of applica- 
tion of the theorem. 


644. In illustration it will be instructive to consider the most elementary 
case, viz. that in which the primary curve is the circle a\ 

"With the proposed transformation, viz. we have 


Taking the derived curve as 



duy 



we get d8' = d8, and corresponding arcs are equal. 

1 

Now gives 
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Therefore (1) 

3ay = 3:rV-j/^, (2) 


And upon squaring and adding, 

9a4 2 y 2) ^ + y )3 ^ 

Hence the corresponding locus is the circle 

viz. one of radius f . 

3 

The whole perimeters are obviously not equal. 

But noticing that if we put ^ = tan 0' and ^ = tan 0, we get 


tan 0'= tan 30, or 0'=30, 

and it appears that the derived circle is traced out at three tnnes the angular 
rate of the primary circle, and whilst the point P{x, y) traces the whole 
of the primary circle, the derived point F{x\7/) traces the derived circle 
thrice, and the circumference of the first, viz. 2ra, is thrice the circum- 
ference of the second, i.e. 3 x 



645. As an illustration of the derivation of a new rectifiable curve by 
this method, take as primary curve the lemniscate 

f2=a2cos 20, 

i.e. (^ 4 *y*) 2 =a 2 (. 2 ; 2 _yj^ 

i e. ^2), 

or 

Let us derive a new curve from this by putting 

and therefore du' dv' “ ^ dv -dudv\ 

whence d5'=cfe, and corresponding arcs are equal. 

XT , 2 ^2 \ ,2 a2 \ 


2'“ 3 

3a2®'=2(a3 - - Sa^a: % 

3ay=2(3a^-y)-3a2y,/ 


where (:i; 2 -f-y 2)2 
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which may be written as 

— = >/cos2^[cos5^-2cos0], ] « , . ... 

a ^ ■*’ [ 0 being an arbitrary 

|:=V33^[sin50-2sin0]J 

Hence as arcs of a leihniscate can be expressed as elliptic integrals of 
the first kind, the same is true of this derived Curve. 

The elimination of u and 'o from the equations 

, 2^i3 ,2?;® / 2 a2\/ . aS 

«=3-,-«, ®=3-.-®. (““-fX" 

in this example may be performed as follows : 

Let »‘^=f(i+|)- 


Then 


3i4'=«(i^-2), 32;' = v^^-2^; 




Then 


= A, say, 

. .1 10-/17? 

3 — = ^, say; 


j5« if^ 
==B, say. 


A + B=(p^-‘Zp)-Z{p^-2); 

.4 + 5-6=(p4-l)(?)2-4p + l), . 

27 (/4 + 5 - 5) = (1 3 - -d 5) (/1 2i32 _ 8^i? - 1 1) ; 
/l*53_2i^2j52^93j45^27(X + 7?)+8=0 is the locus required, where 

The desired curve is therefore one of the 12th degree, and its arcs are 
of the same length as corresponding arcs on Bernoulli’s lemniscate. 


646. Serret’s Mode of Derivation of Rectifiable Curves. 

M. Serret (Calcul IntSgral, p. 252) indicates a process by 
means of which algebraic curves can be produced which are 
rectifiable in terms of arcs of a circle, i.e. without the aid of 
the elliptic functions. Let i = sf—l. 

Taking i and ~i, a and a, h and j8, c and y, etc., to be 
h pairs of conjugate constant complex quantities, G any real 
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constant quantity, and w a real constant angle, and m, ti, p, q, 
etc., positive integers, and putting 

T=lz-a)^+^{z-^y+^z-y)9+^.,. , 
he states that the proposed problem is answered by the formula 

( 1 ) 

provided the k—1 pairs of constants (a, a), (&, /3), etc., be 
chosen so as to make the result of integration algebraic. As 
there are h repeated factors in the denominator of the 
integrand, this will entail the satisfying of k—1 independent 
conditions (Art. 149), for the degree of the denominator is 
greater by 2 than the degree of the numerator. 

To see the truth of M. Serret*s assertion, we observe that 


Hence 

and 

giving 


dx+idy=Ge^ ^ 
dx~tdy=Ge-"-~ 

ds^=d3?^-d/y^=^C^ 


s=(7tan“^0. 


(1 + ^2)" 


.( 2 ) 


647. M. Serret discusses a slightly different form in 
Liouville’s Journal, vol. x.,* viz. 


x+iv= Cc‘“ f , ,3. 

x-fiy oe (3) 


Here 


}(z-a)'^+\z+a)^+^ 
dx+cdy = Ge-J^^^±^^dz, 


dx—i dv - Cfe-*" a)"(g+a)” , _ 

dx idy-U 

whence d^=dMy^=G^j^-^^ 

a form readily made to depend upon an elliptic integral. 

♦See also Lond. Math. 80 c. Proc., vol. xviii.; Mr. R. A. Roberts; and 
Cayley, Ell. Funct., Art. 448 (where the (7e‘« is omitted). 
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In the equation (3), the denominator is still in degree higher 
by 2 than the degree of the numerator, and there are two 
repeated factors in the denominator ; hence one condition only 
is necessary that the resulting rectifiable curve should be 
purely algebraic (Art. 149). The integral (3) is not in all 
cases obtainable, but if one of the indices, say m, be a positive 
integer and if the equation of condition be satisfied, the 
integration can be effected in terms of z, involving complex 
constants. Then, equating real and imaginary parts, a? and y 
can be found, and when z has been eliminated the Cartesian 
form of the equation of the derived curve will result. 

648. The Equation of Condition. 

The form of the conditional equation is very remarkable, viz 
taking (a+a)a 

4aa ’ 

it is 

This is discussed at length by Cayley, chap, xv.. Ell, Funct^ 
to which we must refer the advanced student for the work. 


MISCELLANEOUS PROBLEMS. 

1. Show that any point on the Lemniscate ?’2 = a2cos 2d may be 
represented by z + ^ 

x = T, y=a:i 

and hence obtain the rectification of the curve. [Serret.] 

Show that the integral obtained for s reduces to the standard 
Legendrian form by the further substitution 

zj2 


cos <6 = 


2. By the transformation 
show that the equation 

a:+iy=C'e‘“j^^ 


n/1 

LOayley, JSU. FunctionSt Art. 63.] 
Z- L a- i 


z •{’ L a + 1 






takes the form A 


J 


where ^ ^ ^ ^ e- 


_ ,\m+l 
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Hence show that the condition that a; + ty should be purely 

Jg.br.loi. 

a and a being supposed conjugate, and m, n positive integers. 

Discuss the roots of this equation. [Serrkt, Calc. InUg., p 254.] 

3. In Bernoulli’s Lemniscate 

show that if x-\-Ly — u and x-‘Ly=v^ 

the equation of the curve may be written 

Further, expressing and as and + respec- 

tively, show that the tangent of the angle which the tangent 
at any point makes with the £C-axis is 

Hence, putting the coordinates of two points at which the tangents 
are parallel, as w/x, where a)®= 1, show that the locus of the mid- 
points of chords joining such points is 

[16wV-8a2(M2 + ^;2) + 3a4]2 

= [1 6 + 2;^ - } - 1 2a2 + 2;2) 4. 9^4]^ 

Le. a curve of the eighth degree. 

[R A. Roberts, Proc. L.M. Soc., vol. xviii.] 

4. Obtain an integral for the rectification of the inverse of the 
parabola y^ — ^ax, with regard to a point on the axis whose 
coordinates are (Ji, 0). 

If A = - 3fl, show that 

1 , 3h- 2\/2 sina> 

6a^/2 ° 3 - 2 n/ 2 sin w’ 

where atan^o), 2a tan w are taken as the current coordinates of a 
point on the parabola, and the arc of the inverse is measured from 
the point corresponding to the vertex of the parabola. 

[Mr Roberts, loc. cit.] 

Show that the semiperimeter is bisected at the point <*) = sin“i|-. 

5. Show that the tangents to the parabola y^^4a{x + a) at the 

points sinh^ (u-kv)- a, 2a sinh {u ± 2 ;)}, 

where u is variable but 2 ; is a constant, intersect on a confocal 
parabola ; and that if T be a point on this second parabola, and 
rPi, TF^ bhe tangents to the first, then 

TFi + TF 2 - arc = ^J^(sinh 22 ; - 22 ;), 

[Oxford I. P., 1911.] 


and is constant 
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6. Show that 11“ » taken over the area cut from a parabola of 

latus rectum 4a by an ordinate distant c from the vertex {c<a\ 
where ? denotes the distance from the focus, is equal to 

[OXFOKD I. P., 1911.] 


7. Show that 

8. If 


i 


1 1 1 1 


** I dx r \<f> dx ~ I ^ 

J \e^ (co + Cia; + C2«^+ ...+c„a;»»')/da;+C(e •* , 

where Cq, Cg, C are (71+2) arbitrary constants, and 

j = aQ-{-a-^x-\-a^-\‘ .. -^ajr^ 

where are (tw + 1) given constants, show that if m he not 

greater than n, ^ , obtained by the direct differentiation of u with 

regard to x, contains only ( 71 + 1) mbiirary constants. 

[Math. Tripos, 1878.] 

9 If f{m, n) = £ a;”* (cosh a:)-” (ia, where m and n are positive 
integers, each greater than 2, prove that 

( 71 - l)(7i- 2)/(77 i, n) = (n - 2)^f{mj n-2)-7n(m-l)f{m-2, 7i-2). 

[Oxford I. P., 1914.] 

10. Given that a and c are positive, show that the limit when 
m -^00 and 7i->oo of 


■1 




is finite when 7‘>1 ; and find this limit. 


[OxF. I. P., 1914.] 


11. The increase dS in a man’s satisfaction S by an increased 
expenditure dx on a certain commodity, is expressed by the law 

dS = — ^ dx. Similar laws, viz. 
x-a 

dS^-^,dy, dS=-^dZj 
y-b z-c ’ 

hold for two other commodities, where X, p, a, 6, c are all positive. 
Find how the man should expend a given sum E (>a + 6 + c) so 
that his total satisfaction is greatest. [Oxford I. P., 1914.] 
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Show that the maximum satisfaction is measured by 
^ -a-h- 

(A. + ^ + v)^+m+v 

12. Evaluate 

p x-l ^ 

jguX^ - 2a; cos v 4- 1 - 2x cosh w+ 1 ’ 

[OXTORD II. P., 1914.] 

13. Show that the tangent to the curve 

Sa^(^-x) + a^ = 0^ 

at the point whose abscissa is A, cuts the curve again at the point 
whose abscissa is - 2A, and that the area included between the curve 
and the tangent is [Oxf. I. P., 1918.] 

14. If f^{x) and /^(x) are both polynomials in x, show that the 

integral of fi(x)lf 2 {x) with respect to x can always be written in the 
iorm <^(»)/«^ 2 (a)+log<^a(*)/.#>,(a), 

where </>i, <#> 2 ) <#> 3 > <^»4 also denote polynomials, not necessarily real. 
Find the general form of the integral with respect to x of 

/i(a:+ ^^)//j(a: - [Om I. P., 1918.1 

15. Show that the area bounded by the curve 

Sat^ Sat 

®”T+?’ ^~T+¥’ 

its real asymptote a; + y + a = 0, and by two lines at right angles to 
this asymptote through the points iJ=s - a, t = 0 of the curve, is 

4 \ (m® + w+1)2/’ 

and find the whole area beuween the curve and its real asymptote. 

[Oxf. I. P , 1917.] 

16. If <^(af) be a rational function of z without singularities in the 
range 0 ^ ^ 1, prove that 

I <f> (sin 2a;) cos^a; cos 2xdx^j <f > (sin 2a;) cos^a; cos^ 2a; dx 

— I (sin 2a;) cos^a; cos 2a; dx. 

[Oxford I. P., 1907 ] 


17. Integrate (i) ( 


a;<r-i {jpa;P+ff - qaP'^9]dx 
+ (iP+ff)2~+ a;2aa2« * 
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18. In the curve ^ = ~ = 

s being measured from the origin. 

Show that the curve is a quintic of which the ^-axis is an axis of 

symmetry, and that the area of the loop = 

19. If 2<^ be the eccentric angle of the point r, 6 on the ellipse 
c=r(l - e cos 0), prove that 

{(1 +eY - 4e siii‘<l>} = 4(1- e^cos^ 6). 

Use the fact that 

£ F{coa'^d) (i0= 2 1‘ F{cos"^e) dd 
and the above to obtain a value of a, such that 

f d<i> # 

Jo s/(l +e)2--4esin2<^ Jo v^(l +e)^ - 4esiii2</)’ 

[Oxford I. P., 1917.] 

20. A uniform rod of mass M has its extremities at the points 
Xj, y^\ Xj, ^ 2 - Show that the product of inertia of the rod with 
respect to the axes is given by 

ilf| {to, + (l-<)xJ{tyj+(l-Oyi}(i<. 

Hence show that the product of inertia of the rod is the same as 
that of three particles of masses 

M M m 
6’ 6’ 3 ’ 

placed at the extremities and the middle point of the rod respectively. 

[Oxford 1. P., 1913.] 

21. Show that the coordinates of any point on the curve whose 
intrinsic equation is s = (see” ^ - 1 ), 

where n is an odd integer greater than unity, can be expressed 
rationally in terms of tan and show that when a; = 0 the curve 
is a cubic with a cusp. [Oxf. I. P., 1911.] 

22. Show how to evaluate the integral J /(», y) dz, where 

= az^ + 2bx + c 

and /(x, y) is a rational function of x and y. 
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Prove that 

£ {x + .Ja^-a^Y “ Vi (1 + n/ 2), 

the positive sign being taken for the radical in each of the subjects 
of integration. [Math Trip., Part II., 1913.] 

23. Show by means of the transformation y — ^ that 

r — - — i- 2 (' 

Jo (a!+ !)(»* + l)i Ji/v^(2y8-l)i 
and verify the result in an independent manner. 

[Math. Trip., Part II., 1914.] 

24. Integrate [ . dx, 

Jsin {x - a) [Math. Trip., Part IL, 1914.] 


25. Evaluate 


dx 

• 3 cos a;)** 


f 2 : 4-2 ? dx f dx 

J(a;4-l)2(2:2 + 4)’ J(a:*4-1)^’ J (6 - 3 cos a:)*’ 
and the corresponding definite integrals taken between the limits 
(0, 00 ), (0, 00 ) and (0, tt) respectively. [Math. Trip., Part II., 1914.] 

26. Show that 


(.) \i 


sin 4 a; , v/ 3 ^ , , 

^ - da: = -5- tanh“^ 
sin 6a: 6 


27. Prove that 


- 

f^TT \ 

sin 1 

-K- + 2;) 

sin — loff 

u / 

5 ® , 

^27r \ 

sin 1 

It-) 

dd 



4- sin log 


ring-*) 


28. Prove that 


r 2 cosg + sin^ 2 sing 

J ( 1 4- sin 6 cos 6)^ (1 4 - sin 0 cos 6^ 
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MOVING CURVES. 

Quadrature and Rectification of Loci of Oarried Points and 
Envelopes of Carried Lines. 

649. “ Instantaneous Centre.” 

It is a very well-known geometrical theorem that if two 
triangles ABGy ahc are equal in all respects and lie in the 
same plane, the one can be superposed upon the other by a 
rotation about some point in the plane. 

B 



Let XI y Yly the perpendicular bisectors of Aoy Bhy meet at 
7. Join lAy la ) IB, Ih ; IG, Ic ; and join 1 to the mid-point 
Z of Oc. 
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Then lA, AB, BI being respectively equal to la, ah, hi. 


the triangles lAB, Idb are congruent, and angle IBA^lha. 

Hence IBG—lhCf and having also IB, BG respectively equal 
to 76, be, the triangles IBG, ibe are congruent, and IG=Ic \ 
whence IZ bisects Oc perpendicularly, so that the perpen- 
dicular bisectors of Aa, Bh, Gc are concurrent. Moreover 

A A A A 

angle AIB being equal to alb, and BIG being equal to bic, 

it is clear that . ^ 

AIa=BIb=GIc, 


and therefore a rotation through the angle Ala about the 
point 7 in the proper direction will accomplish the super- 
position of the one triangle upon the other. 

If Aa, Bb aie parallel, 7 is at oo in the plane, and the 
motion is one of translation without rotation. 

Two of the three points A, B, G may be regarded as fixing 
the position of the lamina upon which the triangle is drawn, 
and the third point may be regarded as any point carried by 
the lamina. 

Thus a displacement of a lamina of any shape in its own 
plane may be regarded as brought about by a rotation about 
a point in its plane, and any consistent motion of two points 
attached to the plane lamina will define the motion of the 
lamina in its own plane. 

650. If the equal angles Ala, Bib be infinitesimal, Aa, Bb 
may be regarded ultimately as the direction of the tangents 
to the paths of A and B, and 7 is called the instantaneous 
centre. The position of this point is immediately discovered 
when the direction of motion of the two points A and B are 
known, by drawing through A and B perpendiculars to the 
direction of motion of these points ; these perpendiculars meet 
in the “instantaneous centre of rotation” 7. If 7 be joined 
to any other point P of the moving lamina, the tangent to the 
path of P is at right angles to PI, and PI is the normal to the 
path. 


651. For instance, if a hoop of any shape be in motion in a plane, and 
the direction of motion of two points of the hoop be known, say, PT, QT, 
then I is at the intersection of perpendiculars through P and Q to PT, QT 
respectively, and the motion of any other point of the hoop, R, is at 
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right angles to IB Hence at any instant the directions of instantaneous 
motion of all particles on the hoop envelop the first negative pedal of 
the hoop with regard to the instantaneous centre. When the hoop is 



circular, this will be an ellipse if I falls within the hoop, a hyperbola if 1 
falls without the hoop, and a point if I falls upon the hoop. 

652. The instantaneous bentre itself is not in general a 
fixed point. If it has a path upon the fixed plane, it has 
another path relatively to the moving lamina. 

When a circular hoop rolls along the ground m a vertical plane, the 
point of contact is the instantaneous centre, for at any instant the point 



of the hoop in contact with the ground is not moving aloTig the ground, 
for by supposition there is no slipping, and it has just ceased to approach 
the ground, and is on the point of beginning to leave the giound, and 
therefore for the instant it has no motion at right angles to the ground 
Tlie path of the instantaneous centre on the fixed plane is evidently the 
line on which the hoop rolls. The path on the plane of the hoop is the 
hoop itself. 
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663 . Exactly the same is true when any curve traced upon 
a lamina is made to roll without sliding upon a fixed curve. 
The point of contact is the instantaneous centre. The two 
I-loci are respectively the fixed curve and the moving curve 
themselves. 

664. When a rod AjB, of given length, slips down between two per- 
pendicular axes Oy, the instantaneous centre 1 is at the intersection of 
the perpendiculars A7, B1 to Oy and and its locus on the fixed plane 



is a circle with centre at 0 and radius equal to the rod. The path relative 
to the rod is a circle of radius half the rod, described on the rod for 
diameter. 

Any point P attached to the rod describes an ellipse, of which IP is 
the normal and a perpendicular through P to IP is the tangent. 

655 General Motion of a Lamina reduced to a Case of Bolling. 

Let us define the manner of motion of the lamina to be 
such that its angular velocity at every instant is some given 
quantity; 7 ^, 1 ^, Zg, 7^, 75..., being the corresponding suc- 
cessive positions at equal intervals of time dt of the instan- 
taneous centre on the fixed plane upon which the lamina 
moves. 

Let di/rg,... be the infinitesimal angles turned 

through in successive rotations about 7 i, 73, 73, ... . Then 

(a) Let there be a rotation about 

Then a line on the moving lamina, which was originally 
coincident with 72 7 ^, will he brought by rotation about 
into the position 
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(b) Now let rotation commence about Z3 through 

Then the line /s/2^i moving lamina is brought into 

the position 

(c) Let rotation now commence about through 
Then the line IJ^zhh brought into the position 



(d) Let rotation now commence about /g through dx/^g. 

Then the line is brought to the position 

and so on. 

Hence it is clear that when the intervals of time are infini- 
tesimally small, and the chords Iil^t indefinitely 

diminished, the motion of the lamina may be constructed by 
the rolling of the curve locus of the instantaneous centres 
relative to the lamina, viz. upon the curve locus 

of the instantaneous centres upon the fixed plane, viz. 

W3/2^r ....... 

Hence the general motion of a lamina in its own plane 

may be constructed by the rolling of one curve upon another. 
It therefore becomes important to study the motion of points 
and lines attached to curves which roll. 

666. The Two Loci of the Instantaneous Centre. 

The locus of I both on the lamina itself and on the fixed 
plane upon which the lamina moves becomes important. Each 
may be readily found. 

Let OX, OY be fixed rectangular axes upon the fixed plane. 
Let O'x, O'y be rectangular axes attached to the moving 
lamina. 
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Let ri be the coordinates of 0' relatively to OX, OY x, y 
the coordinates of any point P on the lamina relatively to 
O'x, Oy. 

Let 0 be the inclination of O'x to OX. 

The motion of the lamina will then be fully defined by the 
three coordinates rj, 6, and their differential coefficients with 
regard to time, where ^ and are definite known functions of 0 



The coordinates of P relatively to OX, OY will be 

X=f-i-a5 cos d—ysm9,Y ^ 

F=,^-|-a5sin0H-2/cos d.) 

Differentiating, 

dZ=cZ^+ (dx—y dd) cos 0 — ((Zy + cc dO) sin B, 
dY—dri-\‘{dx—ydB)^\ii B-\-(dy-\-xdB) cos B. 

To find the position of I about which the lamina is turning 
at any instant, we must remember that 

(a) it is for the moment stationary in space, 

(b) it is for the moment stationary in the lamina. 
Hence for this point 


dX=dY=0 and dx=dy=0. 

Therefore d^—y dB cos B—xdB sin 0=0,1 ^ ^ 

dri—y dB sin 0 +35(^0 cos 0=0,/ 

and f, Yi being known functions of 0, x and y are found from 


aj = gsin0-^cose, 
y=gcos9 + ^8in0, 


.( 2 ) 


and the 0-eliminant from these equations gives the locus of I 
on the lamina. 
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Next, substituting in equation (1), 


^ dd’ 


r=,+ 


dd' 


( 3 ) 


and the 0-eliminant from these equations gives the /-locus on 
the fixed plane. 


657. Ex. 1. Taking the case of a rod AB { — sliding between two 
straight lines OX^ OF at right angles, making an angle 6 with the 



latter, and taking the centre of the rod O’ as origin for the moving axes 
and the rod itself as the y-axis, 

^=asiii^, 9j=acos6^; 


a7=acos6>sin^+a8in^?cos^=asin20, 1 
3^=acos d cos 6^ - a sin 61 sin 61 = a cos 261, / 


from equations (2) ; 


X=asin 0 + a sin 0=2fl5 sin \ 

Y’=aco&d + acosd—2acoa6y f 


from equations (3), 


and the locus of / on the lamina is 


and on the fixed plane 4a*; 

as is geometrically obvious (see Art. 654) ; as indeed are also all the 
equations established, the point I being at the intersection of the per- 
pendiculars at B and A to OX, 0 F respectively 
All earned points which lie on the circle with AB for diameter 
describe two cusped hypo-cycloids, ? e straight lines, and all points 
attached to the line itself describe ellipses (see Besant, Conic Sections, 
Art 245). 
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Ex. 2. Taking the case of an involute of a circle of radius a, sliding 
between two perpendicular lines OX, OX, let the radius of the circle 
through the cusp make an angle d with the line OX. Then 


^=< 1+4 

x—a(sin 6- cos 6), \ 
y=a(cos^+sin6>), / 


7)=a9 ; 

from equations (2) ; 


X 2 \ from equations (3). 

Hence the locus of 1 on the lamina is a^-\-y^=2a\ i.e. a circle ; 
the locus of 1 on the fixed plane is X— X=2a--^, i.e. a straight line. 
These loci are shown in Fig. 187. 



The first of the loci is geometrically obvious, as the tangents from 1 to 
the generating circle of the involute are at right angles. 

The motion is that of the rolling of a circle of radius upon a 
straight line which makes an angle ^ with the axes OX, OY and an 
intercept on the 7-axis. The locus of the starting-point C of 

the involute is plainly a trochoid, and the locus of the centre of the 
generating circle a straight line Points on the circular 7-locus describe 
cycloids, all other attached points describe trochoids. 

The student will find this example done (in a difierent way) in Besant’s 
Roulettes mid Qlisettes^ p. 37. The object here is to illustrate the use of 
the general formulae of the preceding article. 


THE TWO /-LOCI 


683 


Ex. 3. Consider a case of motion of apparently different nature. 

Let a lamina PQR rotating at a constant angular velocity <0 be moving 
so that an attached point C describes a straight line vrith uniform 
velocity V. 

Take the path of C as the axis of Z, and rj the coordinates of the 
centre, and 6 the angle turned through in time t, and suppose that 
initially ^ and 6 both vanish. Let accents denote differentiations with 
regard to 6 



Then, 0 being the starting point for the xxiint C, 

^=vt, e=u>t, r)=o, i'=^, ij'=o. 

The equations of Art. 656 give 

X=-9, F=-; a?=-sin0, y=“cos0; 

(0 ’ OJ’ 0) ^ ^ (S> 

the /-loci are a straight line, K=-, on the fixed plane, and 




t.e. a circle whose centre is C on the lamina 
The motion is therefore that of a circle rolling on a fixed straight line, 
All earned points describe cycloids or trochoids. 


658. In the same way, if the point C be made to describe a circle of 
radius a with angular velocity < 0 , whilst the lamina rotates with an angular 
velocity < 0 ', we have, taking rectangular axes through the centre of the 
fixed circle, and rectangular moving axes through the point C attached 
to the lamina, and supposing rj and $ to vanish together, 

^=acosa)^, 7;=aain(D^, 0 — (o7, 


« ji dr} 0 / — (o U)6 
X — c 7/j ' — ^ ' / COS , 

^ <W w w 




(i> - ( 1 ) . <1)6 , 

Sin — r 5 

w (0 


a<o CD — (u 

, cos — , 

0) (O 


au) CD - w ^ 
?/=~RlU 7 -C 7 , 

•'(!}' (I)' * 
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and the motion is that of a circle of radius rolling upon a fixed circle 
of radius a ^ and therefore all earned points on the lamina trace 
epi- or hypo-cycloids or epi- or hypo-trochoids. 

659. Ex. Suppose that a point 0' of a lamina PQR travel upon an equi- 
angular spiral, with pole 0, fixed upon a plane over which the lamina 

slides. Suppose that the lamina rotates at ^th of the rate of the radius 
vector 00\ It is required to reduce this motion to one of rolling. 



Let 00* make an angle 6 ^ with the initial line, and let a line 0*x fixed 

on the rotating lamina make an angle 0 with the axis OX fixed in space. 

Suppose OX he taken such that d vanish together Then 6 i = n0. 

If ^ 77 be the coordinates of O', we have 

^ = o^^°®^“'cos ^ 1 , 77 = ae®^®°*“'sin ^1, 

with the usual notation as to the spiral 

Then ^ (cot a cos 61 - sin Oi), 

y' = ^— wae®i®°**(cot a sin 0 i + cos Oi ) , 

■ by Art. 656, 

Z = ^-77'=a0®'°°^*[(l-7i)co3 ^i-?icot asin ^j], 

- n) sin 6 i-\-n cot a cos . 

Putting l-n—&coap, ncota==kainl3, 

Z=ae®^«°^‘^;fccos((9i+/3), ) 

X=ae®i°°<=“A;sin((9i+/3), I 

i,e the locus of X, Tia where ^,0 are current coordi- 

nates, and 

k=*J(l - ?i)2 + 7i2cot2a, tan y8=Y'^cota, 
t.e. the fixed /-locus is an equal equiangular spiral. 
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Again, a:=|'sin S-r/oos 0, y = ^'cos 6+7/'sin6, 

and a^+yi!=£' 2 +,,' 2 =!L^« 

^ ^ ' ain^a 

and if jffj, 0 i be the polar coordinates of a point on the i-locus upon the 


lamina, 


/ij cos 01 = sin 6-1]' cos 6j 
Ri sin 01 = cos 6 -hi]' sin 

cot ^4-^ 

tan 01 = 


'JL= cot ^ + tan (^i+g) 


1 -|.'cot & 1 ® (^1 + «-) 

= tan^— — ^ + di + 

=tan^| + a+?i - 16 ^^, 


0i = ? + a+^^^^i; 


the polar equation of the (a:, y) locus is 

ncottt / iN 

^ Sin a 


i e. another equiangular spiral, but of different angle, which is replaced 
by the straight line 

01=^ + a, when 7 i=l. 


The motion is therefore that of one equiangular spiral with angle a, 
rolling upon another of different angle, or when 7 i=l, upon a straight 
line. The case when % = 1 is that m which the lamina rotates at the 
same rate as the radius vector of the original spiral. 


660. The Curvatures of the two Loci Analytical Consideration. 
It will be found in later articles that we frequently have 
to find the difference of the curvatures of these two J-loci. 
And for convenience of drawing it is customary, as in 
Arts. 665, 667, and in Diff, Calc., Ch. XX., to consider the 
concavities of the fixed and rolling curves as being in 

opposite directions. That is, the expressions ~ + — which 

occur in theorems on Boulettes and Glisettes are the algebraic 
differences of curvatures as measured in the same direction. 

For the present we consider the concavities in the same 
direction. Both the I-loci have been found in the form 
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x=^F{6), y=f(0), and therefore the curvatures can readily 
be obtained from the formula 

I _ ne)F\e)-f\e)F{d) 

p [{i?'(0)F+{/'(0)}*]^ ■ 

Eepresenting by accents differentiations with regard to 0, 
we have 

(a) For the J-locus on the fixed plane, 

X Y =, +r, 

X'=t-n\ Y'^n'+i", 
x"=i"-n"'. Y"=v"+r> 

and XX"-X"T=(i'-nl(ri"+n-W+i''nt->l''') > 
and if be the radius of curvature of this fixed I-locus, 

iir+r,y+w'-irf 

(&) For the locus of I on the moving lamina, 

X =f'sind— ij'cosd, 2 /=|'cosd+>;'ain 0 , 
a;' =(i"+r,')amd-{r,"-i')eos9,\ 

y' =(f 'd-flOeos )8in 9.} 

x"={i"'+2,,"-i')sm 9-(r,"'-2i"-v')eos W 
/'=(^'"+2,"-f)co30+(.j"'- 2f'-,')sin dJ 

and x'^+y'^=ir+^y+(v"-ir. 

And if Pj be the radius of curvature of the I-locus on the 
moving lamina estimated in the same direction as I, 

TT.r,o<. i 1 i"^+r,"^+i'^^r{^-Wr{'+^4"v 

^ 1 

1 

which gives the difference of the curvatures sought. 
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Finally, 

and therefore if ds be the elementary arc of either curve, 

and 

whence 


P2 Pi 


1 


661. Geometrical Consideration. 


da 


This last result may be seen at once geometrically ; for 
da 

and — are the angles turned through by and p^, and their dif- 
Pi 

ference is the angle turned through by the moving lamina, Le. 

(See Fig. 190.) 

P2 Pi 

662. (1) Thusf in the case of the sliding rod of Art. 657, Ex. 1, we have 
asin^, 77= acosd, 
acosd, 77 '=— a sin 
f ' = - a sin 6, ri"= - a cos 6, 

11 1 1 

and. ■— > — _ ■ ■■ 

p2 Pi v4a* sin^ ^ + 4a^ cos^ 0 2a 

which agrees with the previous result for which Pi=2a, p 2 =cu 
(2) In the case of the sliding involute (Art. 657, Ex. 2), 


^=a(|+e). 


7}^ ad, 


and 


^'=a, 77'=a, f'=77" = 0, 

111 1 


p2 Pi a<s/2^ 

which agrees with the previous result, for which Pi = <», p2=aV2; and 

«= / 

gives 2a$ in case (1) above, and in case (2). 


663. Besant’s Eq.tiations for the Fixed /-locus for sliding carves. 
When the motion of the lamina is defined by two curves 
attached to the lamina making sliding contact with fixed 
perpendicular axes OX, Or,.the equations 
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give 

and 

and show that 


Z'-y=-(^4-^'0=- 


, j respectively, 


F+z= ^+r= P2, 


n") = -Pv 

■r= pJ 


by Legendre’s 
formula, 


where and are the radii of curvature of the sliding curves 
at the points of contact with the straight lines OX, OY. 

These equations are obtained by geometrical considerations 
by Mr. Besant {Eoidettes and Glisettes, Art. 51), and are the 
equations he uses for the determination of the Z-locus on the 
fixed plane in such cases of sliding contact They require 
the integration of two simultaneous differential equations for 
the determination of the locus. 

When the intrinsic equations of the two curves are known, 
viz. Mr Besant’s equations are very con- 

venient, and the fixed 7-locus can be deduced by solving 
the simultaneous equations 

the constant being determined by tlie starting conditions. 


664 “ Roulettes and Glisettes ” 

The path of a point earned by a curve which rolls upon 
another curve is called the Roulette of the point. (See Biff, 
Cah., Art. 561.) 

The path of a point carried by a lamina which moves so 
that a curve drawn upon it slides in such a manner as to 
touch two given fixed curves is called a Glisette. 

The latter name is due to Mr. W. H. Besant. 

The terms Roulette and Glisette have been extended to 
include the case of the envelope of a carried curve. 

A very full and interesting account of the principal 
properties of Roulettes and Glisettes was given by Mr. Besant 
in his Tract on Roulettes and Ghsettes (1870). 

665. The Curvature of the Roulettes described by a Carried 
Point, and as the Envelope of a Carried Curve are worked out 
in Articles 564 and 565 respectively of the Biff. Calc. The 
student who has not access to Mr. Besant’s tract, should revise 
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these articles before reading the articles which follow, which 
are mainly concerned with quadrature and rectification 

The formula established for the radius of curvature of the 
envelope of a curve carried by another curve which rolls 
without sliding upon a fixed curve is shown to be 


COS0 cos^ 
R~t p' 


= 1 + 1 . 
Pi P 2 


Here are the radii of curvature of the fixed and 

rolling curves respectively, p that of the carried curve. 
R that of its envelope, whilst r is the normal distance 
of the point of contact of the 
carried curve with its envelope 
from the point of contact of the 
rolling and fixed curves, and </> 
is the angle r makes with the 
common normal of the latter. 

If all these several quantities 
can be expressed in terms of 
\//, the angle which r makes 

with any fixed line, then ^Rdylt' 

gives the length of an arc of the 
envelope, i.e. 


f' -+-) 


— )+^^cos^ 
\/0i pj ^ 


cos 0 ^ 

Pi P2 

This is the general result. It 
includes the roulette of a carried 
point, viz. when p=0, or of a 
carried straight line (when p=oo), 
or the case when the fixed curve 
is a straight line (pi=oo), or when 
the rolling curve is a circle (p 2 =ot), or when the rolling curve 
is a straight line (p 2 =oo), or any combination of such cases. 

The standard figure is that shown above and described in 
Diff. Gale., Art. 566. If the concavity of any of the curves be 
in the opposite direction, the formula will require modification 



690 


CHAPTER XIX. 


by the change of sign in the particular radius of curvature or 
particular radii of curvature involved. 

It must be remembered from Diff Galc.f A.rt. 565, that the 
angle between 

two consecutive positions of is 

. ds 

P2 "T* 

P2 

. COS ^ 



. ds COS <f> 

p IS ; . 

^ r+p 


, , / ds COB <l> , 


arc of envelope= rf— H — ^ cas d^ds. 
JL Vpi pg/ r+p 


666. Again, the area swept out by r is plainly 

1 f 2R-r ^ , 


and since 


cos ^ cos <f> _ 1 1 

r'^r+p pi'^pa* 


^cos <^=( 2 +^) cos 4,=2 cos ^+r (l+i-^) 

=»•(—+—) cos ^ ; 

\Pt Po^ P~\-T 


.\ r sweeps out an area 


— C 0 B(h 

p-¥r 


667. When the carried curve reduces to a pomt, i.6. p—O, 
cos where dd is the angle between consecutive radii 

vectores of the rolling curve 
Hence, for a carried point. 

Arc of roulette = \r( — f-— ^ ds, 

J \pi p^J 

and Area swept out by r jr® 1 ^rH9, 
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Hence the area swept out by r exceeds the corresponding 
portion of the sectorial area of the rolling curve, 

viz. by 

And if the rolling curve be a straight line, p 2 = ^, and these 
expressions reduce further to 

f r 1 fr^ 1 f 

Arc = J— ds and Area swept = + 

respectively. 

668. Important Oases. 

The most important case, perhaps, is when a curve which 
carries a point or a straight line rolls upon a fixed straight 
line. 

In this case / 0 i=oo . 

If also the roulette be that of a carried point, p = 0, 

r 

jB=r+p2COS A :t = nr. 

^ r— P2COS <P r — P2COS 0 

If the roulette be that enveloped by a carried straight line, 
p^oo.and JK=r+p*cos^. 

In these cases <f> is the angle which the normal to the 
roulette makes with a fixed line, and in accordance with the 
usual custom in dealing with intrinsic equations may be 
written 

Hence the intrinsic equations of the roulette in the two 
cases will be respectively 

s=J^r+p 2 C 0 s\/r cos>/^) ^ carried point, 

5 = J(r + P 2 cos yfr)dy}r, for a carried straight line. 

669. It is to be further noted that if the concavity of any of 
the curves concerned be turned in the opposite direction to that 
in which they are represented in Fig. 190, the general formula 
for R will need modification by the corresponding change of 
sign of the particular radii of curvature involved with a 
corresponding modification in all the deduced results. To 
avoid error it is therefore desirable to examine each case on 
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its own merits, rather than to deduce the formulae required 
from the general result 

QOS 0 ^ cos _ 1 1 

R-r r+p Pi P2 

Moreover, special cases have their own special geometrical 
peculiarities. Hence, in succeeding articles, we adopt this 
course though it necessitates some repetition. This will 
also have the advantage of exhibiting a somewhat different 
treatment 

670. Ex. 1. A circular wheel rolls m a vertical plane along a straight 
line. To find the intrinsic equation of the envelope of a given diameter. 



Here p 2 ==the radius of the wheel = a, say; 
r=a cos<f>; 

,. R=^r>^p2cos(j>—2aco8<li; 

. s=2a sin <f> ; 

% e. the envelope is a cycloid with an axis of length a, 8 being measured 
from the vertex of the cycloidal envelope. 

For a parallel chord at a distance h from this diameter, we have 
r^h+a cos <j> 

and s=^<^+2asin<^, 

viz. a parallel to a cycloid. Moreover, the cycloid which is the envelope 
of the diameter of the rolling circle, is itself an involute of another 
cycloid. Hence the parallels to the cycloid are involutes of a cycloid. 
This then is the result for any carried line. 

Ex. 2. Let the rolling curve be r“=a”cos%^, and suppose the initial 
position be that in which the vertex of a foil of the curve is in contact 
with the line. 

First, let us find the roulette of the pole. 

rdr 1 a” 
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Let P be the point of contact, 0 the pole, A its initial position, the 
angle turned through by the tangent at 0 to the roulette, a/Cx the fixed 
line. 

Then tan OPx' = - - cot ; /. OPx ' = ~ + , 


<l>^7id, p 2 Coa<l>—- ^_^^ r and 




_ ?i+l ^ ^ 


r - p 2 cos <f> n 

ds n+l i, 

:j 7= acos”y, 

dxp n 


71 1 /* ~ 

and 8=—;^ a J cos"»//d^ is the intrinsic equation sought. 



If 71^1, we have the case of a rolling circle of diameter «, and the 
intrinsic equation of the cycloid traced is s-^aamxj/ 

In the general case, if we refei* the curve to tangential polar coordi- 
nates, we can perform one integration For taking A as pole. 


d^p _ ds 1 

+ n 


a cos” ij/ 


Multiplying by sin xj/, 


sm Y'^ 2 + sin ^ ^ a cos” ip sin y, 

and integrating, sin \p^-pcoa\p^ - a cos } -h a, 

j 

for p and ^ vanish if xp = 0 and p be measured from the vertex A ; 


cot i/' = acoseci/'(l - cos^"^”^). 
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^gain, multiplying by cos ^ and integrating 

^ ^ coa^ ^ 

Eliminating we obtain 

p(tan ^+cot ij,)=^^a sec ^ cos^ ^ - a cosec ^(1 - cos^"^" ^), 


71+1 /-i^ »±? / «±i \ 

p=-^asm^j^ cos" dil>-acoa ipU-cos "A 

as the tangential-polar equation of the roulette, the origin being at the 
vertex of the roulette. 


To find the roulette enveloped by the axis of the rolling curve, we 
have i2=r'+p2cos<^', where is the angle between a parallel to CA and 
the perpendicular upon the axis of the curve, and r' is the perpendicular 
from P upon the axis. 


Then 




where x is the angle the axis of the rolling curve makes with the hue CI4, 


and 


r'=r sin 6^aco&*n9 sin^; 


• if=rsin5+^^^sin(«+l)(l 

3 PaiTi /3 -I- ^in^+1^ ~1 

L (?i+l)cos 


=acos”7i^ 


ds in 
-^acosn — x 


^x' 




(71+ 1) cos 


n+1 


and the intrinsic equation of the envelope of the axis is therefore 

i=a r( sin^+ ] co8« 

i (n+1) cos— x/ 


Ex. Special Case of the Bpi- and Hypo-cycloids. 

Here ^-a, the radius of the fixed circle; p^=h, the radius of the 
roUmg circle; p=0. 

(T-^)b=ae, ^ = 

r=2Jcos^; 

cos_^^l l_co^^l 1 _a+26 

&-r ah r a'^26 2a6 ’ 


and 
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^ Al. ®+& • « # 

(js measured from the vertex increases as %p diminishes) ; 

4&/ . ,v a t 

8 being measured from the vertex (Art. 412, Liff, Calc,). 



671. When p^^oo , the formula for the roulette of a carried 
point, 

VIZ. B= 

r — P2C0S 9 

is expressible otherwise. 

For with the usual notation, taking the carried point as the 
pole of the rolling curve, 


_rc?r 

dp 


and cos 0 
dr 


=2. 
r 


Hence 


K 


-I3e=-^ 


which gives a convenient measure for R in this case. 


672. General Theorems with regard to Bolling on a Fixed 
Straight Line. Bonlette of a Carried Point. Theorems of Jacob 
Steiner and W. H. Besant. 

Let AFB be any curve rolling along a straight line xz, P 
being the point of contact, P' the adjacent point on the curve 
which will come into contact with the line at Q, Let 0 be a 
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carried point and 0' the point at which it arrives when the 
rolling of the curve has carried P' to Q. 

Let OYjOY' he the perpendiculars from 0 upon the con- 
tiguous tangents at P and P'. Let 0O=day the elementary 
arc traced by 0 as the point of contact travels from P to Q. 
Let O'O cut xz at R Then OY plays a double part. 



(1) It is the ordinate of the point 0 of the roulette of 0. 

(2) It is the radius vector of the pedal of the rolling curve 
with regard to 0. 

Let the elementary arc of the pedal curve, viz. YY\ be called 
Then sin zRO=Lt cos PPO, 

dtr 


for OP is the normal to the roulette (Art. 562, Ihff, Calc.) 

=LtcosOTYJ^=$-. 


That is, in the limit, d(T=d$p. 


dsn d8„ 


■ 0 ) 


Hence corresponding arcs of the roulette of 0 and of the 
pedal of the rolling curve with regard to 0 are equal 
This theorem is due to Jacob Steineb (1796-1863).* 


673. Again, if OZ be the perpendicular from 0 on YY', 
we have ultimately 

y y cos zR0=Lt y sin RP0=Lt y sin OY'Y 

=Lt y sin OYZ—OZ ; 

.*. y dx=0Z dcr=OZ dspy 

the element OYiVO' is ultimately double the element 0YY\ 


* Cajon’s History of Mailmnaiics, p. 295. 
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Hence integrating, the area swept out by the ordinate of 
the roulette during any portion of the rolling is double the 
corresponding sectorial area of the pedal curve. 

This theorem appears to he due to the late W. H. Besant 
(A rt. 26, Radettes and Glisettes). 


674. We consider next the area swept out by the normal OP 
to the roulette. 

Draw PM perpendicular to O'Q, Let ^ be the angle OP 
makes with the tangent. 

We have PM=Ss sin <p, Ss being the element PP or PQ of 
the rolling curve. Let OP=^r, P0P=S6 and YOY'=S\J/^. 

Then to the first order, 

Quadrilateral OPQO' = JOP 00' + JO'Q . PM 
= Jr(^cr4-^5sin 
-ir(7F+r^0) 

= ir(r sin 66) 

(for OYY'P being ultimately cyclic, rY'=diam. xsin 707') 

=^ir^S\p+ir^66, 


area swept out by normal in any portion of the rolling 
= corresponding sectorial area of curve 
the limits for yp being its initial and final values. 


675. If the curve be a closed oval, every point of whose 
perimeter comes into contact with the line in one revolution, 
and if we suppose the rolling to start with OP at right angles 
to the line, so that the limits for \p may be specified as 0 to 
27r, we have for a complete revolution 

Area swept by normal = area of rolling curve rHyp 


1 P' r2 - 

■§Jo 7 


=area of curve + 

But by Art. 426 

1 Pr® 

2 area of pedal = area of curve + s 1 — ds : 

^ Jo p 

.*. area swept out by normal \ 
in a complete revolution 
This theorem is also due to Steiner* 


0 P 

=2 area of pedal. 


* See Bertrand, Oak. Ii\Uq , p ,362 and Besaiit, Rovlettes and Qliseitea, p. 19. 
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676. It is worth noting also that 

Area of oval=2 area of pedal 

f2» 1 far ^ 

=Jo 

(Besant, R. and 0., p. 19.) 

677. niustrative Examples. 

1. When an ellipse rolls upon a straight line, any arc of the roulette 
of the focus is equal to the corresponding portion of the circumference of 
the circle Tehich is the first positive pedal of the ellipse with regard to 
the focus, i,e, the auxiliary circle. 

The roulette of the centre is of the same length as the corresponding 
arc of its central pedal, viz. r®=a2cos20 + 6*sin2^. 



Fig. 195. 


And in both cases the areas swept by the ordinate are double of the 
corresponding sectorial area of the pedal. In a complete revolution 
these areas are 2ra2 for the area swept by the ordinate of the focus in 
a complete revolution of the ellipse and a- ( a® +6®) for the roulette of the 
centre. These paths are illustrated in the accompanying diagram. 

2. The arc of the roulette of a point rigidly connected with a circle rolling 
on a straight line (i.e. a Trodhcnd) is equal to the corresponding portion 
of the limagon which is the first positive pedal of the circle with regard 
to the point. And when the point is on the circumference of the rolling 
circle, we see that the arc of a cycloid is of the same length as the 
corresponding arc of a cardioide 

3. If a rectangular hyperbola roUs along a straight line, any arc of the 
roulette of the centre is equal to the corresponding arc of the lemniscate 
which is the pedal of the hyperbola with regard to the centre, and is 
therefore expressible as an elliptic integral (Art. 592). 

4 When a parabola rolls along a straight line, the arc of the roulette of 
the vertex is equal to the arc of the cissoid which is the first positive 
pedal of the parabola with regard to the vertex 
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Many other cases may be cited and many curves may be discovered 
as roulettes whose arcs can be found ; this being so whenever the arc 
of the pedal of the rolling curve can be found. 

In each of these cases we also find that the area swept out by the 
ordinate is double the corresponding sectorial area of the pedal. 

678. Q-eneral Theorems with regard to BoUing on a Curve. 
Rectification of Boulette of a Carried Point P. 

We may prove the results for a carried point P as follows, 
directly and without deduction from the general formulae. 

Let A be the point of contact, 

an adjacent point on the fixed curve, 

J5j the point on the rolling curve which will come into 
contact with 



Fig. 196. 

P, P the two points on the roulette corresponding to the 
points of contact A and B^, so that BA, FB^ are con- 
tiguous normals to the roulette. Let these meet in 0, 
iet Op Og be the centres of curvature of the rolling 

A 

and fixed curves respectively at A, PACi = <t>y 
jOj, p 2 the radii of curvatui'e, 
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r—AP ; PY,PY' perpendiculars on tangents at A and 
SSi Scr, Ssp the elementary arcs of the fixed and rolling 
curves, the roulette, and the pedal of the rolling 
curve with regard to P ; i.e. 

AB^=AB^=Ss, PF=Sa, YT=SSp 

Then when G^B^ comes into line with B^G^, PB^ will come 
into line with B 2 O. Let APB-^^=Sd. 

Then the angle turned through by the rolling curve is 


AC^B,+AC^B^=^+^-. 

Pi P2 

Also PB^ turns through the same angle, and is a second 
order small quantity. Hence, to the first order, 


PF=AP 


Pi P2^ ^Pl P2^ 


Again, YY'^r^y to the first order, 

Pi 

since YY'APis ultimately a cyclic quadrilateral, as in Art. 674 ; 

i P2 


Pi 


i.e. 


and 


^=i+pi 
dsp 


'-K'+S)*' 

(the formula of Art. 667 for p-^dsp^rds). 


679. Also, as in Art. 674, 

Area PAB^F=:^r(PF+Sssm 0), to the first order, 
= 2 ^ -h + sin 

2 \/)j p,/ 2 
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And integrating, the area swept out by the normal to the 
roulette between the roulette and the fixed curve 

+ (^^1® formula of Art. 667). (B) 



680. When the rolling curve is closed, we have for the whole 
area swept by the normal in one turn of the curve, such that 
the original point of contact has again come into contact, 


Area swept = area of curve -f-i \r^ 4-—^ ds, 

\p. pJ 


the limits of integration being from the initial to the final 
value of s. 


681. It should be noted that in the investigations above, 
pi and p 2 drawn in opposite directions. If the rolling 
curve be on the concave side of the fixed curve, the formulae 
will become 

Arc of roulette = o- = (A') 

<»'> 


682. If pi — pn as will always happen wlien a curve rolls 
upon an equal one, the rolling being started so that the 
points of contact are initially and always corresponding points, 
formula (A) shows that cr=25p, 

i e. the length of any part of the roulette is double the corre- 
sponding part of the pedal. 

683. Ill the case of an ellipse rolling upon an equal ellipse and placed 
at starting with the ends of the major axes in contact, the paths of the 
foci are obviously circles of twice the radius of the auxiliary circle, which 
IS the pedal of the ellipse, which is a verification of the general theorem. 

In the case of the epi- and hypo-cycloids and the epi- and hypo- 
trochoids, Pi and p 2 are the radii of the rolling and fixed circles and 
constant. Hence the arcs of such curves are proportional to the corre- 
sponding arcs of the first positive pedal of the rolling circle, i.e. to the 
arc of a cardioide or of a lirna 9 on, and are therefore rectifiable in the same 
manner. 


684. Bolling along both sides of a Curve. 

If the rolling curve be allowed to roll first on the convex 
side of a fixed curve and then upon the concave side, starting 
with the same pair of points common and rolling in the same 
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manner as before, so that corresponding points again come 
into contact, formulae (A) and (B), (A') and (B') show that if 
or, cr' be the arcs of the roulette, and A' the areas described 
by the normal in the two cases, and the corresponding area 
of the pedal of the rolling curve, then 

And both results being independent of pg* independent 
of the nature of the fixed curve, and therefore in each case 
double of the results for rolling along a straight line. 

685. In the case of a curve carried by a second cwrve which 
itself slides in contact with two other curves^ or moves in its 
own plane in any given manner ^ the same formulae as those 
established for a roulette can he used for the curvature and 
rectification of the envelope of the attached curve. 

For the motion being a case of rolling of the locus of 
the instantaneous centre 7, traced on the moving lamina, upon 
the locus of the instantaneous centre I traced on a fixed plane, it 
is a matter in general of first determining these loci and their 
radii of curvature ; or, what is equivalent, if Ss be the arc of 
the fixed /-locus and ^ the angle which the normal to the 
/-locus makes with the normal through I to the carried curve, 
and if Sx be the angle turned through by the moving curve 
whilst / travels over Ss on its locus, 


and the formula 


j ds , ds 
<^X=— +— • 

Pi P2 

cos 0 cos <f> _ ^ , 2 
r r +p Pi P 2 


, , , , cos 0 , cos ^ dv 

^ R—r^r+p ds 

the various letters having the same meanings as before, pi, pg 
referring to the two /-loci, the values being obtainable as 
explained in Art. 660. 
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d 11 

When which is — j — , cos^, r and p have been 

Pi P2 ^ ^ 

expressed m terms of \Cr, the angle which the normal to the 
carried curve makes with a given line, the radius of curvature 
of the envelope is 

d(7 <!> 

dx cos 9 
ds r+p 

and gives the intrinsic equation of the envelope of 

the carried curve. 

Also, as before, the case of a carried point is included as 
that for which p = 0, and the case of a carried straight line is 
included as that for which p=oo, which respectively give 

o-=|(r+eos^|)i>/. 

as the intrinsic equations required. 


686. When a Curve slides in such a manner as always to touch 
a Given Straight Line at a Given Point, the glisette of any 
carried point is obtainable at once. 

Let the carried point be taken as a pole, and let be the 

tangential polar equation of the curve with regard to this pole. 



Then if the point of contact be taken as the origin and the 
given straight line as the a-axis, we have 


y=p=fW, 

and the \/r-elimmant is the “glisette” required 
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687. Illustrative Examples. 

Ex. 1. If the curve be an equiangular spiral, we obviously have 
p=r8ina and ^=rcosa; 

3 /=a?tana is the path of the pole, as is geometrically obvious. 



Ex. 2. If the curve be an ellipse, 

p2=a2cos2^+Z)*siii*^, "I 

and the ^-eliminant gives for the glisette of the centre the quartic 



Ex. 3. In a parabola of latns rectum 4a, we have for the glisette of 
the focus 

2d being the angle subtended at the focus by the arc 
from the vertex to the point of contact (Fig. 199) ; 

O'" 

».e. ^=(l+cos2fi), 

6 being the angle OS makes with the y-axis. 


2=taa^>, j 

^-sec^, j 
ct 
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688. {l, y) Relations. 

In many curves the relation between the ordinate y and the 
angle l between the ordinate and the tangent takes a very 
simple form, and is, moreover, very useful (1) in the deter- 
mination of the envelope of a straight line carried by a curve 
which always touches a given straight line at a given point 
and also (2) in the problem of Brachistochronism for a law of 
force which is always in the same direction. 



(1) Let 0 be the fixed point at which the curve always 
touches the fixed line Ox 

Let AB be the carried line. 

Then if the equation of the curve has been expressed as 
y=f(L\ with AB as the ic-axis, the tangential polar equation of 
the envelope of AB is clearly p=f(\j^)^ for 
y—p and 4 =>//-. 

(2) The laws of force for the Brachistochronous descrip- 
tion of a curve, 

Cd/S 

(a) under a central force making 1 — a minimum and 

V 

a constant, v being the velocity; 

(b) under a force parallel to a given straight line which 

we may take as the ^/-axis making minimum 

and — y ■=^, a constant, 
coa\[r ' 

are respectively 

ry k^dp^ j r> ^ • o \ 
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These will be found in books treating of kinetics of a 
particle. They are placed here for the convenience of the 
student, and to illustrate further the use of the (t, y) equation 
of a curve which is necessary for the glisette of a carried line 
with motion described above. The central force formula 
we are not now concerned with, but it will serve for practice 
in the use of (^, r) equations. 


689. To find the (z, y) Equation. 

Let the tangent at P meet the n-axis at T, 

The relation between i and y is easy to get, for 


sin 2 f=C 08 ®Pra:=—— 
1 + 


1 



2 ’ 


and if x be eliminated between this and the equation of the 
curve the relation between i and y will result. 



Circle, - - - - 

- sin2,=2-. 

Catenary, - - 

- sin’®z=-5. 

y* 

Tractrix, - - - 


Cycloid, - - - - 

- 8in*t=l— 

2a 

Evolute of a parabola,* - 

sin2£=l— 

y 



Directrix for ic-axis, Lat. Rect. 
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Evolute of a catenary, - - „ 

Four-cusped hypo-cycloid, 

Curves of the class 

dx t 

Curves of the class , 

Parabola, 

Eect. hyperbola, - - - _ 

Biaxal conic, 


. o -I 

sin2£=l 


a” 


sin^£=l-r. 

a" 


sm'®£= 




sin^f 




8in*:= ^ 


'b^+(a^-b^)y^^ 


The student should establish each of these results. It will 
be noted that in all cases they are expressed as ain^ i=f(y). 
This is obviously the form convenient in discussing Brachis- 
tochronism. 


690. Ex. 1. If, for instance, a catenary slides in contact with a straight 
line Ox at a fixed point 0, we have for the envelope of the directrix the 

tangential polar-equation for y=— is the (t, y) equation. 



It is obvious from this equation that the directrix touches a parabola 
with 0 for focus and 4c for latus rectum This is clear geometrically 
also, for the locus of the foot of the perpendicular upon the directrix 
is obviously a line at a distance c from the fixed line, and the envelope 
of the directrix is the first negative pedal of a fixed line, t.c. a parabola. 
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Since sm2t = - 2 » the equation P=-q r- (sin^t) gives 


2c® dhi^ 

2 / p"' 


Hence, the catenary is Brachiatochronons for a law of force which acts 
perpendicularly towards the directrix and varying inversely as the cube 
of the distance from the directrix. The line of zero velocity in this case 
IS at infinity. 


Ex. 2. An ellipse slides, touching a straight line at a given point. 
What IS the envelope of the axis major 1 





Fig. 204. 


. the tangential polar equation of the envelope of the carried axis is 
p® (a® cos® ^ + 6® sin® ^) = 6* si n® xf/, 
by writing p for p, xj/ for t, and reducing. 



Fig 206. 


Ex. 3. A cardioide slides in contact with a fixed straight line at a 
fixed point What is the envelope of the axis ? 
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Here y = rsin 0=a(l -cos6>)sm 

. .6 e 

=4a sm^-cos jr, 

Z 2 

and + 

“■2 2 * 

Putting 3? for y and \j/ for t, the tangential polar equation of the 
envelope of the axis is 

p=4asin»|(| + vt)cos|(| + vi') 

7r+2i/' a . 27r-|-4i/' 
=asin-^-gsm— 

691. Two Curves in the Lamina touching Fixed Straight Lines. 
Let two curves be drawn upon a lamina, and let the lamina 
move so that the curves touch two given straight lines Ox, Oy 



inclined at an angle w, and let P be a point carried by the 
lamina. Let PM, PN be the perpendiculars upon Ox, Oy, 
and \p the angle they respectively make with two initial 
lines PA, PB drawn xipon the lamina, including an angle 
TT— CO, and initially at right angles to Ox and Oy respectively. 

Then the path of P can be obtained at once. 

Let P = ^W 

be the tangential polar equations of the curves, with P for 
origin of measurement of respectively as 

initial linos. 
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Let X, y be the coordinates of P with regard to the lines 
Ox, Oy as coordinate axes. 

Then a;sina)=/(^), and j/ sinft) = i’(^), 
and the -^-eliminant furnishes the path of P. 

It is clear that instead of the two curves on the lamina we 
might have one single curve drawn, i.e. /(>/^) and F(^) might 
be identical, except as regards the initial line from which 
yfr is measured in the two cases. 

The rectification of the path of P follows from 

dx = cosec dyjr, dy = cosec co P'(^) 

and c 2 s* — doi^-]~2 dx dy cos ta+dy^, 

whence s = cosec w 4 - 2 /P' cos 00 + F'^ d\}r, 

where f stands for and F' for 


692. Two Straight Lines in the Lamina touching Fixed Curves. 

When three straight lines forming a triangle ABO are 
traced upon a lamina, and the lamina is made to move in 
such a manner that two of the sides AB, AC, say, touch given 
fixed curves, the third side BC will in its motion envelop a 
third curve, and there is a linear relation between the three 
arcs described by the points of contact. It has been shown 
(Biff Cede., Arts. 568-9) that the tangential-polar equation 
of the envelope of the carried side BG can be found at once. 

If a, y be the trilinear coordinates of any point 0, fixed 
in space) with regard to the triangle ABO taken as a triangle 
of reference, we have the relation 

aai-b^+cy = 2A, ( 1 ) 

where a, b, c are the lengths of the sides and A the area of 
the triangle, with the usual trilinear convention that a, /3, 
y are positive when drawn from a point within the triangle. 

Hence it follows that 


da , 7 dB 




ePa , , cP(8 dV ft 


where \p' is the angle any line fixed in the lamina makes with 
a line fixed in space ; 
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••• 

And the increment of the angle of contingence being the 
same for all, we have doap^±hp^±cp^^2L, 

693. Caution. 

Regarding 0 as the origin of measurement for perpendiculars 
for the tangential polar equations of the envelopes of BG, 
GA,ABt it is to be noted carefully that we are in the presence 
of two separate conventions with regard to the signs of the 
perpendiculars, which may be antagonistic. 

(1) The trilinear convention is that stated above, that the 
perpendiculars are reckoned as positive when the point from 
which they are drawn lies within the triangle of reference. 

(2) In the general treatment of curves, i.e. in establishing 

the formula others involving p, the per- 

pendicular /rom the origin has always been reckoned positive. 

A 



sides, we have in all cases 

elements of the three arcs described by the points of contact. 

Hence, so long as the origin from which the perpendiculars are 
measured lies within the triangle, we have a =Pi, jS =p2> V 
and __ , d?a ds^ _ o , _ , d\ 

d\l^“ dy]r d^jr^ 

If, however, the origin lie between BC and AB produced 
and AC produced, a= — Pi, j8=P2» 

d\\r ^ d\fr^^ dyfr ^ d\jr 

* This method is stated by Mr. Bc.saiit to have boon suggested by the late 
Master of Caius College, Dr- N. M. Ferrers. 
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with similar changes for other positions of the origin relative 
to the triangle of reference. 

In addition to this, when we estimate the radius of curva- 

• • ds 

ture, it will be remembered that which is always 

is + p if s and y\r are increasing together, 
but = — yo if s and y^r are such that when one increases, the 
other decreases. 

This point has been discussed in Art. 531. 

Hence we have written 

the signs to be determined in each particular case. But in 
any case this equation is sufficient to prove that if two of 
the three quantities /Oi, / 02 , pg he constant, the third is also 
constant, i.e» if two sides of the triangle envelop circles 
or pass through fixed points, the third side also envelopes 
a circle, which is the theorem of Ex. 1, Art. 569, Differential 
Calculus. 

694. The ambiguity as regards sign necessitates careful 
attention to the position of the origin relatively to the tri- 
angle. 



Three straight lines on a plane divide the plane into seven 
regions, and the signs of a, y in these regions are indicated 
in the figure. 
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Accordingly we have, if we assume Si, Sg* measured 

from points for which = 0, and to be each increasing when 
yjr increases, 

OSj + ftSg + ^^3 = 2 

if, and so long as, the origin lies within the triangle ; 

— as^ + bs^ -h cs^ = 2 A\//" 

if, and so long as, the origin lies in the region where the signs 
of a, j8, y are respectively — + +, and so on for the other 
five regions. 

Also, as the lamina moves the origin may pass from one 
region to another. Hence care must be taken in integrating 
between specified limits for to observe the sweep of any 
of the three lines BG, GA, AB through the origin, and to take 
proper account thereof by using the appropriate case or cases of 

± as^ ± ftsg ± cSg = 2A\[r 

for the intervening sweeps of the several sides. 



Thus, in integrating round an oval which the arms AB, AC 
touch, the oval lying within the triangle (Fig. 209), we have, 
taking the origin within the oval, 

as^ + hs ^ + csjj = 

and for a complete revolution 

(b c) S = 4jxA, 

where B is the porimetor of the oval 

and /S, that of the curve enveloped by BC. 
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695. In the same way, if the oval be always external to the 
triangle as in Fig. 210, 

- aiSf/+(6+c) 8 = 4jxA, 
and similarly in other cases. 



696. A Limiting Case. 

If the triangle ABG becomes evanescent, we have the case 
of a line through A, viz. B^C' (Fig. 211), carried by the pair 
of tangents AB, AQ, and making constant angles B, 0 with 



them respectively, the tangents making a constant angle A 
with each other. The sides a, 6, c vanish in the ratio 
sin : sin B : sin 0, and the theorem becomes 


i,e. 


sin A = (sin B -f sin 0) S, 



8 . 


697. IF the carried line B'O' lie within the angle PAQ, as 
shown in Fig. 212, it is the limit of the case in Fig 213, 
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where the signs of the perpendiculars a, jS, y are respec- 
tively - + - , and a= -pi, r= 

— oai-ffcsg — cs 3 = 2A^ (and ultimately A = 0), 



so long as BG does not sweep through the origin ; and if it 
never does do so during the whole motion of the lamina 
during a complete revolution, 


— a/S"-|-(6 — c)S=4'7rA (and ultimately A = 0), 



giving 8" the perimeter of the curve enveloped, or in the 
limit, when the triangle is evanescent, 

. B^G 

• ' rt Sin - ^ 

sm5— sinC„ 2 « 

O = : 5 O = - . O. 

sin^ A 

cos 2 

698. If, however, the line BG does sweep through the origin 
in the course of the revolution, the integration must be per- 
formed separately for the several complete portions for which 
the line BG moves without a sweep through the origin, and 
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the arcs of the envelope of BG being found thus, the posi- 
tive results must be finally added together, using the formula 

B ^ /Sgsin Q 
"" sin .4 


for each portion. 


699. Taking the case of any oval with two perpendicular 
axes of symmetry AOA\ BOB', eg, an ellipse, TP, TQ a pair of 
tangents at right angles, and the carried line being the 
bisector of the angle PTQ (Fig. 214), this line will obviously 



sweep through the centre every time the point T crosses one 
of the axes of symmetry, and whilst T travels along its locus 
over the first quadrant, the perimeter of the corresponding 
portion of the envelope of the carried line is 

sin j arc P^Pg ~ sin j arc PgPg 

S "= — 1 1 

. TT 

sm^ 

^2-^3) 

= n/ 2 (arc PPg - arc AP^, 

where P^, P^, Pg, P^ are the points of contact of tangents which 
make an angle of ^ with the a-axis (Fig. 215). 
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It is to be noted that the arc in question is described 
in the opposite order to that of description of the ellipse 
by the several points of contact. 

The whole perimeter is then ^^^(arc^Pg— and the 
curve is rectifiable in terms of arcs of an ellipse if the oval be 
elliptic, or in terms of arcs of whatever curve the doubly 
symmetric oval happens to be. 

700. When the point ^ is at oo , we have the case of parallel 
tangents to the oval, and the carried line AD is a line parallel 
to the tangents and dividing the chord of contact in the ratio 



sin S. sin C (see Fig 213), where B and 0 are indefinitely 
small, t e. in any definite ratio which we may assign, say p : q, 
and we then have 

p+q 

for the perimeter of the envelope of AD replacing the result 

of Art. 698. 

sin(P+t;) 

701. A Case of Isoperimetric Companionship of Curves. 

Let us consider the form of a curve (yPQ with pole N, which 
will be such that, when it rolls upon the fixed curve OP whose 
equation is known, y=f{x\ the pole N will travel along a 
straight line, say the a:-axis. 

Let 0 and 0' be the points originally in contact, Ax, Ay the 
axes, P the point of contact, BN, OM ordinates, PT the tan- 
gent at P making an angle x/r with Ax, O'N the radius vector 
of the rolling curve from which d is measured and r the radius 
vector NP, <p the angle between the tangent to the rolling 
curve and its radius vector. 
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Then 


Hence 

and 


r=yy 

rdd , ^ j. , dx 

-^==tan <l > = cot 


Td9=dx \ 
dr=dy.) 


We therefore have 



■(0 

( 2 ) 


and if x he eliminated from equations (2), the polar equation of 
the rolling curve will result. 



Fig 217. 


Again, if the form of the rolling curve had been given, say 

r=m. 

then x=^F{0)de, 

and if 0 be eliminated between these equations, the Cartesian 
equation of the fixed curve will result. 

It follows that, since there is pure rolling without slip- 
ping, the corresponding arcs of the two curves must be 
equal. 

This follows at once also from equation (1), for if s and s' 
be the respective arcs OP, O'P, 

d^—dx^-\-d'j^=f^dQ^+d/ii^=d $'^ ; 

whence ds=ds' and s=s' if measured from such points as have 
originally been in contact 
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It also follows that 

y dx=^r . r (W=|r W, 

i.e. the area swept over by the ordinate PN, that is MNPO, is 
double of the area swept out relatively to the rolling curve 
by its radius vector, that is the sectorial area O'NP. 

The polar subtangent of the rolling curve is the Cartesian 
subtangent of the fixed curve, and the subnormals are the 
same. 

Hence, given 

we can, by the transformation dx=rdB, obtain another 
curve T=F(d) for which 

(1) corresponding arcs are equal; 

(2) the area travelled over by the ordinate of the one is 

double the sectorial area swept out by the radius 
vector of the other ; 

and (3) if the second be allowed to roll upon the first, having 
been properly adjusted at the start, the locus of 
the pole of the rolling curve is the jc-axis of the 
other. 

702. Generalisation. 

More generally, if we take any polar curve 

r=F{e), 

and construct from it a Cartesian locus, such that for each 


A 
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point (r, 9) on the one there is a point (x, y) on the other for 
dx=dr cos x— ^ dS sin 
dy=dr sin x+^dS cos x. 

where x is any angle whatever at our choice, we have, upon 
elimination of r and d, a new curve in which 
ds^=dx^+dy^=dr^+r^d9^=ds'^j 
where ds, ds' are corresponding elements of arcs in the two 
curves. It follows that 

ds=ds' and s=s\ 

if the origins of measurement of arc are so chosen that s and s' 
vanish together. 

703. The geometrical meaning of this is plain. Wc are 

projecting dr, rdQ upon a pair of perpendicular axes Ox, Oy 
with an arbitrary origin, and such that the £c-axLS makes an 
angle x behind the radius vector of the polar curve, and 
therefore makes an angle 9—x initial line of the 

polar curve, or what is the same thing, with a fixed line 
through 0 parallel to the initial line of the polar curve , and 
by reserving choice of x> we can make the new axes either 
fixed axes or moving in any given manner. 

If we make x'^^* we make the aj-axis turn at the 

same angular rate as the radius vector of the polar curve, we 

dx=dr, dy=rd9, 

the transformation discussed in the last article, except that 

the axes of x and y are interchanged. 

If we make 0+ const., we have fixed axes 

9 1 

If we make 0— v=-, we make our axes turn at -th the rate 
n n 

of the radius vector, and so on. 

Moreover, either or both of the axes AX, Ox may be regarded 
as a fixed axis, the matter being purely a relative one. 

These transformations establish a remarkable connection 
between many curves of common occurrence, and further will 
furnish us with a method of deriving new rectifications. 

704. Reverting to the more elementary case of 

dx^rdQ,\ 

/ 
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we shall find that, 

A straight line 2/=a5cota has for its analogue an equi- 
angular spiral 

A straight line r—c cosec has a companion in a catenary. 

A parabola - - - has as companion a spiral of 

Archimedes. 

An ellipse - - - has as companion one of the Rho- 

doneae. {JDiff. Calc., Art. 385.) 

A cardioide - - - has as companion a cycloid. 

And when any curve is rectifiable, a companion is also 
rectifiable in the same manner, and even when neither curve is 
rectifiable in terms of arcs of a circle or an ellipse, arcs of 
the one can be expressed in terms of arcs of the other. 

And in addition the property as to the relative magnitude 
of the area swept out by the radius vector of the one and the 
ordinate of the other holds good. 

Such pairs of curves may perhaps be termed Isoperimetric 
Companions. 

As illustrative examples, we consider these examples in 
detail. 

705. 1. Taking the straight line cot a as the fixed “curve,” 
dy^dr, dsc^rdd ; 
dr ^ r dd cot (L, 

— ^ddeot a, 



Hence an equiangular spiral r=ae9cota and the straight line ^=.rcota 
correspond in the manner described, corresponding arcs being equal, and 
the Cartesian area bounded by the line, the .r-axis and two ordinates 
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being equal to double the corresponding sectorial area of the spiraL 
(See Diff, Gcdc.y Art. 449.) 

2. Take as the rolling polar curve the straight line r =c sec 6, 

Then y=r=osec^, dx=Tdd=e^^G dd$ ; 

^=clogtan^|+|^^ = cgd-i^; 


cos 6 cosh ^ = 1 (A rt. 69), 


or y=ccosh-, thecatenary, 

which is therefore the isoperimetnc companion to the straight line, and 
rectifiable as has been seen (Art. 538). See also Diff. Calc , Art. 444. 



We note in addition to properties proved in Diff. Calc., Art. 444, that 
Area area ANPO, 

3. Take as the rolling polar curve the cardioide 
r=a(l-cos^). 

Then, for the Cartesian curve, 

3^=r=a(l-cos 6 \ 

sc— Jr dd=a(6 -sin 6), 

ue. a cycloid with cusp at the origin and vertex upward. These curves 
are therefore isoperimetric companions When the cardioide is placed 
with its vertex in contact with the vertex of the cycloid on the concave 
side and allowed to roll inside the cycloid, the roulette of the pole is 
the line of cusps of the cycloid and the propositions of Art. 701 with 
regard to equality of corresponding arcs and the relative magnitudes of 
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the areas swept by the ordinates of the cycloid and the radius vector of 
the cardioide both hold good 



4 Take as fixed curve the ellipse 




Then dx^rdd give 


and 


. -1 2 * 

. . — =C08 ‘t» 

a 0 


r= 6 cos-^, 
a ’ 


which is the isoperimetric companion of the ellipse. Hence the Eho- 
doneae r=A cos 716 ^ are rectifiable in terms of arcs of an ellipse. 


PROBLEMS. 

1 . A circle of radius a rolls round the circumference of an equal 
circle. Prove that the area of the epitrochoid, described by a point 
carried with the rolling circle and distant c from its centre, is 

(4a2 + 2 c 2 ) 7 r. [Oxp. I. P., 1918.] 

2. If a circle roll on the convex side of a parabola from one 
extremity of the latus rectum to the other, and can just pass between 
the vertex and the directrix, prove that four times the area traced 
out by that radius of this circle, which always passes through the 
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point of contact, exceeds the area of the circle by half the rectangle 
contained by the latus rectum and a line equal to the arc it cuts ofiF. 

[R. P.] 

3. An equiangular spiral rolls upon a straight line from a point 

to a point Pg spiral. the pole of the spiral, traces out the 

path 0 ^ 0 ^- From 0 ^ 0 ^ are drawn perpendiculars on the 

straight line. Find the area of [Collegjes a, 1881.] 

4. A closed oval curve rolls upon a fixed curve. Find an ex- 
pression for the area of the roulette traced out by any carried 
point. 

In a complete revolution of the closed oval curve, prove that the 
sum of the areas of the envelopes of two carried lines at right angles 
to one another which pass through a point fixed to the rolling curve 
is constant. Prove also that this sum exceeds the area of the 
roulette generated by the point, by the area of the rolling curve. 

[Colleges 7, 1887.] 

5. If a closed oval curve roll with angular velocity co on a straight 
line, while a point moves along its evolute with relative velocity 

prove that the area included in any portion of a revolution 
between the straight line, the curve generated by the moving point, 
and the perpendiculars to the former drawn through the extremities 
of the latter, is double the corresponding portion of the area between 
the curve and its evolute, bounded by the itiitial and final radii of 
curvature, provided the moving point is initially at the centre of 
curvature of the point of contact ; />' being the radius of curvature 
of the evolute at the point corresponding to the point of the rolling 
curve in contact with the straight line. [Colleges 5, 1883.] 

6 The cardioide r = a(l-cos^) rolls on a straight line; prove 
that the intrinsic equation of the roulette of the cusp is 
2s = 3a (2^ - sin 2^), 

measuring from the point of contact of the cusp. 

Prove also that its Cartesian equation is 

that its area is and that the radius of curvature of the roulette 
of the cusp is three times its distance from the point of contact. 

[Trinity, 1888.] 

Find the evolute of the roulette of the pole and the intrinsic 
equation of the envelope of the axis. 
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7. A closed curve is moving in any manner in its own plane. 
Show that if p be the radius of curvature of the envelope of the 
tangent at any point of the curve, then 



is equal to twice the area of the curve, the integral being taken all 
round the curve, ds being an element of arc of the moving curve. 

[Colleges, 1879.] 

8. A plane lamina moves m any given manner on a fixed plane : 
0 is a fixed point on the fixed plane, P a point attached to the 
moving lamina and fixed upon it. If the area described by P about 
0 be given, show that the locus of all points (P) in the moving plane 
for which the area is the same, is a circle, and that for different 
values of the area the corresponding circles are concentric. 

[St. John’s, 1881.] 

9. Examine the isoperimetric correspondence between the parabola 
= 4acc and the Archimedean spiral r == 2a0, showing that the spiral 

can be made to roll upon the parabola in such manner that the pole 
of the spiral travels along the axis of the parabola. 

10. Show that the reciprocal spiral r0 = a and the exponential 

curve y^ae « are isoperimetric companions, both curves being recti- 
fiable and corresponding arcs equal, and interpret the result by 
reference to the locus of the pole of the spiral when suitably started 
rolling. 

11. Establish isoperimetric companionship between the curve 


and the cissoid 


5 = log tang + 1)- sin <^,1 


y _ sin® <f) 
a ~ cos 4> 
sin® 0 


1 2 Establish isoperimetric companionship between the semi-cubical 
parabola and the spiral Sau -h = 0 

13. Show that the curve 

r = a log sec t, 

e= [- ■ 

J log sec t 

is rectifiable and in isoperimetric companionship with the catenary 

of equal strength x 

y = a log sec - . 

CL 
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14. Show that the curves 

4ic = a ^cos <#» - 9 cos 

4^ = a^3sin| -sin<^^ 

and r^=a^sin-|0 

are rectifiable and isoperimetric companions. 

16. Show that the curve 


\/a^ + 

is rectifiable and in isoperimetric companionship with 

x^-y^=a^, 

16. Show that the curve 
r = 


t 


= 4a sin ^ cos® 2 , 

^ = tan~- 2^ 

is rectifiable and in isoperimetric companionship with the cardioide 
r=a(l + cos^)j its pole travelling along the axis of the cardioide as 
it rolls within the cardioide, the two poles being initially coincident. 

17. Show, by taking r = a6 and in Art. 702, that 


x=-;^[n6 cos 71^ H- (% - 1) sin n6\ 


sin 710 - (ti - 1) (cos 710-1)] 

is an isoperimetric companion of the Archimedean spiral r^ad. 
Hence show 

(1) that fl;2=2ay is isoperimetric with r = a0; 

— 0l is rectifiable and in isoperi- 

metric companionship with r = 4a0. 


18. Show that an ellipse of semiminor axis h and eccentricity e 
can be made to roll upon the curve 

5=dn| (mod.e), 

SO that the path of the centre of the ellipse is the x axis. 
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Show that if the origin be taken at the point for which the end of 
the major axis a is in contact with the curve, this may be reduced to 

thefom 3 , 

-■ = dnr • 


[Write Kb~xioT X and reduce, see Ch. XXXL, Art. 1352. See 
also Greenhill, Elliptic Ftmctims, p. 72.] 

19. Show that the perimeter of the ellipse ^ + p = l is equal to 
twice the perimeter of one outer foil of the curve 

, he 

r = ocos — , 
a 


and that the area of the ellipse is equal to four times the area of one 
outer foil of the same curve. 

Show further, that if the vertex of the foil be placed in contact 
with the inner side of the ellipse at the end of the minor axis, and 
the foil roll without sliding upon the ellipse, the pole of the rolling 
foil will traverse the major axis of the ellipse. 

Deduce a well-known proposition as to a circle rolling in the 
interior of another circle of double its radius. 


20. An involute of a circle is made to slide, touching the rect- 
angular axes Oxj Oy Show that the locus of the instantaneous 
centre on the plane x, y is a straight line. What is the locus of the 
instantaneous centre relatively to the curve. 

Show that the glisettes of carried points are cycloids and 
trochoids, and the envelopes of carried straight lines are either 
cycloids or involutes of cycloids. [Besant, Rovlettts wnd Glwettea ] 

21. A cycloid rolls along a straight line. Show that the intrinsic 
equations of the envelopes of (1) the axis, (2) the line of cusps, (3) 
the tangent at the vertex are respectively 

(1) s = a^2 4.3^sin2^^ 

(2) s==3a(^ + ^sin2V'), 

(3) s = a(^ + %sm2\p)j 

measuring s in each case from the point on its locus for which 

Trace each of these curves, supposing the cycloid to be continued 
both ways, and the rolling to continue with successive arches of the 
cycloid, and find the positions of their cusps. 
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Show that the whole perimeter of the last of these curves is 
8a n/2 4- 8a sin"^ - Stt^, 

and its area = |7ra2 

Show that the first evolutes of the second and third curves, and 
the second evolute of the first are four-cusped hypocycloids. 

22. A parabola rolls on a straight line ; show that 

(1) the locus of the focus is a catenary (Art. 517), 

(2) the envelope of the directrix is an equal catenary, 

(3) the tangent at the vertex and the latus-rectum envelop 

parallels to a catenary, 

(4) the intrinsic equation of the envelope of the axis is 

s = a (2 log sec + tan® ^). 

23. If the cardioide r=a(l - cos S) move so as to touch a straight 
line always at the same point, show that the locus of the pole is 

r=2asin®^, 

and that the intrinsic equation of the envelope of the axis is 
a o o 

24. If an ellipse slide in contact with a given straight line at a 
given point, the glisette of the foci is 

(ic® + y®) (6® + y®)® = 4a®y^, 
and that of the centre is a;®y® = (a® - y^) (g/® - 6®). 

25. A lamina moves in such manner that a certain point in it 
describes the path 

^ = csin\?'-ccos^log(sec^ + tan^), I 

7? = c cos j/'H- c sin log (sec + tan i/') - c, j 
referred to fixed axes OX, OY in its plane, whilst a straight line 
through this point attached to the lamina makes an angle if' with 
the y-axis. 

Reduce this motion to rolling Also show that the difference of 
the curvatures of the loci of the instantaneous centre on the lamina 

and on the fixed plane is ^2^. 

Show further that the intrinsic equation of the envelope of the 
line attached to the lamina is 
ds 

^ = csec^tan^ + clog (seciA + tan if/) 



PROBLEMS. 


729 


26. A lamina moves in its own plane, so that a point 0' upon it 
traces out a cissoid, 

6 ^ 

-2acos2 g, ‘ 


7j~ 2a 


cos*^ 


} 


ie. i?®(2a + ^) + ^» = 0, 


Upon a fixed plane with reference to a pair of fixed rectangular 
axes OXf OF in that plane, whilst a straight line O'x attached to 
the moving lamina rotates, making an angle 0 with OX, Show that 
the motion is that of rolling of one parabola upon another equal 
parabola, and deduce from the formula of Art. 660, for the differ- 
ence of curvature of the 7-loci, the radius of curvature of a parabola. 


27. A catenary moves in its own plane so as always to touch a 
given straight line at a given point. Show that the tangential 
polar equation of the envelope of the axis is 

where c is the parameter of the catenary. 


28. The centre of a circular disc of radius a travels along a 
parabolic path i/ = 2ax, spinning at an angular velocity w in 
a clockwise direction, the centre receding from the axis with a 
velocity aw. Show that the motion thus produced is that of the 
rolling of an involute of the circle upon the axis of the parabola, 
and that the velocity of the point of contact is the same as the 
velocity with which the centre of the circle recedes from the 
tangent at the vertex 

29. A Bernoulli’s lemniscate moves so as to touch a fixed axis at 
a given point. Show that the tangential polar equation of the 
envelope of the axis is 

sin^ g cos 

and that the glisette of the pole is 

= sin 0. 

30. A circle rolls on an equal circle and carries with it a fixed 

tangent. Find the intrinsic equation of the envelope of the carried 
tangent. [Oxford II P , 1887.] 
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31. A triangle of area A moves so that two of its sides (a, h) 
touch an oval of perimeter I at points where the radii of curvature 
are />, p ; prove that the radius of curvature and the perimeter of 
the envelope of the third side c are 

^(2A-ap-5/>') and ^ {4irA-(flH-J)?}. 

[St. John’s, 1883.] 

32. An ellipse rolls on a fixed horizontal straight line (the axis 

of x). Show that the locus of the highest point of the ellipse 
will be _ f ’ 3'^ - 

J ^/(4a2 - y^) - 4^2) 

and reduce the integral to the standard form. 

[St. John’s Coll., 1881.] 

33. Prove that the intrinsic equation of the envelope of the 

directrix of a catenary of parameter c, rolling on a circle of radius c, 

will be found by eliminating a between the equations 

s 1 . . , , 1 + sin a 

tan a sec a + flog-; : — 

c ^ ^ ° I - sin a 

and ^=aH-tana. 

[St. John’s, 1886.] 

34. A given right-angled triangle is made to slide round the 

outside of a fixed oval curve with the point P on the curve, 
the side PR touching it and the side PQ normal to it. If s be the 
perimeter of the oval, prove that the length of the curve enveloped 
by QB is equal to (« + 27rPQ) sin PQB, [St. John’s, 1889.] 

35. When a curve rolls on a straight line, show how to find the 
locus of the centre of curvature at the point of contact, and prove 
that, in the case of a cardioide, the locus is an ellipse. 

[St. John’s, 1889.] 

36. When a curve rolls on a fixed curve, prove that the locus of 

the centre of curvature is inclined to the common tangent at the 
angle tan-i {p dp’/{p + p') ds}, 

where p, p' are the radii of curvature of the fixed and rolling curves 
at the point of contact. [St. John’s, 1889 ] 

37. A cardioide r=sa(l— cos^) rolls upon an equal cardioide, 
the vertices coinciding during the roll. Show that the roulette of 
the pole of the rolling curve is 

r=4a8in*0+D. 
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that the tangential polar equation of the envelope of the axis is 
^ = 4a sin ip sin^ — 

and that the area of the roulette of the pole is 
^(35r + 4N/3). 

38. A cardioide of perimeter 8a rolls on the outer side of a 
cycloid of equal penmeter from cusp to cusp, the vertices coinciding 
during the roll. Show that the area of the roulette of the cusp of 
the cardioide between the roulette and the cycloid = 

Show also that the arc of any portion of the roulette of the cusp 
measured from the vertex of the curve is double the distance of the 
point of contact of the two curves from the axis of the cycloid. 

Show further that the tangential polar equation of the envelope 
of the axis of the cardioide is 

p = 2a sin ^(^+2cos®^), 

where p is drawn from the vertex of the cycloid and p is measured 
from its axis. 

39. A cycloid of length Sa rolls on the outside of a cardioide of 
equal length, a cusp of the cycloid starting from the cusp of the 
cardioide. Show that the intrinsic equation of the envelope of the 
line joining the cusps of the cycloid is 

xb 

^s^Sap + Sasin 

\p being measured from the tangent at the vertex of the cardioide. 

[Oxr. II. P., 1913.] 
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RECTIFICATION OF TWISTED CURVES. 

706. Let PQ be any elementary arc 6s of the curve. Let 
the coordinates of P and Q be respectively 

(as, y, z) and (x+Sce, y+Sy, z+ Sz) 

■with regard to any three fixed rectangular axes Ox, Oy, Oz. 
(chord PQy=Sa^+Sy^+Sz\ 

Nbw, if Q be made to travel along the curve so as to 
approach indefinitely near to P, the chord PQ and the arc PQ 
ultimately differ by an infinitesimal of higher order than the 
arc PQ itself, i.e. the chord PQ and the arc PQ ultimately 
vanish in a ratio of equality.* Hence we have to the second 
order of small quantities, 

Ss^=8x^-{-Sy^ + 8z^ ( 1 ) 

Now suppose the curve to be specified in one of the two 
usual ways, 

(a) as the line of intersection of two specified surfaces 
/(aj, 2 /, 2 ?)- 0 , F{x,y,z) = 0, 

or (6) the coordinates of any point x, z upon it expressed in 

terms of some fourth variable tj and defined by the 
equations a>=f,it), y=.f,(t), z=f,(t) 

The First Case. 

In Case (<x) choice must be made of one of the three vari- 
ables X, y, z to he considered as the independent variable, say 
X, and the equations /=0, P=0 are then to be solved to find 

*For a discussion of this point see De Morgan, Differential and Integral 
CcUctdus, p. 446. See also 3iff Calc , Art 34, for a plane curve. 
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We then have s 


the other two, y and 0 , in terms of x. Then differentiating, 
we express ^ and ^ in terms of x ; say 

= |n/ dji?‘ + dy"^ + dz^ 

=wra‘^ir}^ 

=p[ 1 + {<!> dx 

And when the integration has been effected, the length of 
the arc between the points specified by any particular limits 
which may be assigned to x, will have been obtained. 

707. A more Symmetrical Mode of Procedure. 

We might also proceed as follows : 

Along the line of intersection of /=0 and jF =0 we have 
fx dx +fydy+f^dz^0 
and Fx dx+Fy dy+Fz dz=0, 

. . dx dv dz ds ds 

J 3 being the Jacobians 

Jyy /z > fzffxf Jxi fy 

Tj\ Tj\ T/T TCt "IP TIP 

3(/. F) dU, F) ZU, F) 

9(2/. *) ’ 9(5!, a:) ’ d{x, y) ' 

-1-^t ” " 1'^^' 


^.e. 


Then 


making use of the one which is most convenient ; and which- 
ever is used, both the dependent variables occurring must be 
expressed in terms of the independent one before integration. 

708. The Second Case. 

In Case ( 6 ) we have 

®=/i(«). y=Mt)< 


and 


t=//(0, 


-^=/2(0. S=/3'(0. 


s=p[{/i'(0?+(/2(OF+{/s'(0}*J<*; 


whence 
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and we obtain the arc by integration, as before, between 
any two points corresponding to the limits assigned for the 
variable t 


709. If the equations of the curve be presented in the form 

^ _ y ^ 

TTc hare ^ 

we have ^ say. 




Similarly 

where Jg and Jg have meanings corresponding to 
Hence 
where 
Hence 


dx _dy _dz _dt _ds 


710. The rectification of a curve therefore depends upon the 


possibility of performing the integration 



dt 


When /i, /g, /g, / are rational integral and algebraic 
functions of t, we have the case of a unicursal twisted curve. 

The advanced student is referred to the very important 
memoir by Mr. R. A. Roberts, “ On the Rectification of Certain 
Curves,” in vol. xviii. of the Proceedings of the London Mathe- 
matical Society, which has already been referred to in other 
places. 


711. Ex. 1. Find the length of an arc of the curve which is the line of 
intersection of the parabolic cylinder y*=4flw? and the cylinder 

z =z>Ja:{x - a) - 5 cosh-^ 2^^^ 

' ' 2 a 

Here we take x as the independent variable and obtain 



2a;-CT 

dffi ^•Jx{x-a) 



2x—a a 

9,^1 x{x- a) ^slx{x—a) 
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.. fi=N/2j^ <ia5=N/2(^a— ^)j 


where and 572 are the lower and upper limits of integration. 

Hence, in this curve any portion of the arc is \/2 times its projection 
upon the 57-axis In other words, at every point of this curve the tangent 

makes an angle of j with the 57-axis. 


Taking the same curve, let us put 

ju = I (1 + cosh u\ ^.€. a cosh^^ . 


Then 2 ^= 2 acosh|, (sink 14 - 74 ); 

we then have a case such as that discussed in (h) of the preceding article, 
having expressed 5 ?, y and z in terms of an auxiliary fourth vanable u 



Therefore j^sinh^w 4-4 sinh^^H- (cosh 14-1)2^ 

[sinh2i44-2(cosht4-l)4'(coshi4-l)^ 

= ~sinh2iL; 

!« 
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whence a = cosh ^ 

= ~ f — - l”l —‘J 2 {x 2 - i»i) as before. 

—1*1 

The curve of intersection of the two cylinders is represented in 
Fig. 222. 


Ex. 2. To find an expression in the form of an integral for the recti- 
fication of the line of intersection of two right circular cylinders whose 
axes intersect at right angles 

If we take the axes of the cylinders as the axes of z and x respectively, 
we may write the equations of the cylinders as 


Let us take a > 6 
From the equations 

we have 
and 




z=^slh^-y\ 

-ydy -y<^y 


d^—dx^^-dy^-^rdz^ 

(a 2 -?/ 2 )( 62 -j^ 2 ) 


dyK 



Put y =6 sin and let h—lca, h<\. 
Then 




(a* - 

/^ s/l-Fsin^g 
Jo \/l - Jb2sin20 


dO. 
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"When the cylinders are of equal radius, fe=l, and this becomes 
s = b J\/T-t-sm^0d0 

= J \/(b>/2f 8111^0 + b^cos^O d^j 

i.e. the result of Art. 573, for an ellipse whose axes are in the ratio 
^2:1, to which the curve of intersection then reduces. 

It IS interesting m this connexion to note more generally that when 
the axes of two equal cylinders cut at right angles, and a sphere rolls 
completely round in contact with both cylinders, the locus of its centre 
is two ellipses In our case the rolling sphere has a zero radius. 

712 In the “right circular Helix” or “Helicoidal curve,” which 
is an ordinary thread on a screw, we have a curve traced on a right 
circular cylinder and cutting all the generators of the cylinder at the 
same angle. 



Let a be the angle the screw-thread makes with a circular section of 
the cylinder, P any point on the curve, coordinates A', y, a referred to 
rectangular axes, the 2 -axis being the axis of the cylinder and the j:-axis 
taken to cut the curve at a point A Let 6^ be the angle the plane OPN 
through P and the axis makes with the plane of 572, and let a be the 
radius of the cylinder. 

We have .r=acos6^, ^=cisin0, tan a 

Hence ds^-dx^+dy^-\-dz^—a^sec^add^ 

and a=a^seca. 

This is obvious from the fact that in this case the surface may be 
developed into a plane, and the triangle ANP becomes a right angled 
triangle with sides ad, ad tan a and .s, with one of its acute angles a. 
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713. Since the curve develops into a straight line when the surface 
IS developed into a plane, the surface itself being supposed entirely inex- 
tensible, the distance between any two points which it connects upon 
the cylinder is a minimum distance on the cylinder between those two 
points. Such lines of minimum length on any surface are termed 
Gleodesics (see Smiths Solid Geom., Art. 259). 

Hence geodesic lines on a right circular cylinder are helicea 

714<. A Property of Geodesic Lines. 

It is an obvious property of such curves that if P, Q be any 
points upon a geodesic line upon any surface, the path from 
P to Q vm this line being less than from P to Q via any con- 
tiguous supposititious paths from P to Q, viz. PBQ, or POQ, on 
opposite sides of it and of the same length, and the three 



lengths PAQ the geodesic, and PBQ, PCQ the supposititious 
paths being unaltered in length by any deformation of the 
surface on which they are drawn, supposed inextensible, the 
deformed path to which PAQ is changed will still be in 
length intermediate between the lengths of the contiguous 
paths to which PBQ and POQ are changed and which are 
equal Hence, in the limit when PBQ and PCQ and their 
deformed lengths are made to close up to ultimate coincidence 
with PAQ and its deformed length, it will be clear that the 
deformed PAQ is still a line of minimum length on the 
deformed surface, being entrapped between two supposititious 
paths which are both of greater length on opposite sides of it. 
Thus geodesics on inextensible surfaces remain geodesics after 
any deformation of the surface on which they are drawn. 


715. It follows that a right circular helix remains a right circular 
helix if the paper on which it is drawn be transferred from the cylinder 
upon which it was wrapped to a cylinder of different radius. Let a and 
h be the radii of the first and second cyhnders and /S the angle the new 

helix makes with the circular section. Then ^ d\ where 

cos a cos p 

$' is the angle in the new helix corresponding to ^ in the onginal one ; 

" ^■"ftcosa^' 
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and the new coordinates of P can be written down, the axes being placed 
as described foi the first helix. 

716. Cylindrical Coordinates. 

For many cases, particularly for curves drawn upon 
cylinders, it is desirable to use cylindrical coordinates, viz. 
r, d, z, i.e. the ordinary Cartesians are transformed to the polar 
system as regards the », y plane, and the z-coordinate is left 
unaltered. 

Taking r, 6, z and r+Sr, 0+Sdj z+Sz as the coordinates of 
contiguous points P, Q on a curve, we have, since dr, r <50, Sz 
are mutually perpendicular elements, 

PQ^==Sr^+(TS6f+Sz^. 



For if N, N' be the feet of the perpendiculars from P, Q upon 
the plane of x-y, we have, to the second order, 

NN'^=(rSef+S7^, 
and plainly PQ^=NN'^ -|- Sz^, 

Hence, if the distance measured along the arc PQ be ds, we 
have, to the second order, 

sey+sz^ 

whence s= Js/ dr^ +{rd8y +dz^, 
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which we may write in any of the forms 


\4 

\4 

S) 

2 / 

-Y! 

idJ ] 

d9. 



.© 

)+l 

]dz, 


according as it is convenient to take 0, r or 2 ; as the inde- 
pendent variable ; or we may also write it, as in Cartesians, as 

in case r, 6, z are expressed in terms of a fourth auxiliary 
variable t. 

The most common case is when 0 is taken as the inde- 
pendent variable. 

717. Curves on a Right Circular Cylinder. 

When we are discussing a curve drawn upon the surface of 
a right circular cylinder of radius a, we have 
r=a and (?r=0, 

and the rectification formula at once reduces to 

s=^Jdz^+a^dd^=y dO. 

718. If we apply this to the case of the helix already considered, viz. 

a!=acosdy y=asin0, 2:=a0tana, 
we have r = a, 2 = ad tan a, 

8= J asj\ -|-tan2acf^=a0 sec a, as before (Art. 712). 

It will be at once remarked, however, that in all cases of 
curves drawn upon a right circular cylinder, the length of the 
arc may as readily be considered by first developing the 
cylindrical surface into a plane, and in fact the formula above 
is merely the Cartesian formula 

^sldz^+doi^ 

for the developed surface, dx replacing a dd. 
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719. Ex. Find the length of an arc of the curve of intersection of the 

cylinders „ „ „ s 

xe^ — a. 

Putting :i7=acos d, we have 

y=asin0 and s=a log seed. 


^=:atand and ^=asecd ; 


Hence 

whence 5=agd“id or 5=alog tan 

In this case the developed curve is the Catenary of Equal Strength, 
viz. f=alogsec^, in which and s=agd”^i/' (see Ex. 5, Art 519) 

Oi 


720. General Polar Formulae. 

The general polar formula for rectification in terms of the 
radius vector r, the co-latitude d, and the azimuthal angle, or 
longitude, is easily obtained. 



In passing from the point P(r, 0, to a contiguous point 
Q(r+<5r, d+dd, ^ + along an elementary arc Ss of a curve, 
the projections of the chord PQ in the three directions, 

(a) along the radius vector, increasing r , 

(b) in the meridian plane, increasing d , 

(c) perpendicular to the meridian plane, increasing 
are respectively Sr, r SO, r sin d S<1 > , 
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and these being mutually perpendicular elements we have, to 
the second order, 

S^=ST^+r^Sd^+7^sm^ 9 8^^ 

and as either r, 0, 0 or a fourth variable t can be regarded as 
the independent vai iable to suit circumstances, we have 



721. Modification for Curves on the Sphere and the Cylinder. 
There are two important cases to consider. 

(1) If the curve under discussion lie on a sphere of radius a, 


r=a, dr=0, 



or if it be deemed desirable to use the latitude I instead of 
the co-latitude 6 

5=a|^l+cos22^^^ dl 

or +cos2Zd0. 

(2) If the curve under discussion lie on the surface of 
a right circular cone whose semivertical angle is a, and whose 
axis is the 5:-axis and vertex the origin, we have 
0=a, d0=O, 

dr 


or 
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722. Ex. 1. **RliiunT)” Line or “ Loxodrome ” on a sphere. 

This IS a curve on the surface of a sphere which cuts all the meridians 
at the same angle. 



Let PQ be an element ds of such a line, zOP^ zOQ meridian planes. 
Let a small circle of the sphere parallel to the equatorial plane x-y pass 
through Q and cut the meridian plane of P in Let I and be the 
latitude and longitude of P, a the radius of the sphere and a the 
constant angle NPQ. 

Then tan a = Li 77-^ = Li t.e. cosi--jf=tana, 

PP aol ^ dl ’ 

or cot a c?<^= sec I dl , 

whence <jbcota=gd”^i, i.e. logtan +1^, 

which, with r=a, form the equations of the curve. 


Hence in this curve we have 

r=a, i=gd(<^cota) and 5=aiseca. 

Ex 2. In the case of a spiral traced on a sphere and defined by the 
equation 1 = <I> tan a, where a is constant, we have 


Also 


I di = a sec a . i. 


H-cos^Zf 


\dl 


s=a J '\l 

=aj's/l + cot% cos-^Z dl 
= a J\/ cosec% - cot'-^a sin^Z dl 




coa®a sin^i dl 


= a coscc a P(i, cos a), 
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And the arc of this spiral is therefore expressible as an arc of an ellipse of 
semi-major axis a cosec a and eccentricity cos a (see Art. 567). 

Ex. 3. In the case of a curve drawn upon a conical surface to cut all 
the generators at the same constant angle a, we have, taking the origin 



at the vertex and the axis 
vertical angle of the cone, 


of the cone as the ;?-axis and (3 for the semi- 

r sin Bdd> ^ 

^ — — = tan a, 

dr ’ 


as m Example (1), for the sphere, and therefore 
^=sin/?cot ac?^ ; 
whence , 


where A is an arbitmry constant, determinable when some one point on 
the curve is specified. 

The projection of the curve upon the ss-y plane is therefore an equi- 
angular spiral of angle cot“i(sin jCcot a). 

We also have 5= j'\l 1 +r^ ^ dr 



l-l-tan^c??* 



between limits r^, rg 

If the spiral passes through the origin, and s be measured from that 
5= r sec a, 


which is also obvious from the consideration that if the curve be developed 
upon a plane it will become an equiangular spiral of angle a. 
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723. The p, r Formula. 

The r formula of Art, 547, viz s 
for curves of double curvature. 

For, with the same notation as before. 


-J: 


rdr 


, still holds 


-=sin ^ 
r ^ 


and 


(fe~C 08 ^, 


^ being the angle which the tangent makes with the radius 
vector froin the origin ; whence 



For cases of curves drawn upon a sphere, the centre being at the origin, 
the formula is useless For in that case, the tangent being necessarily at 

At 

all points at right angles to the radius vector, g^=0 and p=r throughout. 

In the case of a curve drawn upon a right circular cone whose vertex 
is at the origin, we may use the formula with advantage ; but it is to be 
remembered that we are doing no more than if we regarded the conical 
surface as developed upon a plane. 

Ex. For the case already considered of a curve cutting all the 
generators of a cone at a constant angle a, we have at once 2>=rsina 
C dv 

and «= I =rseca, as in the last article 

j cosa ^ 

There are but few curves of double curvature, however, for 
which the r relation is known, with the exception of course 
of such as, having been originally plane curves, have been laid 
upon a developable surface. For such cases the formula is 
useful, as also of course whenever the relation can be readily 
found. 


724 Ex. Let BAA'B' be a strip of thin inextensible ribbon lying 
upon a plane Let OAA' be a perpendicular from any point 0 of the 
plane upon AB and A'B' and OFF any other radius vector from 0 
Let OA = Iq, OP— I, PA—s, 

Then ob viou sly P = 

Now imagine this ribbon wrapped tightly without folding or creasing 
upon a right circular cone of vertex 0 with OAA' as a generator, the 
semivertical angle being a, the wrapping commencing with OA in con- 
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tact with the cone. “When the wrapping has been completed, OP coming 
into contact and becoming a generator, let us unwrap the triangle from 
the cone, keeping OP in contact and starting the unwrapping with 



releasing the generator OA, keeping 0 fixed at the vertex ; when the 
unwrapping is ]ust complete, the triangle has taken the position OTP, 

and is the same triangle as we started with, OYP being a right angle. 



(2) that the arc AP upon the cone is a geodesic ; 

(3) that the locus of Y in the unwrapping lies on a sphere of radius Iq 

and vertex at 0 ; 

(4) that the 5), r equation of this geodesic on the cone is p— Z qj for this 

is so on the plane from which it was constructed ; 


(6) the formula s=j ' is merely 


INVERSION. 
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(6) the Y locus is an involute of the geodesic ; 

(7) taking a sphere of any radius with centre at 0, cutting the axis OZ 

at the generator OP at L and OY the perpendicular on the 
tangent at -W, LMN is a right-angled spherical triangle, where 


whence 

and 


ML=aj IfN=tan“^^ and MLN—^\ 
cos MN = cos a cos LN 

A S ^ 

sin a = cot LMN tan LN = ^ cot LMN, 
h 


If </> be the angle between the plane ZOY and the plane and 6 

the angle ZO 7, we have thus shown that 

ruT 3 ^ x/cos^a — COS*'*^^ 

cos d = cos a cos LN, and therefore ^ = -r 

to cos 


Now, if we take a circle on the plane OPY with centre O and radius 
OP, and consider the arc bounded by OP and 0 Y produced, this arc will 
wrap upon the cone and will coincide with the corresponding arc of the 
circular section of the cone through P ; whence if \ be the angle between 
the plane ZOP and the plane ZOA, 

Zsina x=2xangleP07, 


and 

Hence 


YSin a = tan“i|-. 

to 


= — ?— tan-^f-tan“^ 
^ ^ sin tt to 

, 1 . _i\/cos2a-cos‘^0 , , 

<f>== tan-i ^ tan-' 

^ sin a cos 6 




is the equation of a cone which by its intersection with the sphere of 
radius Zq and centre 0 gives the Y locus, which is also an involute of the 
geodesic on the cone 


725. Inversion. 

The process of inversion may sometimes be employed with 
advantage. This is particularly the case when a twisted 
curve lies on the surface of a sphere. By inverting with 
regard to a point on the surface of the sphere, the spherical 
surface is inverted into a plane and the twisted curve into a 
plane curve, and mce versa. 

Let 0 be the pole of inversion and /c the constant, and let 
the diameter OA of the sphere meet the plane into which the 
sphere inverts at C. Then OA OC~Jc^, 

nn 

00= ^^=c, Hay. 
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Let the element PQ, viz. <55, of a twisted curve on the 
spherical surface invert into P'Q\ viz 6s\ an element of the 
plane inverse curve. 

Then OP^OQ’ 


or ultimately 
Let 



GP=r. 


Then 

and if this integral for the plane curve can be found, the 
rectification of the twisted curve on the sphere will have been 
effected. 



The method may also be used to discover rectifiable twisted 
curves which lie on a spherical surface. 

726. Extension of Art. 230, Diff. Calc,y for Present Purposes. 

The angle between intersecting curves is unaffected by 
inversion. (Extension of Art. 230 of Biff, Calc,) 

If two planes QPP'Q\ RPP'R' intersect in the line PP' and 
if PQ, P'Q' make the same angle with PF in opposite directions 
as also PR and FF, then the angle QPR—Q'FR. For, take 
distances PN and FN' equal to each other in opposite directions 
from P and F respectively on PP' produced, and let two 
planes perpendicular to the line PF be drawn through N and 
N' to cut PQ and PR at Q and P, and to cut FQ' and P'R' in 
Q' and R respectively. 
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Then, from the congruent pairs of triangles PiVQ and P'N'Q\ 
and PNR and P'N'R' respectively, we have NQ—N'Q' and 

NR=N'R\ whilst QNR=Q'N'R, and therefore the triangles 
QNR, Q'N'E' are congruent and QR=Q'R ; whence the angles 

QPR, Q'P'R! are also equal. 

It follows therefore that if PQ, PQ be the directions of 
the tangents at P and P' to inverse elements of curves in the 



plane PP'Q'Q and PR, P'R be the directions of the tangents 
at P and F to inverse elements of curves in the plane PFR'R, 
then, as in this ease PQ and P'Q' make equal angles with PF 
in opposite directions, as also do PR and P'R (as proved in 
Differential Galcuhts, Art. 229, for curves in a plane), it will 
follow that the angle between two curves meeting at P is 
equal to the angle between the inverses meeting at P', Hence 
the result of Art, 230 of Diff. Calc, is now extended to any case 
of inversion, the curves not being necessarily plane, and the 
pole of inversion now lying anywhere. 

727. StereograpMc Projection, etc. 

If we take as constant of inversion the diameter of the 
sphere, and the pole of inversion a point 0 on the sphere, the 
sphere inverts into the tangent plane at the opposite end of 
the diameter through the pole. 

If the constant of inversion be taken as 

diameter - zs 
« — , s/2 . radius, 

V 2 

the sphere inverts into the equatorial plane of which the origin 
of inversion is a pole. 
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In all such cases the inversion amounts to a conical pro- 
jection with the origin 0 as pole of projection. 

When the projection is upon an equatorial plane with 0 for 
pole, it is called a Stereographic Projection. 

In any of these cases, the angles of intersection of any spheri- 
cal curves project or invert into equal angles of intersection 
of the projected or inverted curve. Orthogonal intersection 
remains orthogonal intersection in the projected curves ; curves 
which touch on the sphere project or invert into curves which 
touch, circular arcs which pass through the pole O invert 
into straight lines ; all other cii'cles, great or small, into circles. 
Ex. Consider the rectification of the line of intersection of the sphere 

tji& ^2 02 

with the elliptic cone * 

Inverting with regard to the origin, and with c for constant of 
inversion, the sphere becomes the plane z=c, and the cone remains 

unaltered, but cutting the plane z=c in the ellipse ^+^ — 1 



If P§, F Q' be corresponding elements c2s, d&' of the original and the 
inverse curves, 

where r is the central radius vector of the ellipse to the point P', 
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Hence, taking 0 as tlie complement of the eccentric angle of P', we 
have for the ellipse, 

.r=asin6l, y = 6cos^, r2=a2sin2 0 + 6®cos2^, 

d8'^=(a^coB^d + bHm^d)de^ 
and 


ds = 


-M 


(c^ + b^) cos-* ^^ + (c^ + a**) sm-* 0 
Q cos^ 6 + b^ sin^ 6 


{(c2 ^ 52) COS* 0+(c^ + a*) sin* 0}\/a^ cos* 61 + 6* sin* ^ 


de 


^ COS* ^ + (c* + q*) sin* + (g* + 6* + c*) ^ . 

{(c* + 6*) cos* ^ + (c-* + a*) sin* 6^} ^/ a* cos* d + 6* sin* 0 


L_ . a* + 6*+g* 1 . 

L a Vl - 6* sin* d c^+62 + a*fi* sin* 0 ^ ^/i^e2 g^a ^ J ^ » 


c*. 


ET/zj a*+6*+c* 


where e is the eccentricity. And thus the arc of this curve is expressible 
by the elliptic integrals of the first and third kinds. 



728. Ctiives on Spherical Surfaces in particular. Formulae for 
the Rectification of Curves on a Spherical Surface, analogous to 
the p, T and p, y\r Formulae for a Plane Curve. 

Let APP' be any curve drawn upon the surface of a sphere 
of radius unity Let P, P' be contiguous points, and let 
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arc PP' = Ss. Let 0 be any fixed pole on the sphere, and let 
PY, FY' be the great circle tangents at P and P\ OY,OY' the 
great circle perpendiculars to them from 0, and OAx a fixed 
great circle cutting the curve at A, the point from which s is 
measured. 

Let xOY^yfr, Ydr=Sx}r, OY-j), OT==p+Sp, 

PY=t, FY=t^8t 

Let OP, OP' be the great circle radii vectores of P and P', 
and let OPY = <f>. 

Then, from the spherical triangle OYP, we have 
cos r = cos p cos t and sin p = sin r sin <j> 

Let PN be the great circle perpendicular upon OP'. Thus, 
as in plane geometry, we have 



and 


-I 


dr 

COS0’ 


dr 


i-» 
' sin^ r 


t.e. 


^ f sin r dr 

J s/sinV — sin®^ 

Let OY' intersect PY at Z, then, from the right-angled 
triangle YOZ, ^i^OY= cot YOZ tan YZ, 
i,e. to the first order, YZ = Sy]r sin p. 

Also to the first order, 

p'y'=p'p+pz=^5+«-YZ 

8s-\-t’- sin p Syj/'. 

And in the limit, 


ds dt , , 


^.e. 


s=«-f|sin^ d\}/ (2) 

Formulae (1) and (2) are analogous to 

f r dr , f 

for plane curves. 
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729. Convention of Sign of t Closed Oval. 

In regard to t it is necessary to make a convention with 
regard to sign. It will be in agreement with the convention 
for plane curves, Art. 531, if we fix that t is to be reckoned 
positive when, as in the case of Fig. 185, PY is measured 
from the point of contact in the direction opposite to that of 
increase of the arc s. 

As in plane curves, it appears that if the curve considered 
be a closed oval on the sphere, t returns to its original value 
when integration is taken round the oval. Hence for a 
closed curve surrounding the pole, encircling it once, 



If the radius of the sphere be a instead of unity, which has 
been taken for convenience, the absolute length of the arc 
will be changed in the ratio a : 1, so that if s' and t' be lengths, 
whilst p and r are measured by the angles subtended at the 
centre of the sphere, formulae (1) and (2) become respectively 

s'=af- 7 ====^== and s'=^'+a[sin;pd^//’. 

JVsin2r-sm2j9 J ^ ^ 

730. Ex. In the case of a Loxodrome cutting meridians at a constant 
angle cx, let r, 6 be the co-latitude and azimuthal angle of any current 
point P upon the curve. 



Then <^ = a and sin 7 ?= sin r sin a. 

tt , f sin r dr a 

Hence s = a | — r, 

J N/sin'‘^r- sin’^^jo cos a 

a being the radius of the sphere, r.e. 
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. - j I! 1 arcual radius vector OP . ^ 

Arc of curve measured from the pole = cos'o ’ ••••(«) 

as in the ease of the equiangular spiral upon a plane. (See also Art. 548.) 
We also have in this curve 


^ a sill r 8^ 
a8r 


= tan a, 



sinr 


i.e. 


log 



= 0 cot a, 


if r=ro, when ^=0, ?.e. tan 5 =tan§d®®°**, (&) 

A a 

which IS another form of the property Z=gd(^ cot a), (c) 


already established in Art. 722, a relation between the latitude and 
longitude analogous to that between y and in a Cartesian equation. 

731. To find sinp. 

The expression for sin p in terms of which is required 
in the integration of Art. 729 may be found as follows. Take 
the 2 ?-axis through 0, the pole of the curve. Let C be the 



centre of the sphere and F(x, y, z)=0 be the equation of the 
cone which cuts the sphere in the given curve. 

Then F ia a, homogeneous function of x, y and z. 

The tangent plane to the cone at the point x\ y\ z* of the 
curve is xF^^yF^^-zF.^O. 

The equation of a perpendicular plane GOY through the 
0 -axis is xFy^^yF^^O. 
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F 

Hence tan yjr = i.e. 


Fa' __ Fy^ 


.(A) 


7 af COS\p* sin\/r 

And the perpendicular P ( = ON ^ Fig. 237), upon the tangent 
plane from the pole 0, whose coordinates are (0, 0, a), is 

aFtf 


P=- 


.(B) 




From F = 0 and equations (A) and (B), the ratios x'ly'iz' 
are to be eliminated, and there will result a relation between 
P and say, p^a/(>/r). 


Again, 


a 


= sinp. 


Hence the relation required is sin^= /(^). 


732. Relation with the Polar Curve. 

Let any curve be drawn upon a sphere of centre 0 and 
radius and let the cone with vertex 0, and passing through 



the curve, be drawn. Let a plane through the centre of 
the sphere, and therefore cutting the sphere in. a great circle, 
roll upon the surface of the cone. The poles of this plane 
then trace out two equal loci on the surface of the sphere. 
Either of these equal and similar loci is called the polar curve 
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of the given curve. The great circle arcs which are the lines 
of intersection of the sphere and the plane touch the curve as 
the plane rolls, and are gi*eat circle tangents. 

Let Qi Q be two positions of one of the poles corresponding 
to the great circles PT, PT, intersecting at T and touching a 
curve Cl drawn upon the sphere. Let the curve locus of Q 
be referred to as the curve Cg. Drawing the great circles 
PQ, TQ, TQ\ FQ\ we have 

PQ = TQ, both quadrants, 

TQ'=P'Q\ both quadrants, 
and TQ^TQ', both being quadrants. 

Hence, in the limit when P' and P are indefinitely close, 
T ultimately lies upon C^, and is the pole of a tangent plane 
to the cone with vertex at 0, which cuts the sphere in Og. 
Hence the relation between the two curves is reciprocal. 
Each one is the locus of the poles of tangent planes of the 
cone which defines the other. If QRQ' be the great circle arc 
joining Q and Q\ T is its pole, and the poles of all great circles 
which pass through T lie on QRQ' or QRQ' produced, that is 
the great circle chord QRQ' of the arc QQ of is the path of 
the poles of great circles through T. 

The figure bounded by the arc QQ' of the locus and 
the great circle arc Q'RQ is thus the reciprocal of the figure 
bounded by the arc PP' of the (7i locus and the two great 
circle tangents TP, TP'. Also the angle between two great 
circles being the same as that subtended at the centre by 
iheir poles, we have 

Angle PTF=t-Q 0Q', i.e. tt-^QRQ', 

733. A Theorem given by Schulz. 

Let a circumscribed polygon consisting of an infinitely large 
number of infinitesimal great circle tangents be drawn to the 
one curve 0^. and let the reciprocal inscribed polygon of great 
circle chords be drawn in Og. Then, if the angles of the one 
be A, B, 0, D, and the angular measures of the corre- 
sponding sides of the other be a', b', c', d',... , we have 

A = Tr’—a', — V, etc. 
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We have Area of the polygon ABGB — 

(Todhunter and Leathern, Spherical Trigonometry^ Art. 129) 

=[S(7r— a')— (91— 2)7r]r2 

=(27r-2a')r2 

=2(Tr—s)r\ 

if s' be the angular semiperimeter of the polygon A'B'CD ',.. . 




This remarkable relation is stated by Todhunter and Leathern 
as “ referred to ” by Schulz, Sphank, ii., p. 241.* The author- 
ship does not appear to be clear. Proceeding to the limit 
when the sides are indefinitely small, if (Ci), (Pi) be the area 
and linear perimeter of Cj, and (C^)? {P 2 ) linear 

perimeter of Cg, we have 

(Gi)+r(P^)=2Trr^=\iBM the surface of the sphere, 
and similarly 

that is 27rr^^(Gi)=r(P2) and 27rr®— (C 2 )==r(Pi). 

Thus when the area of the one curve can be found, the 
perimeter of the other can be found and vice versa. 

*See also Williamson’s Integral Ccdcvlvs, Art. 188. 
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It appears also that the area included between either curve 
and any great circle which it does not cut is equal to a 



rectangle of length the perimeter of the other curve and 
breadth the radius of the sphere 

734. Formula analogous to that for the Area of a Plane Curve 
in Polars. 

It is a well-known result in the mensuration of a spherical 
surface that the area of any belt on a sphere is equal to the 
corresponding belt on the enveloping cylinder whose axis is 
perpendicular to the bounding planes of the belt. Let APA' 



be any small circle of a sphere of radius a. Let 0 be the pole 
of the circle and OP any great circle radius vector from 0 of 
length r, subtending an angle p at the centre. Then the area 
of the spherical cap cut off by the small circle 
—2Ta(a—a cos p)=2'7ra^{l —cos p). 

Let the a 2 dmuthal angle of OP be 0. Then we have for 
the area between OP and OP' for which d is increased to d-\-Sd, 

Area OPP ' X 27ra*(l — cos p) 

==a\l— cos p)S6, 
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analogous to the result Jr® 50 for a plane (and indeed becoming 
when we put - for p and the radius a becomes oo). 

CL 

Hence, taking p, d as coordinates, we have for the area of 
any portion of the spherical surface bounded by a curve on 
the sphere, and the meridians 6=^2 > 

( 1 — cosp)d 6 , 

J0l 

in the same way as A=^^r^d6 for a plane area (Art. 407). 

If the curve be an oval encircling the pole 0 once, 

^=za2[ (1— cosp)rfd=2xa^— cospdd. 

Jo Jo 



The area therefore between the curve and the equatorial 

plane of 0 is pn 

a® I cos pddj 

Jo 

or if we use I for the latitude, ^.e the complement of p, and d 
for the longitude or azimuthal angle, 

{ 2ir 

sin I do. 

0 

If, then, this integral be evaluated for the polar or reciprocal 
curve Cg, the result will be aPp i.e. 

r27r 

Perimeter = P^ = a I sin Z d 9, 

Jo 

(Z, 0) being the latitude and longitude of a point on the 
reciprocal curve. 
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Illustrative Examples. 

Ex. 1. To test this result in a known case, take Ci as a small circle 
with pole at 0 and of angular radius p. Its perimeter is obviously 

^rra sin /). 

The polar curve is another small circle of angular radius and 

therefore the latitude of any point on it is p, in this case a constant. 

The formula gives /^tt 

— sinpc^^ = 27ra sin p, 

which is in agreement with the stated result 


Ex. 2. Find the length of the spiral, traced on a sphere, whose 
reciprocal is defined by the equation 4p=d corresponding to limits 
for 6 from 0 to 27r, p and 6 having the meanings assigned to them in 
Art. 734. 

The area between the reciprocal spiral and the equatorial plane is 
a'^j^ cos^d$=4a^. 


Hence the perimeter required = 4a, i,e. twice the diameter of the 
sphere. (Fig 243.) 


O 




Ex. 3 To find the area bounded by any arc of a great circle and two 
spherical radii vectores 

Let the plane of the great circle be at right angles to the plane of the 
paper and cut the meridian in the plane of the paper at a point A whose 
co-latitude is a. (Fig. 244.) 

Then the equation of the great circle is 

cos 0 = cot p tan a, 

from the spherical triangle OPA, right angled at A. 

Then we have 

ffla 

Area = (1 - cos p) 


Q/fl \ 9 COS cot CL 
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and the integral 

f cos 

eg sin d 

J V cot^ a cos^ ^ + 1 J Vcosec^a — cot^asin^^^ 

eg sin 0 

Vsec^a — sin^d 
=tan a sin-^(8in 6 cos a). 

Hence the area between two radii making angles and 02 with the 
meridian in the plane of the paper is 

«*(^a“0i)-a2Csm“i(sin^2COsa)-8in-i(ain^iCosa)3. (See Art. 781.) 

735. The Case of a Sphero-conic. 

Def. a sphero-conic is the line of intersection of a cone of 
the second degree with a sphere whose centre is at the vertex 
of the cone. 




Let the equation of the sphere be x^+y^+z^=d^, and that of 
the cone 

The reciprocal cone has for equation 


Putting p for the co-latitude and 0 for the azimuthal angle of 
any point, we have x=d sin p cos 0, ^=d sin p sin 0, z=d cos p, 
and the equations of the sphero-conic and its reciprocal become 
respectively 

^c<.l'p-a“»s-9+6'»n>9 


62 


in p, 6 coordinates. 
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The area bounded by the arc of the sphero-conic 

cot^p cos^O sin^0 
/•2 


a‘ 




and the meridians 0 =0, d = d is given by 
= (1—cos p) dd 

/ g^sin^g+b^coa^g 
Jo^ >a*(6®+c*)sin*0+!)®(a*4-c*)cos*0 
=d\d-cl^),sa,y; 
and putting 




a sin 9 b cos 0 


sin cos X 
d0=- 


i e. tan d = - tan v, 
a 


whence 


a^cos^X+^^sin^X ’ 


j r abc 


ahdx 


and 


; 0 w sin^x %/ + c^) — (a^ - 62)sin^X 

^ T,/ joF^ o*-6*\ 

aN/a*+c*^\^’ Va*+c*’ a® / 

d^hc 


and is therefore expressed in terms of a Legendrian integral 
of the third species. 

For the reciprocal sphero-conic c^Qoi^ p=^a^co^^9-\-hHiTi^9 
the area bounded by the arc and the meridians 9 = 9 and 


d=^ is given by 

ir 

A^ = — cos p) dd 


-U^- 4 , 


a^cos^d-ffe^sin^d 


in^e} 


' (a2-|-c2)cos2d-h(6*-hc2) sin^d 

V 

= d2g_0_[jJJ,gay; 


d9 


and putting 


6sind acosd . . ^ a . 

-— — =— : , %e. tan d = T cot Y, 

cosx smx b 
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we have 
nf 


(ArtS88,E..7); 

whence 


n {tan-igcote) , 

c /a^a 

aVaHi*’ a* jJ’ 

and the area of the same curve from 0=0 to 0=0 is 

where 11 is the same elliptic integral as occurs in the value of 
and Hi is its complete value. 

736. Again, for the Rectification of 

cot^p cos^0 sin2 0 

c2 “ 62 » 

the tangent plane to the cone 

at any point P(cc', 2 ') of the sphero-conic AFB (Fig. 24.5) is 

( 1 ) 


a2“^62“"c2’ 


and the perpendicular plane QGY through the 2 -axis is 

y' ^ 

^h-ya^=^> 


6* 

. , aV 

giving tan>/r=g^,, 

where is the azimuthal angle of the plane OQY, ^.e. 


.( 2 ) 


^2 COS 62 sin y\r 

Also the perpendicular ON {=P') from the pole 0 upon the 
tangent plane at P, viz. OPY, is given by 


1^- 


hi 
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Therefore, if be the angle OGY subtended at O 
great circle arc OY, P'=^dsmp, and we have 

®in^~V(aa+c2)cos2i/r+(6Hc®)sin*i//- ’ 


as/ft^+c^ V ’ 

(Art. 388, 

Hence, if s and t be the lengths of the arcs of the £ 
conic from P to 5, and of .the 'tail’ PY respectively (Fig. 


' a Jh^+ 


ir 

'=^+d| Bin pd\[r 

aVfea I aJL 


and i remains to be found. 

Now t is the arcual measure of the great circle arc JP I 
The equations of GY, OP (0 being the centre of the fc 
are, from (1) and (2), 

^_y g A ^ y ^ 

? t 

a* 62 z'\a*'''6V 


Hence 


cos (^jj=cosrCP= 
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Also 


a 


y. 

b 


I 

c 


acosyfr bsinyjr ^a^cos^xpr-i-b^sm^x/r 


d 


Va^(a2+c2)cos^\//'+6^(6^+c2)sin®\/r ^ 


cos 


\l (a^+c^)cos^>/^+(6^+c»)siDV 


x|r 

Hence t is found, viz. 

. , 1/ ,-5 — ,-T - o . g , I (a^ 4 - c2 )cos‘^ \lr+(h'^+c^) sin^ \}/ ) 

the negative sign being prefixed because FY is measured from 

P in the direction of the measurement of the arc increasing 

from P to B. (See Art 729 ) Finally then we have 

arc PB , c , 

< — ^ — =— cos ^l^/o^cos^^ir+Psin^ 




(a^+c^)co3^>//- + (b^+c^)sin^^/^ 1 
(a^+c^) cos^ \p' + b^(b^+c^)Bin^\jj'j 


+ 


62 


as/b^+c^ 


tt/ r C ^ 2-621 

^l^’aV6Hc®’ a* }• 


737. Mr. Burstall’s Theorem. 

A remarkable property of the curve is established by Mr. 
Burstall, in vol. xviii. of the Proceedings of the London 
Mathematical Society, giving a result analogous to that of 



Let AB be the sphero-conic represented for convenience 
upon a plane, and let A'B' be an arc of the reciprocal 
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sphero-conic, A being an end of the major axis of the one 
and A! being the corresponding point on tlie reciprocal curve. 
Let P and P' be corresponding points of the sphero-conic and 
its reciprocal , and let A'RP' be the great circle chord of the 
reciprocal sphero-conic; and AT, PT the gieat circle arcs 
tangential at A and P. 

Then, since the areas ATPMA and A'LFRA' are reciprocal 
areas, we have 

d(AYQ ^P+tangentPP+tangent TA)^2ird^ - areaof A'LFRA'. 
Now, putting A and A' for the spherical areas OA LF and 

OARP respectively, A' OP'^ff, and 

j r Ja^ cos^g 4- sin^i 9 

~ J 7(a2+ c^) cos2(9 -h (62 -h c2) sin^ 

the same indefinite Legendrian integral that has occurred 
both in the rectification above and in the quadrature of the 
reciprocal curve with specified limits, we have 

Arc AP-\- tang. PT -f tang. TA = 27rd— ( A — A')/(i, 

and 

A==(i 2 f (1— cos/))(i0, where c®cot 2 /)=a®cos® 04 -Z>^sin 20 , 

whilst A' can be found free from elliptic integrals (Art. 734j, 
Ex. 3). 



Fig. 247. 


Again, as in Art. 736, if Q be any point of the original 
sphero-conic, QY' the great circle tangent at Q, and OY' the 

great circle arc perpendicular to it, AOY' being 6", 

Are AQ+Ung.QY'^d.Fj, 
and Arc AP-|-tang.TP+tang.rA=27r^ — (A— A')/d 
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If then we take the angles AOQ{Q") and A'OP'{6') equal and 
eliminate the integral, we have 

Arc AP + tang. TA + tang. TP +d 0'—^ 

= 27r(? -|- arc + tang. QY\ 

or 

Arc AQ— arc AP=t&ng. TA+tang.TP—tang QY' + d.O'—A'Id 
— circumf. of a great circle, 

giving the difference of two arcs in terms of certain arcs of 
circles and A'. 


A' 


Fig. 248. 

Hence we have the difference of the arcs AP, AQ expressed 
in terms of elementary functions, free from elliptic integrals, 
which is Mr. Burstall’s result, and in its peculiarity resembles 
Fagnano's result for a plane ellipse. 

7 38. Artifices for the Construction of Rectifiable Twisted Curves, 
Some artifices for the construction of rectifiable twisted 
curves may be noted 
1. If we take 

x=ju^dt, z—jvHt, 

where u, v are any functions of i at our choice, we have 
(s ) “ and ^ 

Hence J(u^ + i/^)dt=a;+Z’h const.* 

* For a very similar method, viz taking 

y~J sl2f{x)dx, z=Jfix)dx, 

see Williamson’s InL Calc , p. 244. 
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E,g» consider the line of intersection of the cylinders 




Putting 


we have the case 

u=t, v=l and 5=.a7‘l-2: + const 

2 If we take 

x-j(u-‘ v)(u-w) df, 


y=: j {v-w){v--u)dt, 


I 

I 

where i£, v, w are any functions of t at our choice, then, since 


'2('u-vy{u-w'f= (SiV? - 

we have 

da ^ ^ dx dy .dz 

and 

s=a?+y4‘^+C. 

E,g, taking 

«=0, t;=l, 


^-\-t 

®~2’ 2' *“3“2’ 

whence we have 

.*. (x+yy=2x, 3(2+^)=(^+y)^ 

the equations of 

the curve. 

And for the rectification, 


5= ^ - 2-4- «+const. =ir+y + 2 + (7, 

and any specified limits may he taken. 

3. Again, if we take 

SG = 

li 

I 

II 

I 

we have 

[^J='Z(v-w)*^2au^-2vwy‘, 

and 

«=\/2 ^ J 2w<#^+const. 




and the values of n, v, w are at our choice, as before. 
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In all these cases if w, v, lo be chosen as rational integral algebraic 
functions of t, the equations of the curve can be found and its length 
between any specified limits. 

4. Similarly, other algebraic identities which express the sum of three 
squares as a constant multiple of the square of a fourth expression may 
be used in the same manner to construct rectifiable twisted curves 


Hence, putting 

dl V 2« J’ dt-'‘ 

with any arbitrary choice oi as functions of we have 

It will be noted that all these methods proceed with a view to making 

(^) ’^(^) ^ square and avoiding the necessity of 

integrating an irrational expression. 

5 One type more may be given illustrating the construction of a 
rectifiable twisted curve upon the same plan, but of non-algebraic 
character Taking u, v, w any arbitrary functions of put 

fdu C du , r du 

-^sinvsimvdtj j -g^sinvcoswa^, ^coavdi. 


Then 

Kg. taking 

Then 

the curve being 


ds d\i . , ^ 

di=di «=«+const. 

v=iw=t and ^=2? 

= t sinH, taint cos t, ^—tcoa t. 

^ di ’ dt 


dx 

dt 


= ^ 


.=1 + 0 , 


8.17 = 2^® - 2< sin - cos 2^, 

8y = - 2i cos 2i + sin 2i, 

2!= ^sini+cosi. 


Methods 1, 2, 3, 4 either give rise to unicursal twisted curves, viz 
those in which the coordinates x, y, z can be expressed as rational 
algebraic functions of a single parameter t or may bo made to give use to 
curves in which .r, y, z and s are irrational functions of f, this depending 
upon the choice made for u, v, w. 



770 


CHAPTER XX. 


739. Generalised Formulae. 

If the Cartesian coordinates of a point x, y, % be expressed 
as functions of any other three independent parameters 
u, V, w, as 

X=fi(u, V, W), y=fz{u, V, w), Z =fs(u, V, w), 

then dx=^du-\^dv+^-dAV, dy = etc., da = etc. 
du dw ^ 


And if we write 


“-©‘HD*-©’ 


^_Jdx dx Zy 'dy 'dz 'dz _ 
^~~dvdw dvdw'^dvdw' 


'dx Bag 
dwdu 


+ +, 


r 'dxdx , ^ 


we have, for the element of distance ds between a?, y, z and 
aH-dkc, y+dy, z+dz, 

= a + b dv^ + c dw^ -f 2/ dv dw + 2g dw du -^^hdu dv^ 

and for two assigned relations between u, v and defining a 
linear path for a?, y, z, we have the rectification formula 

s = f [a du^ + b dv^ + c dw^ -]-2f dv dw + 2g dw dw+ 2h du dv]^. 


740. If one relation only between w, v and w be assigned, 
X, y, z travels on an assigned surface. Let the relation be 
X(^^, V, w)=^0. 


Then 


^ dU’^^dv-\-^dw=0, 
dv dw 


and this being a linear relation between du, dv, dw, one of 
the letters u, v, w, and one of the differentials du, dv, dw 
maybe eliminated, and the square of the linear element ds 
may then be expressed as 

ds^ = E du^ -\-2Fdudv~\‘& dv^ 


where the forms of x, y, z are now 

aj= v), 2/ = ^ 2 ^ v). 

The values of F, F, G derived from these equations are 

/dxY 


\duJ yduJ \du/ ’ du dv'^du dv^dudv' 
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741. The quantity EG—F^ is essentially positive. 

For EG-^F^= ^5 ^ -f two similar expressions 

'dy 02 ; 

'dv ’ 'dm 


\d(u, v)f i;)J v)J 


\d(Uy v)} v)i ^ [d('ib, v)j 

= J2^4 say, and is positive. 

742. Eliminating dw, dv from the equations 

we have das -j- Jg d^/ + J3 ds? = 0, identically, viz. the differenti al 

equation of the surface on which the curve lies. 

743. Dr. Salmon (Solid 6eom,, p 252) shows that the 
differential equation of the lines of curvature is 


dx 

dy 

dz 



'T, 

dJ^ 

dJ, 

dJ^ 


and obtains in terms of u and v a formula for the evaluation 
of the principal radii of curvature. 

744. Now ds^ is the square of the linear element connecting 
the point u, v with the point n+^u, v+Sv^ and lies on the 
surface ^ y = ^ ^ 



Fig. 249. 


If we travel along a line for which v is constant, we have 
d(y^ — jEdu, and if we travel along a line for which u is 
constant, we have dv, and ds is the corresponding 
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diagonal of the infinitesimal parallelogram whose adjacent 
edges are cJci, dcr^. Let co be the angle between them. 

Then ds^=E du^+2>jEG du dv cds tj+G dv ^ ; 
whence it appears that 


cos (0= -7== and 


sina)= 


sjEG-F^ 


jm 

and that the area of the elementary parallelogram 

= dcTi cJa-2 sin o) = JEG —F^ du dv. 

We therefore have also a formula for the quadrature of 

the surface, viz. ff , 

S=UjEG--F^d'iidv 




When the two families of curves on the surface, viz. 
const., 1; = const., cut orthogonally, we have 
cosct)=0 and J=0, 


v\ S=^^jEGdv,dv, 

This will necessarily be so, for instance, when ^6= const., 
const, are the equations of the lines of curvature on the 
surface. 



PEOBLEMS. 


1. Show that the equations of a Ehumbline on a sphere of radius 
r may be written as -h + ^2 — r\ 




itan~^- 

X 



2. Show that the curve of intersection of the cylinders 

2 

2/2 = 8aa;, x~ae\ 

IS given by s — x-\-z + const. 

3. A sphere of diameter K touches the plane of an ellipse of 
principal axes a, h at its centre C. A is the other end of the 
diameter of the sphere through Q. The ellipse is projected on to 
the sphere by lines through A, Show that the length of the curve 
so described will be 

. |^ A?\/fl2sin2^ + 62cos2<^ 

Jo A^ + ^i^cos2<^ + i2sijj2<^ [St. John’s, 1884.] 
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4. A curve is drawn upon the surface of a sphere such that 

<^> sin ^ = const., 

<l> being the longitude and 0 the co-latitude of any point. 

Show that s = is the length of the arc between 

points where 6=6^ and and a is the radius of the sphere. 

Givo a sketch showing the nature of the curve sin ^ = 1 upon the 
sphere r = a. 

5. Show that the line of intersection of the sphere 

r = c cos 6 

and the cone = - a 

c 

IS rectifiable, and that 5 = sec a 

Also show that the conical projection of this curve on the sphere 
upon the tangent plane at the end of the diameter remote from the 
origin, the origin being the pole of projection, is an equiangular 
spiral Hence deduce the same result by inversion. 

6. Show that the curve of intersection of the sphere 

and the con e ( 2!c2 + 2y^ + (x^ + y^) 

projects conically from the origin into a cardioide upon the 

plane z=2a. Hence obtain the rectification of the twisted curve 

7. Show that the length of the arc of intersection of the cylinders 

x^ = 2y, I 
a^ — QZj J 

measured from the origin to any point x, y, z, is x + z. 

8. Show that for the curve 

60a; 3y z 

- 45 - 40/5*-^ - "" 3^ ^ 

the arc measured from the origin, is given by 
s-Ha;= const. 

9. In the curve for which 

J=Ki-o*(i+o, 

show that .S’ = ic 4- ^ + 2 ; -h O'. 


774 


CHAPTER X3l. 


10. Show that in the curve of intersection of 

r=a cos 0 and cos2^ = tan2^, 

J_\ _ sinxeosx 1 
2v/ 2L V2/ v/l-isin^xJ 

where sin x = v/2 sin 

Show that the inverse of this curve with regard to the origin is a 
lemniscate, the constant of inversion being a. 

11. Show that the rectification of the line of intersection of 


+ and y^^4:cx 

is given by 



and show that this curve can he inverted into a parabola lying upon 
a tangent plane to the sphere. 


12. A Loxodrome is drawn on a sphere to cut all the meridians at 
the same constant angle a ; show that the area of the surface of the 
sphere, included between any arc of this curve and the two 
meridians through its ends, is 


tan a log 


1 + sin 
1 + sin ^ 2 * 


where and are the latitudes of the ends of the arc and a is the 
radius of the sphere. [Ox. EL P., 1900.] 
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VOLUMES AND SURFACES OF SOLIDS OF REVOLU- 
TION, AND THEIR CENTROIDS. 


745 Volumes. 

Supposing the 2 ?-axis to be the axis of revolution, the 
typical equation of such a surface is 
cca+2/2=/(2?). 



It is formed by the revolution about the 2 ;-axis of the curve 
y^z=f(z) which lies in the y-z plane 

It was shown in Art. 24 that the solid contained by this 
surface and the planes z=z^, z=z^, is to be obtained by the 

formula ch 

iry^dz, 

J*i 

775 
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y being the perpendicular from any point of the revolving 
curve upon the axis of revolution. 

It is obvious that if we regard the surface as defined by its 
three-dimension equation we must replace the 

and the dx of Art. 12 by and dz respectively. The 

formula therefore will stand as 

746. More generally, if the revolution be about any line 
AB in the plane of the curve, and if PiV be any perpendicular 
drawn from a point P of the curve upon the line AB^ and 
F'W be a contiguous perpendicular, the volume is expressed as 



or if 0 be a given point on the line AB, 

V=^irPN^d{ON), 

the limits being the values of ON which mark the terminal 
planes of the solid formed. 
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747. niustrative Examples. 


1. Find the volume formed by the revolution of the loop of the 
<5urve Ex. 3) about the ^-axis, ie. the volume 

bounded by the closed portion of the surface 

(y2 + z^)(a +:»)=: 3(^{a - x). 


r® CL“ X 

Here volume = tt / 

jo 

Putting a-^-x—u, this becomes 

l'^^(u-af(2a-u) 


du 


r2a /9^3 \ 

= 7r / y—-ba^-\riau—u^jdu 
= T |^2a3 log %L - ba^v, + 2ait* - ^ jj 


2® 

a 


= 2-a’[log2-S]. 


2. Find the volume of the spindle formed by the revolution of a 
parabolic arc about the line joining the vertex to one extremity of the 
latus rectum. 

Let the parabola be y^—^ax. 


Then the axis of revolution is ^=2^, and PN= 


?/ - 2.r 
sTb 



Hence 252. 


Volume= J TPIPd{AN) = irjj (l + 2 

47r 2ira®\/5 

“5^5^ 6“ 76 


748. Surfaces of Revolution. 

Again, if S be the area of the curved surface of the solid 
traced out by the revolution of any arc AB about a given line 
ZF in its plane, let PN, QM be two adjacent perpendiculars 
from points P, Q of the arc upon the axis of revolution, Sa 
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the elementary arc PQ, SS the area of the elementary zone or 
belt traced out by the revolution of PQ about XY, 


B 



Let and be the greatest and the least of the perpen- 
dicular distances of points on the arc PQ from the axis of 
revolution. Then we may take it as axiomatic that the area 
traced out by PQ in its revolution is greater than it would 
be if each point of PQ were at the distance from the axis, 
and less than if each point were at a distance p^^ from the 
axis, i.e, 8S lies between 

^Trp^ Ss and ^irp^ Ss. 

Also p^ and p^ differ by a small quantity of at least the 
first order from PN. Hence 2^^?^ Ss and differ by a 

small quantity of at least the second order from 2irPN Ss 
Therefore in the limit we have 


dS 

ds 


=^27rPN 


or 


iS=|27rP2\rcfo. 


749. Variotis Forms of the Formula. 

If the axis of revolution be the jc-axis, this may be written as 


jS=j27ryds, ^2iry^dx, 

j 2 T 2 /^dr, etc.. 
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as may happen to be convenient in any particular example, 
the values of etc., being obtained according to 

the rules of the Differential Calculus, viz. 


I- 




750 Centroids. 

The centroids, both of the surface and volume of a solid of 
revolution bounded by planes perpendicular to the axis of 
revolution, are plainly upon the axis of revolution, supposing 
the surface density and the volume density in the respective 
cases to be either constant or some function of the distance 
from a point on the axis of revolution, Le. so that the distri- 
bution of density is symmetrical about the axis. 

Take the aj-axis as the axis of revolution, <r the surface 
density and p the volume density, both symmetrical as to the 
axis, and functions of x alone, so that the elementary zones in 
the one case and the elementary discs in the other case, into 
which the surface or volume is divided, have their own 
centroids upon the axis of x, and we have, on application of 

the formula ^ = 

2m 

(1) For the Surface, 

|((r27r2/ ds)x ^(rxy ds 

^{cr^iry ds) Jcry ds 

(2) For the Volume, 

^{pTry^dx)x ^pxy^dx 

^{pTty^dx) ^py^dx 

It is to be noted that in the first case s is left as the inde- 
pendent variable ; in the second case, x. 

If it be desirable to take cc or 0 as the independent variable 
in the first case, we must replace ds by 


dx or 




as the case may be. 
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la cases where p or or are constants, they of course disappear 
from the formulae. 


751. Ex. 1. Pmd the surface of a zone of a sphere bounded by parallel 
planes 

If a be the radius of the sphere, and $ be the latitude of any point P 
on the sphere, we have (Fig. 254) 

S—j2jracoa0cls and ds—adB 
=27ra^^sin 
=2ffa2[sin - sin d{\ 

and therefore equal to the corresponding 
belt intercepted upon the enveloping cylinder 
by the same planes, the i?-axis being the axis 
of the cylinder. This is the result usually 
arrived at in a Newtonian manner m books on Mensuration. It has 
already been used in Art 734. 

Ex. 2. Find the surface of a belt of the paraboloid formed by the 
revolution of the curve y^=4tax about the ^-axis 



=27ra^j^“ 


Fig. 254 


Here 


and 


^=^2. ^=Vi+-- 

dx ^ so dx " X 
S—2 t J^^^ dx=4irsfa J^\/x+a dx 

and since for the parabola the radius of curvature is given by 


we have ^=-^(p 2 -Pi), 

where /Oi, pg the radii of curvature of the generating curve at the 
points where it is cut by the planes bounding the belt. 

Ex. 3 The curve r=a(H-cos^) revolves about the initial line. Find 
the volume and surface of the figure formed. 

Here ^ ~ f sin® 6 d{r cos 6) 

= TT + cos sin® ^ . GBc? (cos B + cos® B\ 

the limits being such that the radius vector sweeps over the upper half of 
the cardioide. 


1 
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Hence (^ + cos +2 cos6>)sin3 0£^0 

= 7 ra* J ( 1+ 4 cos 6> + 5 cos* 6-j-2 cos* 8) sin® 6 dO 

= 27ra® J (1+5 cos*0) sin®0 dd 

STra® 

3 



Again, 

iS=27r j^ds=‘'27r J ^sin 

=27rJ^ a(l + cos 0 ) sin 6^ Va2(l +COS 6^)*+a* sin*6/ 

= 27 ra* J (1 + cos 8) sin 6> . 2 cos ^ d8 

r* 8 6 

= 167ra‘- j cos^ ^ sin | 

= 327ra2 ~ cos® | J = ^ird^. 

Ex 4. Find the centroid of the solid formed in the last example, the 
volume density being uniform. 

The centroid obviously lies upon the axis. To find its abscissa x we have 



The denominator has just been calculated, viz.=57ra®. 
The numerator 


= irjr 


cos S , r* silt* 0 d(r cos 9) 



cos 9 sin*0 d(cos 8 + cos*^), the limits being tt and 0 
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= ira^j (1 -h cos df cos 0(1 + 2 cos 0) sin®0 dd 

= 7 ra * J (cos0+5cos*0+9coa*0 + 7cos*0 + 2cos®0)sin®0ci?0 

T 

= 2ira^ j (5 cos® 0 + 7 cos* 0) sin^ 0 dO 

2r(i) 2r(f) J 


r5 2 2 7 2 2 

1 32ira* 

L2’5*3'‘‘2‘7 1 

U“ 16 


Hence 


- 32-7rfl6* 

^““15 


1 8ira® - 

/^=|a 


Ex. 5. Find the centroid of the surface formed by the revolution of 
the cardioide, as in Ex. 3, the surface density being uniform. 

Here 

^ ^^TTI/ds * 

The denominator was calculated m Ex 3. 

The nu merator = 27r 1 r cos 0 . r sin 0 ^ d0 

JQ du 

0 . 

^ 2® 

= S^Tra^J cos® I si n ~ ^2 cos® f “ ^ ) 


= 27r a® (1 + cos 0)®. cos 0 . sm 0 . 2a cos ^ d$ 


dd 


=647ra® 


7 ^ 9 _.o 


Hence JC=^^ira^l^Tra^=^a. 

Ex. 6. As an example of the case when a? and y are given in terms of a 
third variable, consider the ease of the surface of the solid formed by the 
revolution of a cycloid about the line of cusps 

0 

Here a7=a(0+sin 0), y=a(l-cos0), (fo=2a cos^d0, and the perpen- 
dicular from y upon the line of cusps = a (1 +cos 0). 

Hence S=2 f 27ra(l + cos 0) 2a cos f d0 

Jo 2 

= 16 ira 2 jr"cos 8 |<iS 

=327ra®f co^ <j>d<l>, where <l>=s, 

Jo 2 

847ra® 
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752. The Theorems of Pappus or Guldin. 

When any plane closed curve revolves about a straight line 
in its own plane which does not cut the curve we have the 
following theorems : 

I. The Volume of the ring formed is equal to that of a 
cyhnder whose hose is the revolving curve and whose height 
is the length of the 'path of the centroid of the Area afthe curve, 

II. The Surface of the ring formed equal to that of a 
cylinder whose base is the revolving curve and whose hevght is 
the length of the path of the centroid of the Perimeter of the 
curve. 

These theorems were given by Pappus, in his Mathematical 
Collections, in the latter half of the fourth century, and redis- 
covered by Guldin, and published in his Gentrobaryca early 
in the seventeenth century.^ 

753, Theorem I. 

Let the ic-axis be the axis of rotation. Divide the area (A) 
into infinitesimal rectangular elements with sides parallel to 
the coordinate axes, such as P 1 P 2 P 3 P 4 in the accompanying 
figure, each of area SA. 

Let the ordinate P^N^=y. 

Let rotation take place through an infinitesimal angle S9. 



Then the elementary solid formed is on base SA, and its 
height to first order infinitesimals, is y S6, and therefore to 
infinitesimals of the third order its volume is SA.y Sd, 

' Cajori, History of Matli&maticSf pages 59, 167. 
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If the rotation be through any finite angle a, we obtain by 
summation or integi*ation, 

SA.y ,a. 

If this be integrated over the whole area of the curve, we 
have for the volume of the solid formed, 



Now the formula for the ordinate of the centroid of a number 

of masses with ordinates 2 / 2 ? •••> i® 

Hence the ordinate of the centroid of the area of the 
revolving curve is 

^ydA ^ydA 


dA 


and therefore 
Hence 


^ydA=Ay. 

the volume formed = (ay). 


But A is the area of the revolving figure, and ay is the 
length of the path of the centroid of the area. Hence the 
theorem is established. 

If the curve perform a complete revolution and form a 
solid ring, we have 

a=27r and 7 =ii( 27 i^). 


754. Theorem II 

Again, take the axis of revolution as the a;-axis. Divide 
the perimeter s into infinitesimal elements, such as of 

length 8s. 

Let the ordinate PJ^^ be called y. 

Let rotation take place through an infinitesimal angle 89. 

Then the elementary area formed, P-^P^^Q^Q^y is ultimately a 
rectangle with sides 8s and y 89, and to infinitesimals of the 
second order its area is 8s. y 89. 

If the rotation be through any finite angle a we obtain, by 
summation or integration, 8s . ya. 
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If this be integrated over the whole perimeter of the curve, 
we have for the curved surface of the solid formed, 


a j y da.- 

If y he the ordinate of the centroid of the perimeter of the 
curve in the plane of x-y, we have 


Then 



and the surface iovmQd—s(ay). 

But s is the perimeter of the revolving figure, and ay is the 
length of the path of the centroid of the perimeter of the 
revolving curve. Hence the theorem is established. 



If the curve perform a complete revolution and form a solid 
ring, we have 0=2^, and its surface is 

S=^s(2iry). 


Illustrative Example. 

The volume and surface of an ** Anchor-riiig” or “Tore” formed by 
the revolution of a circle of radius a about a line in. the plane of the 
circle at distance d from the centre (d>a) are respectively, 

Volume = Trd^ X 2ird = 2ir^a^d, 

Surface =27ra x27ro?=47r^ac2. 
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In this case the centroid of the peniueter and the centroid of the area 
are at the same point, viz. the centre of the revolving figure. This of 
course would iwt generally he the case. 

755. Precautions. 

In these tlieorems it has been stated that the axis of 
revolution does not cut the curve. If the curve consists of 
more than one closed oval, it is to be further noted that the 
whole portion to which the rules apply must lie on one side of 
the axis of revolution. 

When the axis of revolution cuts the curve, or when regions 
bounded by the curve lie on opposite sides of the axis of 
revolution, the theorems, both as to volume and surface, give 
the difference of the volumes or surfaces traced by the portions 
on opposite sides of the axis of revolution. 

756. Note by Mr. Eouth. 

Again, it has been pointed out by Mr. E. J. Routh {Anal. 
Staiics, vol. i., p. 293) that during any elementary rotation 
through an angle SO, the axis of revolution need only be an 
instantaneous axis of revolution. Let Q be the centre of gravity 
of the revolving area A, G' a contiguous position of the centre 



of gravity, Ss=GG\ and let the plane of .4 be always at right 
angles to the tangent to the path of 0. Let I be the centre 
of curvature of ffs path. The rotation through SO may be 
regarded as about a straight line through I perpendicular to 
the plane GIG', and the volume generated is 

Ax IQ SO or A Ss. 
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And integrating, tlie volume generated is 

Area x length of the path of the centroid of the area. 

And further, for the theorem with regard to the surface ; if 
the plane of the revolving curve be always at right angles 
to the tangent to the path of the centroid of the perimeter, 
the surface generated is the perimeter of the revolving 
curve X length of the path of the centroid of the perimeter. 

Ex. A circle of radius c (<b) moves with its centre on the ellipse 
the plane of the circle being perpendicular to the direction 
of the tangent to the ellipse at the centre of the circle. The volume and 
surface of the ring generated are ttc^P and ^ttcP respectively, where P is 

the perimeter of the ellipse, i.e. 4aE(^j when ¥=a^(l-e^). 

In this case the centroids of area and perimetfr of the moving curve are 
the same point, viz. the centre of the circle 

757. Axis not in the Plane of the Curve. Extension for the 
Theorem as to the Volume. 

Consider next the case when the rotation is about a line not 
in the plane of the area, but parallel to it 


s 



Fig. 269. 



Let SxSy be an element of the revolving plane, the x-axis 
being taken parallel to the axis of revolution and the g-axis 
cutting it at R, and the area lying entirely on one side of the 
x<axis. 



788 


CHAPTER XXI. 


Let be the eleniorit 6xSy, and let PJSli, be 

perpendiculars on the a:-axis and PJ^ 2 , perpendiculars 

on the axis of revolution, and let 6 be the angle 

Let P-^P<^Q^Q^ be the projection of SxBy on the plane 
that is, the normal section of the elementary 
ring formed, and let a represent the angular extent of the 
revolution. 

Then, to the second order the volume traced out by the 
revolution of Bx By about RS is 
P \P 26364 ^ i^i)» 

i.e, Bx By cos Qx(a or X ^Pi^i » 

and is the same as that of Bx By about the a;-axis 

Hence, taking the limit when Bx, By are infinitesimally small, 
and integrating over any area which lies on one side of the 
a-axis in the x-y plane, we have the theorem that the volume 
generated by the area revolving about a line parallel to the 
plane of the area, but not in its own plane, is the same as 
would be traced out if the revolution were about the projection 
of the axis of revolution upon the plane of the area through 
the same angle. 

758. Axis not parallel to the Plane of the Area. 

Finally, suppose the axis of revolution not parallel to the 
plane of the area. Let the area lie in the x-y plane and 



entirely on one side of the a5-axis, and let the aj-axis be the 
projection of the axis of revolution upon the x-^y plane, and 
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the origin the point where that axis cuts the x-y plane and Q 
its inclination to the plane. Then the equations of the axis of 
revolution are x y z 

cos^~6~sind’ 

The perpendicular upon this from {x, y, 0), viz P^if, is 

The equation of the plane Oil/P, is 

—X sind + - sin cos 0=0. 

y 

The direction ratios of the normal are 


— sin0, +-sin0, +cos0 

y 

The direction cosines of the normal to the element , 

i.e Sy 8z, are (0, 0, 1 ) 

The angle between these normals is 


V'+S' 




The projection of 8x Sy upon the plane OMP^ is therefore 


The volume generated by the revolution of SxSy through 
any angle a about OM is therefore 


(& Sy (P,Ma), i e. (Sx Sy){ya cos 9) 

to the second ordei, and is therefore the same as if the rotation 
took place about the projection of the axis of rotation upon 
the plane of the area, the angle of rotation being acos0 
instead of a. 

And integrating over the whole area, wo have the theorem 
that the volume generated by tlie revolving area, the revolution 
being through an angle a, is the same as the volume generated 
by revolution about the projection of the axis on the plane of 
the area through an angle a which is multiplied by the cosine 
of the angle between the axis of revolution and the plane of 
the area (see Ex 1, p. 294, Anal. Stahes, E J. Eouthj, or, 
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which is the same thing, the volume may he found by 
revolution through an angle a about the projection and then 
multiplied by cos0. This supposes the revolving area to be 
entirely on one side of the projection of the axis on its plane. 

759 Ex. 1 . A quadrant of the ellipse — 2 +^ revolves ( 1 ) about its 

semiminor axis. The area is The abscissa of the centroid is 

4o ^ 

5 -. The volume traced out in a complete revolution is 

oTT 

TTob ^ 4a 2 

(2) If the revolution were about a straight line outside the plane of 
x~y but parallel to the minor axis, and which projects upon the minor 
axis, the volume would still he 

(3) If the revolution were about a straight line through the centre at 

right angles to the major axis, and making an angle d with the minor 
axis, the volume would be cos 6- 

1^2 

Ex. 2 . »An ellipse revolves about its tangent 

a) cos a sin a = jo, 



Fig. 261. 


The volume generated is 

7 ra 6 X 27 rj?, where a^cos^a + 62sm2a. 

If the revolution were about a line making an angle S with this tangent, 
and which projects upon the tangent, the volume generated would be 
Tob X 2irp X cos B. 

PROBLEMS. 

1. Prove that the volume of the solid generated by the revolution 

of an ellipse round its minor axis is a mean proportional between 
those generated by the revolution of the ellipse and of the auxiliary 
circle round the major axis. [I. C. S., 1881.] 

2. Find the volume of the solid formed by the revolution of a 
cycloid round a tangent at the vertex. 
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3. The loop of the curve 2ay^ = x{x-d)'^ revolves about the 
straight line y—a\ find the volume of the solid generated. 

[Oxford I. P., 1890.] 

4. Show that the volume of the solid formed by the revolution 

of the cissoid = about its asymptote is equal to 

[Trinity, 1886.] 

5. Find the volume of the solid produced by the revolution of 
the loop of the curve 2 /^ = a;2?_iL2 about the axis of x. [I. C. S., 1882.] 

(Jb — X 


Prove that the areas of the oblate and prolate spheroids 
formed by rotating an ellipse of major axis 2a and eccentricity e 
about its principal axes are 

2:ra=(l + L^log[± 

single 

[Oxford II. P., 1914.] 

Prove also that of all prolate spheroids formed by the revolution 
of an ellipse of given area, the sphere has the greatest surface. 

[I. 0. S., 1891.] 

Find the surface of any zone of an ellipsoid of revolution cut off 
by planes perpendicular to the axis of revolution. 

[Colleges a, 1888.] 

7. If the evolute of a catenary revolve about the directrix of 
the catenary, show that the area of any portion of the surface 
generated, cut off by two planes perpendicular to the directrix, 
varies as the difference of the cubes of the radii of its bounding 
circles. [Colleges a, 1892.] 


and 


27ra^ ( 1 - 4* 


>/r 


8. Find the volume of the solid formed by the revolution about 
the prime radius of the loop of the curve 

6 cos 6 


between 0 = 0 and 

Jj 


[Oxford II. P., 1890.] 


9. If the cardioide r = a(l-cos0) revolve round the line 
p=rcos ( 0 “ 7 ), prove that the volume generated is 
SpTT^a^ + f r^a^cos y, 

assuming that the line does not cut the cardioide. [St. John’s, 1882.] 
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10. Prove that the area of the surface generated by the revolu- 
tion of a portion of the arc of a cycloid about the normal at one 
extremity is equal to the area of the cycloid multiplied by 

•^[(/3 - y) sin /? cos 7 + 1- cos (^ + 7) - -o cos (3^ - y) - 1 cos 27], 
where 7 and /3 are the angles of inclination of the axis of revolution, 
and of the normal at the other extremity of the arc, to the axis of 
the cycloid. 

Deduce the areas of the surfaces generated by the revolution of 
the whole cycloid about its axis and about its base. 

[Colleges e, 1884.] 

11. Find the volume of the solid formed by revolving a loop of a 
lemniscate of Bernoulli about the straight line in its plane which 
passes through the pole and is perpendicular to the axis 

[Oxford I. P., 1901.] 

12. The lemniscate r^ = a‘^ cos 26 revolves about a tangent at the 
pole. Show that the volume and surface of the solid generated are 
respectively and 4:Tra^, 

13. A surface is the locus of points which have th^ir distances 

from a fixed plane inversely proportional to the fifth power of 
their distances from a fixed point 0 in that plane. Prove that its 
volume equals twice that of the sphere which, with its centre at Oj 
touches the surface. [Oxford II. P., 1880.] 

14. Find the volume of the solid formed by the revolution of the 

curve {cb-x)'i/ — a^x about its asymptote. [1. C. S., 1883.] 

15. Show that the rate of increase of the volume of an anchor 
ring when the radius of the generating circle is increased while its 
centre remains at a constant distance a from the axis of revolution is 

^TT^ad, 

the diameter of the generating circle being d, increasing at unit 
rate. [Trinity Coll., 1881.] 

16. A loop of the curve ?*=asin?i0 revolves about the initial line. 

Find the volume of the solid thus generated, and verify the result 
by deducing the volume of the ring formed by the revolution of a 
circle about a tangent. [Colleges a, 1889.] 

17 If the curve r = a + & cos ^ revolve about the initial line, show 
that the volume generated is 

|7ra(a2 4-52), 


provided a be < &, 


[Colleges a, 1884. 
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18. The curve r = a(l - ecos 0), when e is very small, revolves 
about a tangent parallel to the initial line , prove that the volume 
of the solid thus generated is approximately 

2^3(1 +e2). [1. C. S., 1892.] 

19. The curs^e ?^ = a3cos30 revolves about 0 = 0. Prove that the 
loop in the third quadrant generates a volume 

^Tra^ 

”8^* [Oxford I. P., 1902] 

20. A loxodrome is drawn from a point A on the earth’s surface 
to a point B If 0], <f>i be the longitude and co-latitude of B, and 
02, </>2 the corresponding quantities for A, show that the area con- 
tained between the meridians of A and B and the loxodrome is 

2 (^i - ^ 2 ) log (cos l<l>i - cos 

log(tan^^i-tan^^j) 

the radius of the earth being taken as unity [St. John’s, 1884 ] 

21. Prove that the whole area bounded by the curve 

+ 2axy^ 

ttCL^ 

is — Also show that if the area revolves about the fl:-axis, either 

2v2 

loop generates a solid whose volume is ^Tra^. When the area revolves 
about the y-axis, the whole volume generated is — s/2 


22. Determine the curve which generates, by revolving about the 

axis of X, a volume proportional to the length cut off from the axis 
by the terminal bounding planes. [Trin. Hall and Magd , 1886 ] 

23. The axes of two cylinders of radius a intersect at an angle a , 
show that the whole volume common to the two is 

cosec a. [Trin. H. and Magd., 1886.] 


24 Evaluate > taken over the siirfaee of a sphere of radius a, 

p being the perpendicular on the tangent plane from a fixed point 
within the sphere at a distance h from the centre ; showing that 

r dS 2Tra^ 






[(a - - {a -h 0)-’^+^] 


[Oxford 11 P , 1892 ] 
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25. Show that the volume traced out by the part of the area of 
the curve r=f{6) which lies between 0 = and ^==a, when the 
curve revolves about the line d = 7, taking a > ^ > 7, is 




[OXFOED I P., 1902.] 


26. In the case of any portion of a surface revolving about an 

axis, prove that the volume generated is the sum with the proper 
signs of the corresponding volumes generated by the projections 
of the surface on any two planes at right angles to one another 
through the axis of rotation. [ 7 , 1900.] 

27. A point 0 is taken on a diameter of a sphere (centre (7, 

radius a) so that 0C=c(c<,a); the radius vector of length r drawn 
from 0 to any point P on the surface makes an angle 6 with OC^ 
and the radius CP makes an angle B' with OC produced, dS is an 
element of area of the surface containing the point P j evaluate the 
integi'al r cos 6 cos & ^ « 

J r2 

taken over the larger of the portions into which the surface is 
divided by a plane, through 0, at right angles to OC. 

[Oxford I. P., 1901.] 

28. Prove the formula sin B dS for the volume of the surface 

formed by the revolution of a closed plane curve about the initial 
line. 

The outer loop of r^ = a^cos^d revolves about the initial line. 
Show that the volume of the surface generated is 

15 [Oxp. I. P , 1911.] 


29. Find the area of the finite portion of the surface 2s? = 

cut off by the plane z = h, [Oxf. I. P., 1913.] 

30. Show how to find the volume of the solid formed by revolving 
the curve r=f(B) about the line 6 = a, it being assumed that the 
curve passes through the origin. 

Prove that the volume of the solid formed by revolving one loop 
of the curve r^^a^cos 26 about one of the inflexional tangents is 

[Oxf. I. P., 1915.] 

Show also that the distance of the centroid of this solid from the 
... 4a 
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SURFACES AND VOLUMES IN GENERAL, AND THEIR 
CENTROIDS, ETC. DOUBLE AND TRIPLE 
INTEGRATION. 

760. Let the equation of a surface be ^(a?, y, z)^0 referred 
to three mutually perpendicular coordinate axes Ox, Oy, Oz. 
Let us discuss the volume contained between the boundaries 
21 = 0 , y, z)=0; y^O, y=F(x); x=0, x=a. 

Let planes X=x, X^x-^-Sx, 

Y=y, + 

Z=z, Z = 2!+fe, 

be drawn. 



Planes X==x, X=x-\-Sx intercept between them a thin slice 
or lamina of thickness Sx. 
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Planes Y=y, Y=y-\~Sy cut from this lamina a prism or 
tube on rectangular base 8x Sy. 

Planes Z=z, Z=Z’i‘Sz cut from this prism an elementary 
rectangular box or “ cuboid ” of volume Sx Sy Ss, represented 
in the figure as Regarding Sx, Sy, Sz as 

infinitesimals of the first order, thB volume of the slice is a 
first order infinitesimal, the volumt of the prism is a second 
order infinitesimal, and the volume- of the cuboid is a third 
order infinitesimal. Let the prism intercept on the surface 
a curvilineal quadrilateral figure PQRS, and on the plane x~y 
the elementary rectangle pqrs, viz. SxSy, These areas are 
both infinitesimals of the second order. 

If we add up all the complete cuboids on base SxSy from 
3=0 to z=th.e smallest of the values of z of the surface 
within the quadrilateral PQRS, we get the volume of the 
prism, less by a third order infinitesimal, viz. the portion of a 
cuboid bounded by a base Sx Sy for its lower surface, by the 
curvilinear quadrilateral PQRS for its upper surface, and by 
four plane faces parallel to the y-z or z-x planes. We may 
regard the infinitesimal Sz as having been taken not less than 
the difference of the greatest and the least values of z for 
points on the quadrilateral PQRS. This remnant of tlie 
prism is therefore less than one of the elementary cuboids 
forming the whole prism, and is therefore an infinitesimal of 
not less than the third order. 

Next let us add up all the prisms which lie between the 
planes X=x and X=x-]-Sx, and bounded on its upper side 
by the specified surface from the plane 7=0 to any definite 
value of 7. The sum of these second order complete prisms 
differs from the volume of the lamina between the planes 
X=x and X=X’i‘Sx by the sum of the third order infini- 
tesimal remnants of the prisms, and by a second order tubular 
element on a base less than SxSy at the end of the slice, that 
is by a second order infinitesimal, the sum of the complete 
prisms being of the first order. 

Finally, let us add up all the slices or laminae from X=0 to 
any definite value of X The sum of the portions of these 
laminae made up of complete prisms is a finite quantity, 
llie sum of the remnants of the laminae is the sum of a set 
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of second order infinitesimals, and forms a first order infini- 
tesimal. Hence it appears that the sum of all the complete 
cuboids within the figure bounded by the coordinate planes, 
the planes say, and the surface, differs from the 

whole volume of that figure by a first order infinitesimal at 
most, and in the limit when Sx, Sy, 6z are diminished without 
limit, we have the volume given by 

F=|Jj'ci!cc dydz. 

The limits for z are from z=0 to 2 ;= the value found from 
<j>{x, y, z)={) in terms of x and y, say z=-f(pc, y). 

The limits for y will be from 2/=0 to the value of y specified 
in any particular manner, say y—F(x) 

The limits for x will be such as to go from x=0 to x = a. 


761. Ex. Consider the volume of an octant of an ellipsoid 


for the elementary 
a® 

prism, to add up all the cuboids in the prism 



For ?y ; 9/=0 to ^—6^1 for the slice, to add up all the prisms 
in the slice 
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Por x\ from ^=0 to .j:=a, to add up all the slices. 
And F= j° 

and taking [ 2 ] between its limits, this integral 


1 - - la A* dy Write ^ for 1 - ^ • 




. V= 


2a _ Trabc 
6 


c TT a® \ c TT , 0 2a 7 
= i 4^-(“-3?j=r4 ^-1- = - 

And the volume of the whole ellipsoid is 8 F= ^Tzabc. 

762. Obviously in cases where the volume of a slice can be 
written down at once, the labour of computation may be saved. 

In the case just considered, for instance, the section at 
distance X=ir from the plane of yz is an ellipse, viz 



i _£!\ 

V cc^) " 1 

aV 


=1, 


V /p2 / ^2 

1 C\1 sj 

and the area of the quarter ellipse in the first octant is 

Hence the volume of the slice in the first octant is 
iwbo^l-^Sx, 


to the first order. 

And the sum of the slices is 


as before. 




Trabo 


763. When the volume contained is all that is required, we 
may, in general, start with 



i.e, we may use the elementary prism on Sx Sy for base as our 
element of volume. This amounts of course to integrating with 
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regard to 2 : in the triple integral formula dz between 

limits 2?=0 and 2 = the ordinate of the surface under con- 
sideration. 

If the upper surface of the region whose volume is required 
is y\ and the lower surface be z=^f^{x, y), instead of 

2 ;= 0 , as taken in Art. 760, we have 

y)-U{o^, y)}dxdy. 

764. niustrative Examples 

a 

]. The curve lying m the |ilane z-x revolves about the 

axis of z. Find the volume 111 the positive octant included between this 
surface and the planes ^=0, y=a. [Colleges e, 1883.] 

The equation of the surface generated is 




J J Jo Jo (a^+. 172+3/®)^ 

f “ dy __ hsec^ddd 

Jo<i=+y¥~Jo ’ 

1 /•tan-»2 

“pj cos^c?^ 


Write for 


f“ dy dd ^ 7 


cos^ 


Va* + 

° dy a 

u (a2 + .^2 (a2 + .^’2) V 2a2 + or ’ 


and we have to evaluate 1 
Let ^=a>/2tan<^) 


^ 

Jo (a^+.r^)y/ 


^+.r^)\/2a^-i-x^ 

^ aV2sec^<j> dcf) 
(a?-\-2a^ tan* </>) a\l2 sec d<J> 


Jo (a* + 2a* tan 

— 3 f ^ 

^ j cos*<^ + 2 sin*</> 

^ .r ogsiiK^ 

J l-i-siii*</> 

= a^|^tan“^8in (/))J 

g, ,1 ra* 

= a® tan“^ -7=t = -^r- ; 
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2 . Express the vohiine containccl between tlie surfaces wliose ecpia- 
tioiis are z=a and the cooidinatc planes m 

the fomis V= JJzc^dy, V= j ^ investigating the limits of the 

integrations and determining the value of V. 

(i) For the portion of the elementary piiam on 8x81/ for base lying 
between the sphere and the plane z — a, the length is 



Fig. 264 


This is to be multiplied by 8x8^ and summed for values of y from 

y =0 to y=\/a^ —a ^ , and afterwards the result is to be summed from 
^ 7=0 to x=a. 



“2 * 2 “4 ■ “3 
■"I2” 
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(ii) If we use the formula V= J jxdzdy, integrating with regard to y 

first, we have for the length of the prism on base intercepted 

between the cylinder and the sphere -y^—Ja^-z^ until the 
prism ceases to cut the sphere, le from ^=0 to — and after- 
wards the length of this prism is from y=*Ja^-z^ to 3/=a, and 

the limits for z are from 0 to a. 

Hence 


{sla^ -y^- \lar‘ - -y^) dz dy + J ~ 

” / C/ ^ Ja^—z^—y^di^dz 

■lii' 


M^—y^ , a2 . ,yn^ r •Ja^-z^-y'^ 
-75- sin“^-» 2 - I - I Q! . ^ 


9:-[» 


0^ — 2® 

+ — s— sm- 


-r-ff-M'*’-’’}* 


-I }! 

s/o® -2^Jn / 


dz 



2 «cfe=J^ = 


tto ? 

12 


(ill) If we use the formula 


F=: J JxdydZf integrating with regard to z 


before we integiate with regard to y, we have the same peculiarity as 
before, viz that the prism is of length >/a^- - \/a^ fiom 2=0 

to z^\la?-y^^ and of length sla!^-y^ from z=iJcC^—y^ to z—a^ and 

V= f f (\/a2 “ y^ - - 2 *) dydz+f f - y'^ dy dz, 

JQ Jo Jo JVa*-yt 


which, as before, 


7G5. Mass, Moment, Centroid, etc. 

If we regard the space bounded as described in Art 760 to be 
filled with matter of specific density p at each point, the Mass 
of* the elementary cuboid Sx Sy Sz is p 8x Sy Sz, where p may 
be either a constant or a variable. And following the same 
argument as in finding the volume, we have for the mass of 
the body thus enclosed, 

M = 



766. In the same way, if the Moment of this mass be 
required about any line whose equations are known, say 
a;— a _ a/-"& _ g— c 
I ~ m ~ n ' 
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I, rfb, 71 , being direction cosines ; then, if p be the perpendicular 
from X, y, z upon this line, viz. 

= (a; — a) 2 + ( 1 / - 6 ) 2 + (z - c)^ - [^ (x - a) + m (y - fe) + 'Ji (z - c)] \ 
the moment of the solid about this line is 

dz. 



767. To determine the coordinates of the Centroid, we have 
only to translate the expressions 

_ Emcc - 2m2/ Smz 

Sm 


into the language of the Integral Calculus. And m being 
p Sx Sy 8z, we have 


I j|pa; dx dy dz py dx dy dz ||J* pz dx dy dz 

^^^pdxdydz |J|p 


768. If the Moment of Inertia about a straight line be 
required, and if p be the perpendicular from {x, y, z) upon the 
line, we have Moment of inertia ssSmp®? 
i.e. in the language of the Calculus, 


^^^pp^dxdydz. 


Thus, if A, B, C be the moments of inertia about the 
coordinate axes Ox, Oy, Oz respectively, 


A = 


B = JJI p {z^+tF) dx dy dz, 

0 = |||/>(^^ + y^) 


769. Similarly for “Products of Inertia,’’ i.e. for quantities 
D=^myz, E=J!,mzx, B — Y,mxy, 


such as 
we have 


Z)= |||p 2 /z dxdydz, B = J|| pzxdxdydz, F = ^^^pxydxdydz. 
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770. The integration in all such cases takes the same course 
as in the finding oi; a volume, first as regards the proper 
assignment of limits, and second as i*egards the successive in- 
tegrations (1) with regard to 0 , (2) with regard to y, (3) with 
regard to x. 

The order of integration may be changed to suit circum- 
stances, the several limits being suitably changed to ensure 
that the elementary cuboids into which the specified region is 
divided are thereby all added up. 

As in the case of finding a volume, in some cases one, or 
perhaps two, of the integrations may be avoided by taking 
the elementary prism, or the elementary lamina described 
above, as the primary element, as was done in Art. 762 in the 
evaluation of the volume of the octant of an ellipsoid. 


771 Ex In the case of a sphere, viz. let us find the 

mass of an octant of the sphere, the density at any point being 
p=^Tcxyz. 


Here 


M—k j j j xyzdxdydz 



The limits for z in the positive octant are 

2=0 to 2=>/a*-a;2-2/2 . 
froni2/=0 to y=>Ja^- 7 ?\ 
from 35=0 to x—a. 


for y, 
for X, 
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Hence M = xyzdxdydz 

ra p/tfscip rga-lVaiZiJ 

Jo “^Ldo 

■u ra /V^Z^S 

“2 Jo Jo 3y{fl^-a?-y'^)da:dy 

”lio 

_h r<^ __ 2 oV 
“sL 2 4 “^6 Jo 


If D be the density at a specific point, say the centre of the surface 

of the octant, i.e. where x^y=z=^-^^ we have 

a3 _ 

and M=^Da^»Jz, 

Examples. 

1. Establish the following moments of inertia for uniform density, 2 d 
representing the mass in each case : 

(1) For an elliptic disc ^+p=l, 

about the x axis, ------ • 

about the y axis, ; 

about a Ime through the centre perpendicular \ 02 ^ 52 

to the plane, J ~4 

(2) For a rectangle of sides 2a, 25, 

about a line through the mid-points of sides 2&, ; 

O 

about a line through the mid-points of sides 2a, ; 

s 


about a line through the centre perpendicular 
to the plane, ----- 


} 


(3) Fora sphere about any diameter — , a being the radius 
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(4) For an ellipsoid of semiaxes a, 5, c, viz 

about the axis of length 2a, - - - - ; 

5 

about the axis of length 26, - - - - ; 

5 

about the axis of length 2c, - - - - . 

o 

2. Obtain the position of the centroid of 

(1) the quadrant of an ellipse, 

^la^+yW=i ; y=^i 

(2) the positive octant of the sphere, 

(3) the positive octant of the ellipsoid, 

3?la^+y^lb‘+zyc^=l-, ; 2/=^; <‘=^- 

3. Show that in all the above cases for the whole elliptic disc, rectangle, 
sphere or ellipsoid, the products of inertia with regard to two axes of 
symmetry are zero 

Dr Routh gave the following useful mnemonic rule for the 
moment of inertia of the circular or elliptic disc, rectangle and 
sphere or ellipsoid ; viz 

Moment of inertia about an axis of symmetry 

— Mass X squares of perpendicular semi-axes 

” ' 3, 4oF5 ^ 

according as the body is rectangular, elliptical or ellipsoidal. 

772. Element of Surface. 

In estimating the element of surface SS cut from the surface 
S by the elementary prism on base Sx Sy, we may note that if 
y be the angle the normal at P makes with the z-axis, 
SxSy=coaySS to the second order of infinitesimals, 
for SxSy is the projection of SS upon the x-y plane. 

The equations of the normal are : 

X—x_Y—y_Z—z 

<px </>z 

where etc. 

003 

cos y=— T=^ - 


Hence 
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Then 


S- 






i>z 


dxdy, 


when we proceed to the limit and sum the elements by 
integration. 



If the equation of the surface be thrown into the form 

«=/(®. y)> 

and if we use the ordinary notation 


'dz 


Zz 


this equation becomes >8=1171 + q^dx dy. 

We may note in passing that the equation SxSy=SS cosy 
also gives another expression for the volume, viz. 

V =|J^ cos y dS. 

We have taken, as is ordinarily the case, x,y ss the independent 
variables. 

If this be inconvenient, we should have 

according bs y^ z or z, x be chosen as the independent variables. 
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773. We may note that the coordinates of P, Q, 8 and B, 
the coordinates of the curvilinear “ parallelogram ” bounding 
SS are : 


forP, 05, y, z\ 

'bz 

forQ, 05+ to, y, z+^to; 
forS, 05, y-\-&y, 


to the first order , 


fori?, x+8x, y+8y, 



and the projections of this curvilinear parallelogram upon the 
coordinate planes are parallelograms of areas • 

(1) upon the x-y plane, 8x 8y ; 

(2) upon the y-z plane, 


y> 


1 


y. 

2^, 

1 


bz ^ 



0, 

bz . 

0 

y> 


1 



y+^y, 

1 ? 

1 


^y, 

bz 

dy 

0 


bz 

bx 


8x8y, 


(3) upon the z-x plane. 


=|to<Sy; 


and the area 8S is the square root of the sum of the squares of 
its projections upon any three mutually perpendicular planes 
(0. Smith, Solid Geom,, Art. 33). 


a;, 

2J, 

1 

= ± 

05, 

2!, 

1 

x+8x, 

1 J? 

1 


to. 

gto, 

bx 

0 

35, 

1 j 

1 ' 


0. 

'dz , 

?i>y- 

0 
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Hence 


giving 


W-W%{l+(|)‘+(|)‘], 
8=^^sll+p'^-\-q^dxdy, as before. 


774 Element of Volume for Oylindrical Coordinates. 

Instead of taking as our elementary volume one defined as 
bounded by planes parallel to three coordinate planes, other 
choices may be made. In some investigations it may be 
desirable to employ cylindrical coordinates, viz. ordinary polar 
coordinates r, 6 in the x-y plane, retaining the Cartesian 



2;-coordinate. An elementary prism, with this system, will be 
on a base r <59 dr with a height z, and to the second order its 

volume is r <59 dr x z, and the volume will be ||r 2 ; dd dr, taken 

between suitable limits. If for any reason it be desirable to 
subdivide this elementary prism by planes perpendicular to 
the z-axis, our expression for the volume will be 

JJ|r dd dr dz. 

Such a necessity would arise, for instance, if the mass of 
the solid be required and the density be not a constant, but a 
known function of r, 9, z, when the mass of the elementary 

prism is rd9 dr JpcZz, r and 9 being regarded as constants during 

this integration, so as to add up all the elements of varying 
density through the elementary prism before summing the 
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masses of the several prisms themselves. We should then 
write the integral as 

Mass= 

775. Spherical Polar Element of Volume. 

Again, a spherical polar element of volume may be em- 
ployed, using r the radius vector, 6 the co-latitude and (p the 
azimuthal angle as coordinates. 

Here the element of volume has three of its edges, mutually 
at right angles, Sr, r S6 and r sin 6 Spy and to the third order 
of infinitesimals its volume is sin 6 SO Sp Sr, the difference 



between this and the actual volume being at least of the 
fourth order of infinitesimals. 

Upon integrating successively with regard to r, 6 and p in 
any order, the accumulated difference after the three integra- 
tions between the volume of any space required and the sum 
of these elements will be a first order infinitesimal at most, 
and therefore vanishes when the limit is taken. 

Hence we have for the volume required 

sin 0 d6 dp dr. 
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Further, if it be required to integrate any function of 
(r, 6y <p) throughout the volume, say f{r, 9, </>), that is to 
add up all such elements as /(r, 0, <p)r^Qin0 8dS(f>Sry the ex- 
pression for the result will be 


9, cf>) sin 9 d9 dtp dr, 


the limits being such as to include in the summation all the 

elements ^ o • « 

/(r, d, (p) sin 9 89 8(p 8r, 

which are included in the region under discussion, and no more. 


776. Ex. If we apply this formula to find the volume *Df a sphere whose 
centre is at the origin, 

the limits for r are from 0 to a, the radius of the sphere ; 
for 9 are from 0 to tt , 
for <f> are from 0 to 27r ; 

and £r^sin9ded<l>dr 

=r"f 

^ sm 0d6 

wr ± ^ 

= --g-|^ -cos^J =§7ra3 

777. Elements of Surface. Cylindrical System. 

In the cylindrical system of coordinates the element of 
surface <5^, viz the curvilinear parallelogi-am PQRS, Fig. 270, 
has for its projection upon the x-y plane the polar element 
rSdSr. Its projection upon the meridian plane through P is 

to the first order, an oblique parallelogram of area St • ^ Sd, 

'dd 

for one of its sides is the change in z due to increase of 89 in 

the independent variable 9, i.e -^99, and the perpendicular 

between this side and the parallel side is 8r. 

And the projection upon a plane through P parallel to the 
2 ;-axis and at right angles to the meridian plane, is similarly 

r89^8ry for r89 is the height of this parallelogram, and 
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Sr is the change in z due to an increase Sr in r, keeping 9 
or 

constant, viz. the difference of the ordinates parallel to the 
2 ;-axis of the points P and Q, 

Hence 

SS<‘=Sr^ (r (Sr . |g ^0)*+(r 86 Srf 
and taking the square root, proceeding to the limit and 

(!) 



Similarly, if it were found preferable to take the pair z and 
9 for the independent variables, or the pair r and z, we should 
have in these respective cases, 

<^) 

«.d (3) 

To establish (2) an element is taken on the surface bounded 
by lines on the surface along which z is constant and 9 const., 
viz. z, z-\-Sz, d, 0 + (5^, and projected upon the same planes as 
in Case (1), the areas of the projections being 

r S9 Sz, r S9 Si^ and Sz S^- 

And to establish (3) an element is taken on the surface 
bounded by lines on the surface along which r= const, and 
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2 ;=const., viz. r, r+8r, z, z+Sz, and projection is made upon 
the same planes as in Case (1), the areas of the projections being 

‘ SrSz, 

The figures are, however, somewhat troublesome, and we 
shall deduce these formulae from a more general result later. 

778. In the spherical polar system of coordinates let the 
meridian planes 0 and <p+S<p cut the surface in the curves 





Fig. 271. 


PQ, SB, and let the cones 0, 6-1-66 cut the surface in curves 
PS, QB. Then PQRS is our element of surface. Let the 
coordinates of the points P, Q, R, S be respectively : 
forP, r, 6, <p, 

for Q, ri~S8, 9+8d, <j>, 

forS, r+^S^, 9, 

for R, r-\-:^S9-{-^S^, 9-{-89, 

The projections of this elementary area upon 

(1) a plane through P at right angles to the radius vector ; 
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(2) the meridian plane through P ; 

(3) a plane through P perpendicular to these two planes 
are respectively, to the second order, 

r ^0 . r sin 0 S<p, r SO . and r sin 0 86 ^ , 

and to the fourth order we have for SSr the element of area 

5;S/ = [r*sin20+r®(^)*+r2siii20 ; 

whence, extracting the root, taking the limit and integrating, 

+r®‘sin*0g) (1) 

779. If it be more convenient to take r and 0 as the inde- 
pendent variables and ^ dependent, elements must be chosen 
on the surface bounded by r, r + Sr and 0,0 + 86, and the 
resultant expression for the elements will be 

6S**=[r*8in20 g) Vr*+r*8in*0 ^)*]^9**-*. 

the areas of the projections on the same planes, as in Case (1), 
being 

r 86 . Sr, (^r sin 0^ (5r^ . r ^0 and (r sin 0 ^ 30^ Sr, 
and the formula for S being 

sin20^^^ +r2+r2sin20 (^j Jd0 dr (2) 

And in the same way, if we wish to regard r and ^ as the 
independent variables and 0 dependent, an element of surface 
is to be chosen bounded by r, r+Sr, (j>, ^-\-S<p, and its pro- 
jections upon the same planes, as in Case (1), being 

(r sin 0 S ^) . (r <5r^ , (r — 8 <^ . 8r, {r sin 0 S(p ) . Sr, 
we have 

=[r«8in®0 g)* + S4>^ Sr^ 
and S= J|>^[r«sin*0 (^) V r®8in2d](i!0 dr....(S) 
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But the figures required are, as in the Cases (2) and (3), for 
cylindrical coordinates somewhat troublesome, and we propose 
to deduce these formulae from the more general result of 
Art. 790. 

780. Areas on a Spherical Surface, the Origin being at the 
Centre. 

Let a be the radius of the sphere. Then, putting r=a, the 
general formula 

reduces to S=a^||sin ddddcj> 

=a^|[— cos d'\dcj>. 

If we apply the result to find the area bounded by two 
meridian arcs and some specified curve, 6=f(<f>), the limits 
for 0 are from 0=0 to d=/(0), and 

S=a‘*j[l-cos/(^)] d<t>, 
the result of Art. 734. 

Cor. Eor the whole sphere and 

S = d<l)= 4Tra^. 


781. Spherical Triangle 

Ex Let us appl/ the formula obtained to the case of the area bounded 
hy a great circle and two meridian arcs, the radius of the sphere being a. 

Take as the plane of xz that through the centre which cuts the great 
circle perpendicularly, and let p be the spherical perpendicular from the 
pole upon the great circle arc. The equation of the great circle is then 


, cot 6 

QOB<h =^ — 

^ cot 2? 


Then 


sin 


c osec^ 6 dQ 
cotp ’ 


and 


Area=a* f (1 - cos 6) cosee»g 

J J •Jcot^p-cot^e 

. Area ^cot^ , . ,sinn 

. — 5- == cos“*^ — — +• sin-i — ^ 

a* cotp sin 6 


= [«+[x], 

where x is the angle a meridian makes with the great circle and is the 
azimuthal angle. 
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If we take limits <j)—a to the limits for x "will be tt - C to B 

where ABC is the spherical triangle formed by the meridians AB, AC 
and the arc BC. 



This area is therefore [i. +■ B - (tt - C)] 

= CL^ [A -|- B +• (7 — tt] 

where B is the spherical excess, a result readily established in an 
elementary manner. (Girard^s Theorem. See Todhunter and Leathern, 
Sph. Trig.^ Art, 127.) Other illustrations have been given earlier. (See 
Art. 734.) 

782. Case of a Solid of Bevolution. 

In the ease of any solid of revolution about the s-axis 
^ varies, but r is independent of <p and depends only upon the 
revolving curve generating the solid. 

The general formula 

now reduces to 

=2T^rsm6^Jr^ + d9=27r|i' sin 6 <fe, 

in conformity with the result of Art. 748. 
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783. In the case of solids formed by the revolution about the 
js-asds of circles whose planes pass through the j^-axis, centred at 
the origin, but of varying radius, r is a function of <p alone, and 

S=||y>^r2sin20+^~^ dO 

The shape of the surface may be pictured as somewhat resem- 
blmg the hermit-crab shell. 

Ex. Let the surface be r—ae^. 

j j e^'Jl + sm^eddd4>, 

Bind By <l> are independent, 

Let e=|-x 

T 

=a‘ V2 (c**> - e-fe) Vl-isin^x 
; mod. ^ '> 

and if the area be taken from r=0, Le. (#> 2 = - oo to any value of r, 
8—r^^2Ei; mod. 

784?. In the case of an area of a portion of a right circular 
cone, vertex at the origin, axis the 0 -axis and semi vertical 
angle a, the general formula 

reduces to | j r sin a d 7 *=^^^|[r 2 ] dcl>. 

And supposing the area in question to be bounded by some 
curve drawn upon the cone, say and two generators, 

we have M = {/(^)}^ the lower limit being r=0, and 
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785. The formula is obviously the same thing as 

which is the area of the portion of the cone developed upon 
a plane, the angle between two generators so developed and 
corresponding to azimuthal angles ^ and <p-+S<j> on the cone, 
being sin a. 


786. Or again it is the same thing as 

I |(r sin ayd<p = S sin a, 

i.e. the area of the projection upon the x-y plane, all elements 
of the cone making an angle ^ — with the x~y plane. 


As a particular and elementary case, the area cut off by a 
plane perpendicular to the axis and intercepting generators of 


where a is the radius of the base = ^ sin a and I the “slant 
height,” the ordinary mensuration formula. 


787. In the case of any cone with vertex at the origin, the 
equation is of the form <p=f(0)y r being absent from the 

equation. Hence ^ = 0 The general expression 

r^sin^d^-—^ q-r^+r^sin^^^^^ j dd dr 
in this case reduces to 


dddr, 

i.e. 5 = 1 sin** dd. 

Hence, if a surface cut a cone whose vertex is the origin, 
viz. <f)=f(0y the area of the cone between two of its generators 
and the curve in which it meets the surface is 

yr®{(H-sin2e/*(0)}^d0. 
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788. Ez. The equations of a cylinder and a cone are 
rsm^=a and cot0=smli (/>. 

If An An A^ be the areas of tie cone from <^=0 to — a, jS and 

j^+a respectively, then will 


.diH-^ 3 = 2 il*cosh a. 


In this case 


- cosec® 0= cosh 


[Math. Tripos, 1875 ] 


= coah (fi d<j>, 

and iS= -o2v'2[sinh <;.]. 

Hence :^i^^=!HMz^+^4£hM“=2co8ha. 

^2 sinhjS 


789. Generalised Results. Orthogonal Coordinates. 

If = X be any surface, it is required to find the 

uormal distance between the surface and the contiguous sur- 



face X-f-5X at the point (x,y, 2 ) Let the normal at P to the 
surface \ cut the surface X-I-5X at Q, whose coordinates are 

The direction cosines of the normal are where 

h h h 

suffixes represent partial differentiations and = 

Then projecting the broken line te, 8y, Sz upon FQ, we have 
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Let fi{x,y,z) = \, fi{x,y,z) = n, f^{x,y,z) = v 
be three mutually orthogonal surfaces Consider the small 
element of space whose faces are the three surfaces X, /x, v 
and the contiguous surfaces X+^\, v+Su, 



Let P be the point (X, jjl, v), PP' the diagonal through P 
of the element and X + (5X, /ul+S/ul, v-^-Sv the coordinates of P'. 
Let the edges of this element be PA, PB, PG, FA\ FB\ FC' 
etc., PA being an element of the normal to X, etc. This 
elementary space is ultimately an infinitesimal rectangular 


parallelepiped or * cuboid.’ Its edges are 

4 - = IXx 4 “ 4 - IXz, 


SX S/uL , 

-Lr> ir> where 

All ^2 ^3 


Its volume is 


<$X S/x 


A-i Ag 

Moreover, if (^ 3 , mg, Tig), be the 

direction cosines of the elements 

^X ^iJL 8 p 

/ii /13 

SX 

^Zi=the projection of PA upon the a;-axis 

=the small change in x due to increase of X to 
X 4 -^X, yu and v remaining unaltered, 

. 


h 



hence 
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Similarly 

hence we have 

, , 3a; ,32/ x. 

, , 3a; ,32/ , 

^ 2— ^2 0^» '^2 — ^2 3 ^» 


Thus J or 
to \, /4, »/, 


Jacobian* of a;, 2/» 2 ; with regard 

3(X, /i, p') i? o 


1 




ii, m^, % 1 

^8> ^8» *^3 

(See C. Smith, SoZid Geometry^ Art. 46.) 


Thus the volume of the elementary cuboid is ±7 5\ Sfi &Vi 
and y, the volume of any region which is divided up into 
elements by this system, is given by 

F= f f f JdA d/j. dv. 


The ambiguity of sign disappears when the limits have been 
suitably assigned for the evaluation of the whole volume 
under consideration. 

Gon. (1). In the Cartesian system 

M=2/» /2^=A2=As=1, 

and the formula reduces to 





the formula of Art. 760. 


(2) In the cylindrical system A = r, ^=6, v= 2 ;, a?=rcos0, 
2/=rsm0, 2:=:5, and the elements are Sr, rSd, Sz, 

A^=l, ^2“^* ^3~I> 


See Calc,, Art. 634. 
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and the formula reduces to 



drdz 


the formula of Art. 774. 

(3) In the spherical polar system iuL=^d, v = 
a;=r sm^cos0, y=ramdsin(p, z=rco^9, 
and the elements are 8r, r 86, r sin d S<l>, and 


^ 1 - 1 . h-l. 


and the formula reduces to 


F=|j'|r2 sin 0 dO d<j> dr, 

the formula established in Art. 775. 

790. Element of Surface. 

Suppose the region bounded by any surface S to have been 
divided up in the manner described by three families of ortho- 



gonal surfaces whose distinctive parameters are X, jm, v; any 
pair, say / a , v, with their contiguous surfaces iii+8ju., form 

a tubular region within S. Suppose this tube to cut the tangent 
plane at P to the surface in the plane P'RPQ, which may in 
the limit be regarded as an indefinitely small parallelogram 
element of the surface. Its area is an infinitesimal of the 
second order. We may take it as axiomatic that the difference 
between the area of the intercepted portion 8S\ of the surface, 
and the area of this parallelogram is at least of the third 
order, on the supposition that the curvature is finite and 
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continuous over the portion considered. The area of the 
parallelogram P'RPQ is readily found from the fact that the 
square of any plane area is the sum of the squares of its 
projections upon any three mutually perpendicular planes 
(C. Smith, Solid Geom., Art. 33). Let the cuboid element of 
the fjL-v tube, for which PP' is a diagonal, be constructed as in 
Art. 789, with PA, PB, PC for adjacent edges through P and 
P'A\ P'B', P'C' for opposite edges through P' (Fig. 275). 
Let QN and RM he drawn at right angles to PA. Join C'N 
and B'M. Thus the parallelograms PBA'O, PQB'M, PRC'N 
are the projections of PRP'Q upon three mutually perpen- 
dicular planes. The areas of these figures are respectively 

PP.PC, PC, PM, PB,PN, 
and it will he observed that PN=RO'=MA, i.e. 

PM+PN=^PA. 

Now, as we have taken y, z)=X, f^(x, y, z)=fjL and 
f^(x, y, z)=v, we can express x, y, z in terms of A, / a , v, and the 
equation of the surface S may be expressed in the form 
i/)=0 by substituting for x, y and z these values. In 
fgwit A, V form a new system of coordinates; and of these 
we are regarding fj. and v as independent and A depending 
upon them. When ^ and v change to /A-f-djW, and v-i-Sy, the 

total change of A is to the first order. 

Now, in our Fig. 275, PM represents that part of PA which 
depends upon S/jl, and MA, that is, PN represents that part of 
PA which depends upon 8v, ie. 




and 


dX 


the two making up the total length of PA, ie, 

We thus have, to the fourth order, 

SSx^={PB,PGy+(PC PM)2+(PB.PN)a 

_(SfjL SpV fSu 1 3X Y,/Sp, 1 3X« Y 

~W' kj -^\h; 
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Similarly, if we had taken p, X or ju as the independent 
pair of parameters and constructed the corresponding tubes, 
we should have had 


».'-[v+v©’+v(|)‘] 


Sv^SX^ 

KW 

SX^Sfx^ 


and any of the three surface elements SSx, SSy intercepted 
by /x-i/ tubes, v-X tubes or X-/x tubes respectively, may be 
taken as an element of the surface for integration for the 
Whole. 

Thus we obtain, when we proceed to take the square root 
and integrate, 


«=IWv.v(|)%v(|)-S| 

=jWv+v(|)Vv®)‘^. 


791. Cor. 1. If the Cartesian system be taken, 
\=(r, p-~y} p—^> 

and the elements are Sx, Sy, Sz, and 


viz. the formulae of Art. 772. 

Coil. 2. If the cylindrical system be taken, 
X = T*, IJ. = 0, v=z, 
x=rco8 0, y=r Bind, z=z, 
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and r, 9, z form an orthogonal system, the elements being 
Sr, rS9, Sz and h^=l, Ag=l; 

ds,=>=(r sd . szy+(Szy sej + (r s9y &)*, 

W=(fe. Sry+(Sry(r^SzJ+(Szy(r^ SrJ, 
ssy={8r.r Sdy+(r Sdy(^ 5r)* + (<Sr)2 (g sqJ, 


according as r, 9 or 0 is the dependent variable, giving the 
formulae .. , =— 




which are in agreement with those of Art 777. 

Cor. 3. In the spherical polar system, 

\ = r, /uL = $f v = ip 

and £c=r sin0 cos 2 / — rsin0 sin 2 ? = rcos0, 

and r, 9, ^ form an orthogonal system, the elements being 

Sr, rS9, r sin 6 S<p and ^ = 1, ^ 9 =-, Ao= — I— 

^ r ^ rsin^ 


whence 

8Sy=i^Sd^ . r^ain^e 8cf>^+r’‘ain’^9 8<l>^ ^ 8^ 


SSe^=r^ sin*^ &<j>^ . Sr^ + Sr^ ^ S(p^ 

sin®0 S<l>^ ^ ^ ’ 

SS^^=Sr^ r^Sd^ + r* Sd^ sin 0 ^ 
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giving the formulae 


= sin^fl +r2 sin®^ drddy 


Ir^sin^d+r^Qin^d | 

(S) 

1 +r*| 


1 r^sin^d-hr^ j 

fWy 

+r*sin20 



according as r, 0 or ^ is taken as the dependent variable, 
formulae in agreement with those of Arts 778 and 779. 

792. Change of the Variables. Form of Element of 


Area. 

Supposing the coordinates a?, y of any point in the plane 
of x~y to be expressed in terms of two new variables u, v, let 
us consider the nature of the figure bounded by the four 
curves obtained by assigned values of u, v, viz. 

u, u+Svj, V, v+Sv, 

Let the figure thus bounded be PQRS, 

Su being zero along PS, 

Sv being zero along PQ. 



The several Cartesian coordinates of the four corners are, 
to the first order, 

for P, X, y; 

Iot«, 

forS, 

tors, .+gto+|j,, 
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The direction ratios of PQ and SR are ~ (5u, 7 ::^ 
and of PS and QR '^Sv, 

?iV 

Hence the chords joining the corresponding points are such 
as, to the first order, to form the four sides of a parallelogram 
whose area is 

3515 'dy 
'du 'dll 

dv' dm 

This then is, to the second order, the area of the elementary 
curvilineal “parallelogram” PE, the difference between this 
area ^ind that of the chordal parallelogram being at least of 
the third order of infinitesimals. Hence, taking the limit and 
integrating between any assigned limits, for u and v, we have 

where J is the Jacobian of x, y with regard to 11 and v. 

It will be remembered that if /' be the Jacobian of u, v 
with regard to x, y, we have JJ'=1 {Diff, Calc., Art 540). 

And in cases where u and v are already expressed in terms 
of X and y, instead of x, y in terms of u and v, this rule will 
often facilitate the calculation of J. 

Similarly, if we wish to integrate any function of x and y, 
say f{x, y), over the area considered, ^.e. to find 'Lfix, y)^A 
where SA is an infinitesimal element of the area, it is only 
necessary to express x and y in terms of u and v, and then to 
transform the function f{x, y) so as to express it as a function 
of u and v, say F{ii, v), then to multiply it by J Su Sv, and 
integrate, the result being 

, v)Jdu dv. 

793 Illustrative Examples. 

1. Find the area of the Carnot’s cycle bounded by the isothernials 
xy=a.u and the adiabatics xy^=f32 



SuSv or 

d(u, V) 
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Putting 3By—u^ take an element of the area bounded by the 

curves v, w+Sm, i;+Sv. 


Here 


3m 'dv 


y. 




3m 'bo 





=(y-i)^^=(y-i)»; 



and 


rPt 1 

Area required = / | — 7 


^dudv 

V 


y-1 



(See page 63, Ex. 28.) 


2. The portions of the curves a;y=a*, a?*-y* = 6*, which he in the 
positive quadrant, are drawn intersecting at JB, The former intersects 
the as 3 'mptote of the latter in C, and the latter meets OX in A If every 
element of the area OABC be multiplied by the square of its distance 
from the origin 0, the sum will be equal to [Colleges a, 1884 ] 


794. Change of the Variables. Form of Element of 
Volume. 

Again, let the coordinates x, y, z of any point in space be 
expressed in terms of three new independent variables u, v, to, 
the surfaces u=const., - 1 ;= const, ^t;= const., not necessarily as 
in Art. 789, forming an orthogonal system. 
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Let US consider the nature of the figure bounded hy the 
six surfaces obtained by assigned values of u, v, w, viz. 

u, u+Su, Vy v-hSVf w, w+Sw. 

Let the figure thus bounded be PQS'RP'Q'SR', 

Sio being zero over the surface PRQ'S, 

Sv being zero over the surface PQR'S, 
being zero over the surface PQS'R, 




Fig. 278. 

The several coordinates of these eight corners are, to the 
first order, 


forP, 

y, z, 

for Q, 


for R, 

y^-%^v, z+^sv. 

for S, 


for O', 


for S', 


for S', 


forP', 
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The direction ratios of PQ, RS', QF\ SR are 


dx ^ dy ^ dz ^ 
— Su, :^8u, z^Su; 
Bu ou 


those of PR, QS\ RP', SQ' are 

Baj « By o 

^ SV, SV, ^ SV, 
dv dv dv 

and those of PS, RQ\ S'P', QR are 

Ba; „ Bv o B2; « 

— ^8w, z^Sw. 

'dw Bto dw 


Hence the chords joining the corresponding angular points 
are such as, to the first order, to form the eight edges of an 
oblique parallelepiped, whose volume is 


Ba? 

% 

Bz 



'du 

Ba; 


Bz 

Bv’ 

'dv 

'dv 

Boj 



?njo' 

Bw;’ 

'dw 


Su Sv Sw 


y, g) 

B(w, V, w) 


Su Sv Sw. 


This is, to the third order, the volume of the elementary 
solid PP', the difference between this volume and that of 
the oblique parallelepiped being at least of the fourth order 
of infinitesimals. Hence, taking the limit and integrating 
between any assigned limits for u, v, w, we have 

where J is the Jacobian of x, y, z with regard to m, o, w ; and, 
as noted in Art. 792, it is to be remembered that if J' be the 
Jacobian of u, v, w with regard to x, y, z, we have JJ'=\ 
{Biff. Cak., Art. 640). And for cases where u, v, w are 
expressed as functions of x, y, z, instead of x, y, z, in terms 
of u, V, w, this rule will facilitate the calculation of J . 


796. Ex. Find the -volume enclosed by the six hyperbolic cylinders 
yz=a^, 

zx=h^, zx=h^, 
xy=c^, xy=ci. 
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Putting 




yz—u^ zx—v^ xy—w^ 
= zany ^-yzx = 2 V uvw , 


0, y 

0, X 

y, 0 

1 /■“*“ r*®* difc dv dw 


•] fCi^d\bdl}dw .. ... . 


796. It follows that if we wish to integrate the function 
f(x, y, z) throughout the volume hounded by surfaces specified 
by two specific values of zt, two specific values of v and two 
specific values of w, z.e to add up all quantities of the form 
f{x, y, z) X an element of volume at x, y, z, 
we have only to express x, y, z in terms of Z6, v, w, and sub- 
stitute these values for x, y^ z in /(a?, y, 0 ), obtaining, say 
jP(u, V, v)\ as the transformed function. Then taking, as 
before, the same element of volume, viz. J Su Sv Sw, the 
integral required will be 




V, w) J du dv dw. 


797 TTius, if Tive wished to obtain the product of inertia with regard 
to the .V, z axes in the above example (of Art 795), each element of mass 
p J 8u 8v Sw IS to be multiplied by yz, i e. -m, and assuming a uniform volume 

density p, the product of inertia required j JJ du dv dw, or 

if I I -Oih-hKei-Oi) 

=y(«2®+ai<»2+a2“), 

where M is the mass of the solid in question. 

798 If we wish for the ^-coordinate of the centroid of the solid, 




J dvdw 


UHl- 


du dvdw 


jl I 


III' 


du dv dw 


m 


2u {log a 2 - log a,) {bi‘- b,^)(c,^-c,i) 

dud^ 8(®j-ai)(&j-6i)(Ca-Oi) 


_ 2 (&3 + 5i)(e2 + ei) 
8 

and similarly for other integrals. 





CHANGE OF THE VARIABLES. 
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799. We consider next the case in which the three co- 
ordinates X, y, z are expressed, or expressible, in terms of two 
independent parameters u and v, and therefore the point travels 
upon a definite surface. Consider the four points P, Q, S, E 
on the surface defined by the values 
{u+Su,v), (u, 


X, 

y> 


1 


z+^&u-. 

1 ^ 



, 3ic dx ^ 





The direction ratios of PQ and SR are each 


'dx „ 


dz . 
du ^ 


and those of PS and QR are each 

dx ^ 'dy ^ dz . 

dv ^ dv 

and to the first order PQRS is a parallelogram. Let its area 
be S8. 

The coordinates of the projections of P, Q, S, R on the plane 

^ {cc, y), (a;+g<S«. y-\-^Su), etc., 

and the area of this projection is 



2/+||du, 

1 

= 


3y 

3u 

1 


1 


dx 


aJ, 

y> 

1 





SuSv=ljf^^6uSv, 

d(u, v) *' 
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and similarly its projections upon the other coordinate planes 

0(w, v) Z{u, V) * 

whence its area SS is given by 

Hence, proceeding to tlie limit and integrating, 

']dudv 


Hivn 


^(y» I I 9(g. 
.Z{u, v)^ v) 




^.e. 






where ‘^2=®*^^., Jj=etc. 

Also i£ the surface integral of any function f(x, y, z) be 
required, f{x, y, z) is to be expressed in terms of u and v, 
as <p{u, v), and the surface integral required is 

\\,p{u , du dv. 

If we write 


\du) \3w/ ' du'dv'^dudv^dudv' 

«=(D+(Sr+(D’^ 


we have, from the algebraic identity, 

(mn' —m'n)^ +• [nV—n'tf -f {hn'— VmY + (IV mm! + nn' 

=(Z** + 

the surface integral may be written 

v)^EO—F^dudv, 
as shown otherwise in Art. 744. 


800. Results connecting S V and SS* 

If SS be an element of the area /S of a surface, and P be the 
perpendicular from the origin on the corresponding tangent 
plane, we have for the volume of the cone whose vertex is at 
the origin and base SS, \F SS 
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Hence the volume of any region bounded by a given surface 
and a cone with vertex at the origin, and generators passing 
through the perimeter of any closed curve drawn upon the 


or, which is the same thing, if m, n be the direction cosines 
of the normal to the element < 5 >S, so that 


P=^lx-\-'rriy-\-nz, 

is the equation of the tangent plane, we have 


V = ^nz) dS. 


801. If the equation of the surface be written as z—f{x, y\ 
the equation of the tangent plane at x, y, z is 
Z-^z=p{X-x)+q{Y-y), 

. 02 ! 2Z 

where 3 =^. 

and the perpendicular P from the origin upon it is 

px+qy-z 

Hence the formula for the volume, viz. ||pd^, becomes 


for 


^^{px+qy-z)dxdy, 

ss 


SxSy — SSao^y — - 


where cos a, cos^S, cosy are the direction cosines of the normal, 

dxd/y. 


%,e. 


802. Let the inward drawn normal at a point P on a surface 
make an angle x with the radius vector from the origin, and 
let p be the perpendicular from the origin upon the tangent 
plane at P, r the radius vector from the origin to P, and BS 
an element of the surface about P 


Then 2 = cosx, and the formula for an element of volume 

forming an elementary cone with vertex 0 and base viz. 
ipSS, becomes ircosx^S. 
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Hence we have another expression for the volume bounded 
by any curved surface and a cone whose vertex is the origin 
and passing through the perimeter of the region defined by a 
given closed curve drawn upon the surface, viz. 



Fig. 280 


©r again, seeing that this element of volume is 


^sinO S0 6<t>, 


we have 
and 


S8=—smdS9 S<j> 

S = sin0 dd d(p. 


803. Ex. Find the surface and the volume of the solid formed by the 
revolution of the cardioide r=a(l+cos0) about the initial line. 


X 



Fig, 281. 


TETRAHEDRALS. 
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Here 


Also 


B B 

X = 2i P=»'cosx=2ocos“|- 

n air -3 

^siadded<j) 

(2a)3 , 


= 27r. 


^'^%os3|2sin|cos|<i0 


= ISrra^J cos^ ^sin - dS 
= 16 ra^ ? coss 

r= J J Jr^ain B dB dcfidr, 


the limits for r being 0 to a(H-cos^), 

(/) from 0 to Stt, 

6 from 0 to tt. 

Hence V = J ( 1 + cos sin 0 dO 

^Tra^r (l + cos^)4“]* « 5 


(See Art. 751, Ex. 3.) 


804. Tetrahedral Volume. 

An expression for the evaluation of a volume for a surface 
given by a tetrahedral equation may be obtained in the same 



way as that adopted for an area in areal coordinates (Art. 461). 

For let Fo be the volume of the tetrahedron of reference, 
and let «, ^8, y, d be the tetrahedral coordinates of a point P, 
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and a;, y, z be their Cartesian equivalents with reference to 
some given rectangular system of axes ; tlien x, y and z are 
linear functions of a, ^ and y, for we have a-l-/3+y-f<S = l. 

d^dy, 

where K is some determinate constant (Art. 794). 

To determine E, apply the formula to the fundamental 
tetrahedron itself. If we integrate first with regard to a for 
the tube bounded by two given planes ^ and |S-hd/3, and 
two planes y and y-fdy, keeping /3 and y constant, the 
limits for a will be from the point at which this tube cuts 
the plane a=0 to the point in which it cuts 8=0, Le. from 
a=Q to 0=1— /3—y. Then we have 

7o=ifjj(l-y8-y)d;edy. 

Next, integrating this with respect to keeping y constant, 
the limits for /8 will be from ^=0 to the point where a=0 
and 8=0, i,e where 13=1— y, and 

Lastly, integrating from y=0 to y=l, 'g'* 

Hence K=6Vq ; therefore the formula is 

805. Surface generated by the Revolution of a Tortuous Curve 
about au Axis. 

Let a curve of double curvature revolve round the 2 ;-axis; 
it is required to find the surface generated. 

Let PP' be the element d$ of the curve. 

Let revolution about the g-axis be made through the angle 
d9, and let the perpendiculars PN,P'N' turn into the positions 
P{N'. 

Then ■ PP^=NPde, 

P'P^^WFdG^NPde 

to the first order, and iVP= and the area of the ele- 
ment PP^Pj^P is NP do , dssin^ to the second order, where ^ 




REVOLUTION OF A TORTUOUS CURVE. 837 

is the angle between and PiP/, i,e. between directions 
whose direction cosines are 

^ ^ ^ -y ^ 0 

ds’ ds’ As -Jx^+y^’ ‘ 

Hence cosx= ^“2/^) j -J^W 

and sinx=^(a:®+2/*)-(a:^-y^)y/v/^+p. 



Hence Area of element PP^P/P' 

= s/a ^ + dd sldx^ + dy'^ + dz^ ^ {x^ 4- y^) ~ (x j s/x^+y^ 

= dS sl{x^ + y'^^dx^ H- dy^ + dz^)—(x dy—y dxf 
= dQ st{xdx’\- y dyf 4- {x^ 4- y^) dz\ 

Hence, for a complete revolution the area traced out is 

SttJ J{{x dx + y dyf 4- {x- 4“ y^) dz^} , 
or in cylmdricals, {p, <j>, z), 

= 2x1*/) \/dp^~\-dz^ ■ 



838 


CHAPTER XXII. 


That is the area of the surface described is the same as 
would be traced out by a rotation about the ; 2 !-axis through 
the same angle, of a new plane curve constructed by first 
swinging back each point of the tortuous curve from its 
actual position without alteration of its distance from the 
axis of rotation into a corresponding position upon the initial 
plane. 

And if ds' be an elementary arc of this new curve, 

and therefore Area=2';rJ/ocfe'. 

806. Ex. Let us employ this formula to find the surface of a hyper- 
boloid of revolution included between two planes perpendicular to the 



Fig. 284. 


axis, the surface being regarded as generated by the revolution of a 
straight hue about the axis, which we take as the 2 -axis, the line making 
a constant angle with the ;s-axis and not cutting it. The equations of the 


line are 

Hence 

and 


;r=acos^— 2 ’tan asin^, 
y^asmO-\~z tan a cos 6, 

^^2 -- ^ tan® tt 
3?da:+ydy—zdztSi.n^a; 

. tan*a+ (a® -f- 2 ® tan®a) 


*. JS^SttJ dz^ tan* a + (a® -f- 2® 
= 27 r ^ tan® a sec* a dz 

== 27 r tanaseca 

j » SIJ 


5 , . nCo^a , 

sin^a 


ANNULAR ELEJVIENT OF SURFACE. 
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Hence 


o . r a , ocos^a , a^cos^a . , . ssinal*® 

^= 7 rtanaseca z'v 2^ +g^- i— n- H 5 — sinh“^ h— . 

L ^ sin^a sin^a acoa^aJ^j 

807. Case of an Annular Element of Surface. Surface of the 
Ellipsoid 

/>*2 / y 2 


Legendre’s Formula. 

The equations of the normal at x, y, z are 
X^x Y-y Z^z 


and its direction cosines where jp is the central 

perpendicular upon the tangent planes at x, y, z, viz. such that 

^ I ^ 



Let a cone be drawn whose vertex is at the origin 0, and 
cutting the ellipsoid at all those points at which the normal 
makes a constant angle d with the 0 -axis. Its equation is 


pz 


= cos d or 




c^cos^^ 

Let S be the area of the ellipsoidal cap cut off by this cone. 
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If we eliminate % between the equation of the cone and the 
equation of the ellipsoid, we obtain the projection of this 
curve of intersection upon the plane of scy, viz. 

sec^d / ^ ^ 





1 1 ^ f 

1_£! 


^ 6< ' c* V 

a* 




or 7 (a^ sin® 6 +c^ cos^d) + 1 x^- 2 ^ Q>^ sin^ 0 H-c^ cos^^) = 1 , 

a^sin^0 o^sin^a 

viz. an ellipse of area 

sja^ sin^^+c^ cos*^ sin® 6 cos ^0 
If we increase 6 to we increase S and A respectively 

to S-I-^aS and A-+SA. Now SA, the difference between the 
areas of two ellipses, is the projection of SS upon the x-y plane. 
And when 80 is indefinitely small, all elements of d/S cut off 
by contiguous meridian planes make the same angle 0 wdth 
their projections, which are the corresponding elements of 8 A, 


Hence 


8 A = 8/S cos 0 and 8S = 


and taking the limit and integrating 

M 

COB 6 ' 

dA 


SA 

COB 6^ 




To effect the integration of ^^^ ,we shall change the variable. 
We have 

sin2|9 


A=7ra^h^ 


J a® ) cos ® Q c®) cos ® 0 


Put cos 6 = -7 sin = where c = a 


Then A = Tra^b^‘ 


smy 

^ sm^^ 

2L 


cos y. 


a cos 


TTdb 


I a® 6®— c® . , 
sin®y— sin®^ 


sin®y cos sin ®96 

- siny-siny 
“sin2y cos<pA ’ 


which IS -<1, and A®=1 — fc®sin®^- 
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And dS—dny-p- 


dA 


sin (/> 


= sin y 


\d-r 

L SI 


A , A cos <p 




sin (f> sin®^ 

= sin y Fcf- J 

^ L sin (b ~sin2 y A eos 0 sin^ ^ ^ J 


'Sin^y — sin2<^\ sin^y — sin^ 0 ,1 

A sin (p cos <pJ~^ A sin^ p ^ J 


Now 


sin y L V A 

_7rab f , /sin^y— ^ sin^y 

“sinyL Usin^cos^y’^AsinS^'^^ aJ* ^ 

d ^ j, cos^^ A 

^(Acot0)= ^ ^ 

A^-j-l— A^ 1— Aj^sin^^ 

"“A A sin^^ 

_1 , 1 
A Asin^^* 


Henco 


“ sin y L V A sm ^ cos ^7 

4-amv(Q-A) d^-d{A cot ^)}-^] 


Ml 


where 


[d sinVcot <p) 

sinyL VAsm^cos<^ V 

— sin^ y A dp — cos^ y ^ J 
_ _^2 gin20 sin^ y _ 1 _ jfc2 sin^y) 

— sin^yA d(f>—cos^ y J> 
aHh^-c^) a^-c^ 


1 — 7 c^sin 2 y=l- 


c^)* a* 


and the limits for 6 are 0 to | for the upper half of the 

ellipsoid, and the consequent limits for p are y to 0, and 
double to take in the lower half of the surface. 
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Thiis for the whole surface 


+ 


*)+cos*7-f(y. fc)]. 

Q 

where cos y =-, a form due to Legendre.* 

(L 

808. Cases. 

In the ease of the oblate spheroid, a =6, /c=l, and the 
elliptic functions degenerate, 

E becoming T Jl—sin^ <l>d(j> =sin y 


smy I 


‘Jo 


and 

giving 


I becoming 3 ^=logtan(|+|), 

[sin*y+cosVlogtaii(^|+|)] 


S^2tc^- 


sinyL 

=27ra^+- ^^ log tan ?) » 
smy ® \2^4/ 

and for the prolate spheroid 6=c, k=0,E==y and jP=y, giving 


;g=2xfl*-l-??^.y 
smy ^ 

\ SI 


) 


or 


2Trac 


sin y cos y, 
(yH-sinycosy). 


smy 

809. Another Method for the Surface of an Ellipsoid. 
From the formula S= 


S=\^dA 

JQOSS 

we may deduce another form of expression for the area of an 
ellipsoid. Substituting the value of dA, we have 

dS—Ta%^- 


cos(9 V(aHc*cot2(9)(&2+c2cot2d)‘ 

Put cot 0=^. 

c 

■*^See Serret, CaZcid Integral, pages 338-342; Legendre, Exercicea du Cakvl 
InUgral, p. 193. 
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Then 

dS n/X +^ , 1 

^/X N/(a=*+X)(hHX) 

_ Vx+^r_i 
laM 


+ 




c?X 


J\ La®+X^6*+Xj2N/(aS4-X)(fe*+X) 

^ I M . ^ 

W^+X 6®+X/ 2v^X(o®-t-X)(6*+X)(c®4-X) 

1 I 1 I M 

2 W+X^6*+X^c*-f-X/VX(a*+X)(6HX)(c=‘+X) 
1/111 1\ XdX 

2 W+X'^6»+X'''ci*+X X/ s/X(a*+X){6*+X)(c2+X)’ 

ajid the limits of integration for the upper half of the ellipsoid 
are 6=0 to 6=?, ie. X=oo to X=0. The result must be 

Ji 

doubled to include the lower half of the surface. 


Now 


i:(^ 


+- 


+X^6*+X^e*+X 


^+X X/ ij{a/ 


s/\ c2X 


-[ 


Vx 


V(a**+X)(6*+X)(c*+X) 

^ ,T.o. 

|Jo 


s/(a*+X)(?)HX)(c®+X) 
dX 


Hence 
5=TaW 


V(a*+X)(6*+X)(c®+X)Jo 

(See Art. 363, Ex. 5.) 


{7_J_ 


^x): 


d\ 


5-l-X^62 + X^c2 + X/VX(aHX)(fe2+X)(cHX) 
for the whole area of the surface of the ellipsoid. 


810. We now revei't to the consideration of the generalised 
system of orthogonal coordinates discussed in Art. 789. 

It will be remembered that we there obtained expressions 

5X S Sv 

for the direction cosines of the elements t“, v terms of 

hi Xg K 

partial differential coefficients of x, y, z with regard to X, /x, )/. 

We may also readily express the same direction cosines in 
terms of partial differential coefficients of X, /x, v with regard 
to X, y, z. 


* Mathematical Tripos, 1896. 
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Regard ~ as the directions of a new set of three 

coordinate axes OA, OB, OC 

Referred to such axes the direction cosines of the original 
axes are: for Oa;; 

for Oy; m3, 

for Oz; ^1, Tig, 




(l, 

Ta 


B 

Kg. 286. 

then Ij^Scc is the projection of Sx upon OA 

=a small element on OA due to an increase of 
X to x-{- Sx, y and z remaining unaltered, 

\ dx 

Similarly a,nd l^Sx=~^ 8 x, 

1 

and we have the system of equations 


II 

1 d\ 

1 B\ 

/ti By’ 

^ B2; 

II 

J^lt- 

1 2 ju 

1 Bm 
^ Bs 

, 1 dv 

® hj ca’ 

1 Bi/ 

1 'bv 

^a=-r- ::r-. 

^3 ^.<1 



whence it follows that J', ie. 

■dix, y, z) 

1 ^1. «1 i = 


k, 

^ 1 , 

«i = 

k> 




m 3 , 

^3 



GENERALISED COORDINATES. 


845 


which might have been anticipated from the theorem JJ'=1 
(Diff. Calc,, Art. 540). 

We thus Jiave the following relations between the several 
partial differential coefficients, by comparing with Art. 789, 


h 


1 

3X“32/’ 


I, 

® 3/4 'dx^ ^ djUL 


, 2 S'' 


^ 31/’ 


, 0 32 3X 

, ^dz_dn 
3 /x“ 32’ 

2 3£_3v 

"•* 3„~32’ 


Similarly 


*V= VH- Xj(®+ X j*=A.i*(aJx^-h2/x®+2A 

^i=X)?+yK^->rZ>.^- 


811. It is plain that the areas of the three faces of the elcv 
mentary cuboid which lie on the surfaces X= const., /x = const., 
j/= const., are respectively 

Sjii Sp Sv S\ SX Sju. 

^2^3 * ^3^1 

and that the infinitesimal distance between x, y, z and x-\-8x, 
y-{-Sy, z+Sz, viz. the diagonal through P of the elementary 
cuboid, is ^^2 < 5^2 

[See Todhunter, Functions of Laplace, Lame and Bessel, pages 
210-233 , also E. J. Routh, Anal, Statics, vol. ii., Arts. 109, 110.] 


812. Elliptic Coordinates. 

The most remarkable case of these orthogonal surfaces is 
that of the three confoeal coiiicoids, (a> 6 >c), 


a^+X^b^+X^c^+X 




viz. an ellipsoid, a hyperboloid of one sheet and a hyperboloid 
of two sheets respectively, so that X is <j: — ^ between 

— c* and — 5 ®, and v between — and -a^. 
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To express x, y and z in terms of the parameters X, ju, v, we 
resort to a well-known algebraical device, viz. 

Consider the equality 


^'^{a^j^d){b^+6)(c^+ey “ ^ 


where x, y, z have the values obtained from the above equa- 
tions. This is either an equation to find 6j or it is an identity 
true for all values of d. 

If an equation, it is of quadratic nature , for 6^ disappears 
upon multiplying up by (a2-j-i9) (bH (c^-f ^). Hence it 
could not be satisfied by more values of 6 than two. This 
equality, however, is obviously satisfied by ^ = X, 6 = y. and 


6 = 1 /, i.e, more than two values Hence it is not an equation, 
but an identity and true for all values of 6. 

Multiply then by 6-f-a2 




yl. 




)(a^+6y 


(X-9)(^-g)(„-g) 

(6*+^)(c2+6) 


In this identity put 0=— a®; hence 


Similarly 
and 
Hence 
that is 


^2 _ (^ + (m+ (i^ + 

(a2-62)(a2-c2) 

.._( A+c")(/4+c2)(^+c") 

~(c^-a^)(c^-b^) 

BX (a2-62)(a2-c2)“Sqrx> 

eidX_ X 


and similarly 2~=y^ — 2— = — 

^ dX b^+X* ^dX c^+X 


Again, if we difierentiate the identity (A) with regard to 6, 
we obtain another identity, viz. 

I _ (x-e)(/u-e)(v-9) 
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and putting 9==\ in this result, 

I I 

l\d\J ^\c)XJ ^\3\/ J (o2+X)(62+x)(c2+\)’ 


^.e. 


V=4- 


(X-m)(X-v)’ 
where (a*+X)( 62 +X)(c® + X), A^^setc., A„sete. 

Hence 

2 2 

^ // N\/\ ^jytj 


V(j/— \)(X— )w) 

*3 = - 


a)(/a— »') 


\/(yU— I/)(l/— X) 

We thus have for an expression for a volume divided up 
into elementary cuboids defined by the faces of the three 
confocals X, /x, v, and the three contiguous confocals 
X+^X, i/+5j/, 

813, In case of integration throughout the volume contained 
by the ellipsoid, z® 

the limits are • for X, from X=0 to X=— c^; 
for /z, from /x=— to 
for V, from v=—b^ to v=—aK 

81 4j. If any function F (tr, y, z) is to be integrated through 
any specific region bounded, say, by confocals Xi, Xg, juj, jul^, 
i/j, j/ 2 , we must convert F into a function of X, /u, v by sub- 
stituting for X, y, z their values, obtaining, say, jFi(X, pt, v), 
and then the required summation will be 

815. For instance, if the function to be integrated be 

1 i*M-a 

we have ^“8 1 1 

JXl JjXl Jj/i 



84:8 


CHAPTER XXII. 


816. In particular we may gather from the known volume 
of an ellipsoid, viz. ^nrabc, that the value of the definite 
integral 

Jo J-c‘J-6* J’-AxAf^Av 

817. The elements of surface of the three confocals at a 
point of intersection are respectively 

ShjlSv w X)(X — m) 

Trt SvSX ,/ N \n/(X— 

dOn = - t ~T X) / . ’ 

n/A,Ax 

^^n/AxA^ '■ 

818. We may thus, for instance, express the area of any 

portion of the ellipsoid X=0, bounded by confocals /a 2 » 

819. The distance Ss from X, m. v to XH-^. /jl+S/i, is 

given by 5s* = 5a:* + Sy^ + Sz^ 

_5X* , V , ^ 


“V V V 

And 

2jL A\ Aft Ay J 

In the case where the line lies on the ellipsoid X = 0, 

And when the curve on the ellipsoid is further defined by 
a relation between ji and v, further reduction may be effected. 
For instance, along the line of curvature which is the inter- 
section of the intersection of X=0 with /A=const. =jUoi say. 
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or writing 

u-{-a^==co\ iuLQ-{~a^ = <i^-~h^ = b^, a® — 

we have s = | — r^r-a — 

for the length of a specified are of a specified line of curva- 
ture upon the ellipsoid. 

820. If we write 

X+ a2=\,2 fl+CL^= fJi^\ v,^ 

X4-c2=Xi2-C,2 = 

the conicoids become 


T 


+ s 


2 I . 




j!! l_?L 

2"l . 


,, a ‘ ,, 2 __ 7) 2 ' ,, 2 __^ 2 
A^i Ml Ml ^1 

J+-^ — ==1, 


= 1 , 


' V-^ ' Vy^ — 

and we have a certain amount of simplification of the 
formulae, but with a loss of symmetry * 

Tlius we obtain 

V«i’‘ ’ ^ (V-c?)V 

Tr_ f f f ( y— ''i^)(»'i^~ V)(V~A« i’‘) . 

and foi the volume of tlie ellipsoid 


T 


+ 




the limits are ; for Xj , from Cj to \ ; 

for yui , from hj to Cj ; 
for 1 /, , from 0 to 6j . 

Hence it follows that the value of the definite integral 

d\ dfx^dv^ 

is i . ixAi n/V-^i®V\i®-Ci2, 

being an octant of the ellipsoid. 

*■ This is the notation adopted by Todhuntor, Functions of Laplace^ Lam4 
and Bessel ; Bertrand, Calc, Jut, 
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The suffix has been retained to prevent misconception as to 
the meanings of the several letters, but may now be dropped. 
For this and the values of other definite integrals of similar 
nature, see Todhunter, Functions of Ldjplace, Lamd and 
Bessel, Chapter KXI. 

821. Solid Angrle. 

Let 0 be any closed curve, plane or twisted, bounding any 
region upon a surface, 0 a fixed point, and S a sphere of 
unit radius, with centre 0. Let a cone with vertex 0 and 
generators passing through the perimeter of C, isolate on the 
unit sphere an area o). Then oo is called the solid angle” 
subtended at 0 by the portion of surface hounded by C. 



The area of a sphere being 47r x (radius)^, it follows that 
the solid angle subtended hy any closed surface at a point 
within it is iw , s,t a point upon it which is not a singularity, 
27r, at a point outside, 0. The solid angle subtended at a 

comer of a cube by the rest of the cube is ^=5. At a 

8 2 

point on the line of intersection of two planes cutting at right 
angles, each of the regions into which space is divided by the 

two planes subtends a solid angle ^=7r- At the vertex of 

a right circular cone of semivertical angle a, the solid angle 
is the area of the portion of unit sphere, centre at the vertex, 
cut off by the cone, i.e 2 t . 1 . (1 — cos a), i*e. 2ir vers a. 
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A circular disc of radius (l subtends at a point 0 on the axis 
whose distance from the plane of the disc is h, a solid angle 

2.[l-»os(ten-.g].2.(l--^). 



822. In the spherical polar system of coordinates, the face 
of the elementary cuboid sin 9 89 8^ Sr, which is at right 



angles to the radius vector, is r® sin 0 SO S(f>, and if Soo be the 
solid angle subtended at the origin 0, we have 
r® sin 0 SO S<p_r^ 

i.e. the area 'pqrs, viz dto, intercepted upon unit sphere hy 
radii vectores to the boundary of the element whose face is 
FQRS, viz. r® sin 9 50 5^, is given by 
Sw = sin 0 89 5^. 

The element of volume r® sin 0 50 50 5r may therefore be 
written as r® Soo Sr, and 

y = IJr® cfr = I Jr® cZo). 

In the case of the sphere r is constant, and 
= ^-r® . 4'fr = -J-TTr®. 
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823. Let the inward drawn normal at any point of a 
closed surface make an angle with the radius vector r to 
the point, and let SS be an element of the surface about the 



point; then the projection of oS upon a plane cutting the 
radius vector perpendicularly is <5Scosx» limit 

when dS is infinitesimal, we have 

5^-5 or 

to the second order ; whence 

5=1^2 sec 

Also, if ;p be the perpendicular upon the tangent plane at 
the point r, 0, we have 

p==r cos X and S=J — dw. 

Obviously it follows also that 

and if the closed surface surrounds the pole 0, this gives 

jMdS=4,r. 

If 0 lies at a point on the surface where there is no 

.mgd„ity, teriS„2,r. 

J 

If 0 lies outside the closed surface, 

]2^dS_<). 

If 0 lies at a conical point of solid angle oo, 
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These theorems are of great importance in the theory of 
attractions, and are due to Gauss. (See E. J. Routh, AnaL 
Statics, vol. ii., Art. 106 ) 

824. Solid angle subtended by a triangle at a point not m its plane. 

Let ABC be a triangle of aides o, h, o lying anywhere m a given plane 
XY, let O be a point not in this plane, and let OA, OB, 00 be respec- 
tively p, q, r. Let the planes OBG, OCA, OAB intercept on the unit 
sphere, centre O, the spherical tiiangle A 'B'C' of sides a*, V, d, and let p' 
be the great circle perpendicular from A' on BC, and let co be the solid 
angle subtended by ABO at 0, and £7' the spherical excess of the triangle 



Then o) is measured by the area of A'BG, i.e. 

(0= B ■= A' -VB -\-0' — TT. 

Hence it appears that triangles bounded by planes such that the 
sum of the angles between them is constant subtend the same solid 
angle at O. 

Cagnoli’s theorem gives 

B ‘J sin d sin [d - a') sin (s' — h') sin {s' - c') 
sin -J - J g; ^ , 

2 cos “ cos 2 <ios 

or, which is the same thing, 

sin a' sin 5' sm C 

”, S’ S’ 

4 cos — cos ~ cos 

M M M 

[Todhunter and Leathern, Spherical Trigonometry, Art 132.] 

Now let the volume of the tetrahedron OABC be called V ; then 

J-.-Jgrsina' psin2?'=F, 

Le. pgr sin a' sin b' sin C = con3tant=6F. 
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Again, g 2 ^ ,.2 _ ^2 _ 2 ^ cos a\ 

of 

• i,6, (g + r)2 -df — Aqr cos^ ~ , 

and if II^ represent [{q + r)^ - \.(r+pf -h'^Kp-^ qf - c^], we have 
n® = 64p3jV cos^^ cos*^ cos^ ^ and 11 = Bpqr cos ^ cos ~ cos ~ . 

Ct) P 

Hence siu~=12jj.. 

Also, if A be the distance of 0 from the plane of ABC and A the area 
of the triangle, a 

and 8ing = 4fejj. 

If then the triangle moves m its own plane in such manner as to make 
[(q + [(r -i-p)® — [(p -h qy —c^— constant, 

the solid angle at O will remain constant. 

If the triangle ABC be a fixed non-conducting lamina uniformly 
electrified, this equation will determine the lines of equal density of 
electricity induced upon an infinite parallel plane conducting and 
uninsulated. 


825. Illustrative Examples. 

1. To find the volume of the portion of the paraboloid 

^y2 

— +-V=24! 


cut off by the plane 



p—la—my 1 
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The projection of the curve of intersection upon the plane is 

^ + y 4- 2 — — - = 0, Le. an ellipse. 

The problem of finding the volume required is that of finding the mass 
of this elliptic lamina -with a surface density f. We have to evaluate 

j I ^dxdy 

over the area of the ellipse. 

Keeping x constant, we have 

where j/j, are the ordinates of the ellipse on the x-y plane for any 
given value of x. 

Now, the quadratic for y being 

b n ^ \a % n / ’ 

, ^mb , 2lx 2n\ 

weliave 2/i+y*= — yiS'2=**\7 + ir"¥/ 

Hence the subject of integration is 

{y2~yi)l—^+ 4j - 6& J — 

where 0*=® p 

and the limits for ^ are - c and +c. 

Hence = (3 

To effect the final integration, let ^=csin^. 

Then the limits are 0 to ^ and double. 


Hence 


1 8&^ 


_ 4? 1 E 

=6j "oi •' 422 

ir ft! , /aP + ini’ + 2np'|® 

”4-3-®i nf 1 

=|.5^(aZ*46)»*+2pm)’. 


We might elect to do the same thing by taking laminae parallel to the 
plane lX'\'my-hnz~p 



856 


CHAPTER XXn. 


The area, of such a section is 

- {al^ 4 - hrr? + %pn) 

[C. Smith, Solid Geometry^ p. 99 .] 

The thickness of a slice is Bp, 

The slice of zero area is such that 

2pin = 0, 

pi being the corresponding value of p 
The limits of integration with respect to p are from pi to p. 

Hence j (aP+hn^+‘2pn)dp 

TT-Jab ^ , ir‘/3b, 

^ 

=^(2j)»+aP+inT, 

as before. 

We may note that frusta of finite thickness whose bases are parallel 
to a given plane are such that then* volumes vary as the squares of 
their thicknesses ; also that frusta of given thickness are such that their 
volumes vary as the squares of the secants of the angles which the 
normals to their bases make with the axis of the paraboloid 


2 To calculate the value of J j j" (lx ~i-^ny+izz)dxdyd2j the integra- 
tions being conducted through the volume of the ellipsoid 

I, m, n being such that 

The area of this section of the ellipsoid is 
._ 7 ra 5 c/ S2\ 

where = aH^ 4- 6^77^2 q_ c%2 

Consider the ellipsoid divided into thin slices parallel to this plane 
The volume of such a slice is ^dS to the hrst order, iffi beinp the thick- 
ness of the slice, and <^{8) is, to the first order, constant thiough the slice. 
Hence 

jjj 4>(lx+my+nz)dxdydz='^ 
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3. To calculate the value j j f dz, the integra- 

tions being conducted through the volume of the ellipsoid 


Take 




The volume of the ellipsoidal shell bounded by the similar ellipsoids S 
and S -H <J8 is ^ {^cAeS ^) = 2 rdbeS^ dS, 

and <f>{8) is constant throughout this shell. 

Hence Jj'J (l>^'^i-^’h^jdj!clydz:=27rabcJ^ <f>(8)JB'd8 


4. Tind the mass of a thick focaloic},* i.e. a shell bounded by confocal 
ellipsoids, the layers of equal density being confocal surfaces, and the 
density at each point inversely proportional to the volume contained 
by the confocal through the point. 


-I- X + A . c ~ 2"+ A. ~ ^ confocal through the point, and let 

a2 ^ 62 ^ + ^,'2 “*■ c'a - 


be the outer and inner surfaces of the shell. 

The volume contained by the ellipsoid A. is 

V = |7r\/(a2_|_ X')(62^ A)(c2-f A). 

The volume of the layer between the surfaces A and A-Pc^A is 
The law of density is 

p = A;/^7rv^(a2 + A)(62 -)- A)(c 2+A), being a constant. 

Hence the mass of the layer is 

and the mass of the thick shell is 


=1 log aW - 1 log a'2(62-f a'2 - o2)(c* +a'2-oS) 

=fclog4^„ for (i2-a'* = 62-6'2=6!i-o'2 ; 

^ ah c ’ 


and if D be the density of the outer layer. 


Hence 




Jc 

^Trabc 


M—^TahcB log 


aho 
a'h'c ' ' 


*T’or this term see remarks by E. J. Kouth, A?tcd. Stalics, vol. ii., p. 97, and 
Thomson and Tait’s NatMTol Philosophy, 
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5. Consider the region bounded by 

(1) a sphere 

(2) a right circular cylinder ^+3/®= hus (a < &) ; 

(3) the two planes y= -tx tan a. 

We shall first find the volume enclosed by these surfaces m the positive 
octant of space. 

Take cylindrical coordinates r, $, z. 



The elementary prism on base rS08r has volume rz 8^ §r to the second 
order, and 

V—J j^rzdd dr 

= j 


1/ 


and the equation of the trace of the cylinder upon the a: y plane being 
r— 6cos^, the limits for r are 0 to &cos^, whilst the limits for B are 
from 9=0 to 8 = 0 . 

Hence 


{a^-(a‘~i‘coa^e)^ad 

Writing — and a— — in the integral, 
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aad by Legendre’s formula (No. 10, p. 399), 

A®dcj£>=^ A sm M-^F \ 

Jo ^ o o 

and if Ely Fi be the real quarter periods, we have 


, 40,^ 






■where •®=j[ ‘^'i-—^sui‘<j>d<j> and 


Vl-psiii 


And for the whole volume of the sphere included between the specified 
boundaries, we have four times this quantity. 

When the cylinder just touches the sphere, ie. 6= a, the elliptic 
functions degenerate. 

We then have for the volume in the positive octant 




= Y9 [4a - 3(1 - cos a) -h J(1 - cos 3a)] 


(12a - 9 vers a + vers 3a) ; 

and in the case where the planes ±x tan a coincide with the plane, 
i.e. a = |, the whole volume cut out of the sphere by the cylinder 


r=acostf IS 


47=^(6x-8)=^(3,r-4). 


To find the surface of the sphere thus bounded in the positive octant, 
we have - - 

S— I I sec 'y.rd6^ dr, 

y being as usual the angle the normal to the sphere at r, 6^, ;z makes with 
2 ^ oJ* ~ r^ 

the ^-axis ; that is cos 7= . 

' a a 
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Hence 


idddr 


--‘L 


\b cos 9 


de 


~~^Jo “■ 0 } d6 ; 

and putting as before 6-^- ^ and a=^- yS, 

5=a>(|-/3)+a^£*yi-^8in»<;)# 


-f) . 

1 )}* 

and when 6 =a, we have 

8 = (1 - sin 6) d6 
= a 2 (a— versa) ; 

and for the further particular case when a = 5 , 


8^a^ 



And in each case the whole of the surface of the sphere intercepted in 
this manner is four times the portion which has been found 


6 . At ever 7 point of an elliptic lamina a straight line is drawn 
perpendicular to the plane of the lamina and of such length that the 
volume (fly say) of the rectangular parallele piped formed by this length 
and the distances of the point from the foci of the elliptic boundary is 
constant. G-iven that a and b are the semiaxes of the elliptic boundary, 
show that the volume of the solid thus formed is 


4 ^ a-V [Colleges, 1891.] 

Taking a;-f t2/=ccos we have 

a:=c cos d cosh <^>, y— —csin 6 sinh 
and the loci constant, constant are the confocal conics 

^ j 

c®cosh®</> c^sinh^^ c*cos *0 c^sin .^0 ’ 

and the focal radii ri , r 2 are such that ri + ra = 2 c cosh ri - rj = 2 c cos 9. 

Let the elliptic area be divided up into elements by confocals in this 
way, taking the element bounded by 6, 9-^89^ </) + 5 c^) as a type. 

Now <^3'= / / Ft(9, i)Jd6d<f>, 

where J’l is the eq,uivalent of in terras of 6 , <j>. 
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Also 


J- 


3 (^. i'). 


3 ( 0 . 4 >r 


-csin^oosli</>, ccos^^ ainht/) 

- c cos ^sinli <f>j - csiii 8 cosh <j> 
=c“(sin2^ cosh2<^4cos20 sinh^cj)) 

= c®(cosh‘'* </) - coa^ 8 ) 

=i{ - (r, - j-j)»}=rirj 

and by the condition of the question 
Thus 

Toiume= F =| J z.dxdy=^ J ^^^r^r2cl8d(^i==fJi[0][(|>l 



Fig. 294, 


Thus 


„ TT . , , b TT, h-j-a 


TT , a + i 


ftto 

7 . In the evaluation of such integrals as /„=j— taken over the 

surface of an ellipsoid of semi-axes «, b, c, where the surface is S and the 
volume F, p being the central perpendicular upon any tangent plane, 
consider three points /\ Q, /i on the surface, which are the extremities 
of three semi-conjugate diameters. Let SSi, 8 S^y SS^ be any elements 
of the surface about the three points ancl pj, p-j, P3 the corresponding 
perpendiculars. 

r fd^ 

sJ W Pt" Ps"/ 


Then 


Now suppose these elements of area SS2, BS^ to have been so 
chosen that ^ 


8 S 

say. 
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Then, since 
we have 




•PC a' 


'rW 


we also have -^-1 = dS^ZV^ and h — S-, 

whence we can readily infer the values of /g, etc , viz. 

. 1 ir 

S’' ZV ' 


PROBLEMS. 

1. Find by integration the volume of a frustum of 

(1 ) a pyramid on a tnangular base, 

(2) a pyramid on a square base, 

(3) a cone. 

2 Find the volume of the portion of a sphere hounded by planes 
through the centre which cut the sphere in the sides of a given 
spherical triangle ABC, 

3 Show that the volume cut off from the paraboloid 

£c2+y2 — 4^ 

by the plane cc+y+«f=a 

is ISTra®. 


4 Show that the volume of the solid bounded by 


62 

4n 

271 - 1-1 


Trade, 


5. Show that the volume bounded by the surface 


4=2(5+!)^ 

\a h/ 


and the planes 
is 


z-0, z^h 
2wdbh /A\2^ 

2^rn[ V 


6. Show that the volume of a slice of the ellipsoid 

- 
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bounded by the parallel planes 

he my -{-71^ = 8^, 

Zic 4- my + = S 2 . 

is ^(8i-8s)(3i-*-V-S,8,-V), 

where p is the central perpendicular upon a tangent plane parallel 
to the faces of the slice. 

7. If be the area of a central section of an ellipsoid parallel to 
the tangent plane at the elementary area show that 

jf-. 

the integration being taken over the surface of the ellipsoid. 

8 . Prove that over an ellipsoid of semiaxes a, h, c, 

Arrahc, 

f dS 4 fhc ca ab\ 

J cy' 

dS being an element of surface, and p the central perpendicular 
upon the tangent plane. 

Investigate also the value of 

9. Apply the formula 5 j*]* find the volume 

of an ellipsoid, x, y, z being the coordinates of any point on the 
surface, and Z, m, % the direction cosines of the normal there. 

[Colleges a, 1S81.] 

10 . If the ellipsoid of semiaxes a, b, c be very nearly spherical, 
then its area is, to the first order (inclusive) of the small quantities, 
represented by the difference of the axes 

47raH^ct. [Teikity, 1891.] 


11. Show that a portion of a spherical surface (radius unity) may 
be bent into the surface of revolution defined by the equations 

a; = A cos cos |, y = k cos p sin |, ^ = E{p^ h) { — ^ sin’^p dp) ; 

and explain the geometrical theory, distinguishing the two cases 
ifc< 1, ife>l. [Math. Teipos, 1887.] 
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12. The curve ^==f(x), y = 0 revolves about the axis of Xy and the 
surface thus formed is intersected by the light cylinder 

which is symmetrical with respect to the axis of x prove that the 
cylinder cuts off from the first surface a portion the area of which 
can be determined by the evaluation of the integral 

between proper limits. [Oxford II. P., 18S8.] 

13. Show that the cylinder {x - c)® + = (a - c)^ cuts off from the 

sphere x^+y^ + = & portion of which the area is 

8a {a cos“^ - c^{a - c)^}, 

a being supposed greater than c. [Oxford II. P , 1888.] 

14. Prove that the volume cut off from the paraboloid 

x^ 

by the plane z ^^x -i- g'y + r 

• TTQjhc f ay 2r\ ® 

~ 7 j ■ [OxroED n. P., 1902.] 


15. Show that the volume enclosed between the surface 

{(a;2 + _ 4c2ii;2| — 

and the cylinder x^^y^= (? 

is (7r-2)c®. [Oxford II P., 1886.] 

16. By application of the formulae V^^^'piSy F=^ zcosy dS 

to the evaluation of the volume of an ellipsoid, establish the results 
(/x^ - v^) dfM dv 


(1) 


LT. 


0 \/(6* - - n^) (fj? - i®) 2 




:2-l 


(See Ajt. 820 for the notation ) [Lamk.] 

[Todhunter, Functiotis of Laplacty La'mi and Bessel, pages 216, 217 ; 
Bertrand, Calc Int , pages 424, 426.] 

17. Show that the volume hounded by the surface 

and the planes z-Oy z^z-^ 

Jo 


IS 


^TTOb 



PROBLEMS. 


865 


18. A cavity is just large enough to allow of the complete 
revolution of a circular disc of radius c, whose centre describes a 
circle of the same radius o, while the plane of the disc is constantly 
parallel to a fixed plane, and pei pendicular to that in which the 
centre moves. Show that the volume of the cavity is 
2c3 


19. If 0 be a point without a sphere of radius a and centre 0, 
and r the distance of any point of the sphere from 0, show that, 

J r”- 71 - 2 c ■ 


integrating — over the surface, we have 
27r a 


and 


[(c - ~ (c + if 71=5^2, 

CL m C CL 


if ?i = 2. 

c + a 


What will be the results if 0 lies within the sphere ? 

20. A surface is obtained by making the diameter 2a of a semi- 
circle move parallel to itself, the path of the centie being perpen 
dicular to the initial plane of the semicircle, whilst the plane of the 
semicircle rotates round the diameter; and when the plane has 
moved through an angle 0 the distance which the diameter has moved 
IS c sin B, Prove that the volume of the whole surface so generated is 

4 [TRmTy, 1890.] 

21. Use the theorem 

V = By da - dv dw 

to find the volume of the parallelepiped enclosed by the planes 
(ix-\-hy-hcz= 0 j a-^xi-h^y — a2X-\-b^-\-c^-0, 

ax-{-hy-\-cz = dj a^xi-b-^y-\~c-^z = d-y, 

22. Prove that the area of that portion of the surface 

{m^ -\){z^-\-y^)=z\ 
which is cut out by the surface 

z = or'^x^ + 

where a and I are positive, is 


[Oxford 11 P., 1890.] 
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23. Show that when /(a;) is a slowly changing function. 



is approximately equal to 

Prove that this formula may he used to calculate exactly the 
volume cut from a hyperboloid of one sheet by parallel planes 
meeting it in elliptic sections. [Oollkges a , 1881.] 

24. Prove that the volume included in the positive octant between 
the surface + + ^ = a^n+iy 2 

and the planes £c = 0, a;=oo, y = a, y = oo 
TTd^ 1.3 5. .(4n~3) 
2»»+^2.4.6...(47i-2)’ 

11 being a positive integer. 


25. Show that the area of that part of the sphere r=l, enclosed 
by the cone tan = VS cos is w. 

j 2 ^ [Colleges a, 1881 .] 

26. Show that the volume of the solid, the equation to the 

surface of which is « 2fjjg, 


IS 


47r 


3 Va/3 — ^ 


[Colleges, 1882 .] 


27. If in the tangent plane at the vertex of a paraboloid two 
ellipses he described whose axes are in the principal sections and 
proportional to their parameters, the cylinders whose bases are these 
ellipses, and whose generators are parallel to the axis of the 
paraboloid, will intercept on the surface a portion whose area is 
proportional to the difference between the radii of curvature of 
either of the principal sections at the points where it intersects the 
bounding curve. [Colleges, 1892 .] 


28. If the density of a tetrahedron at any point vary as the 
power of the sum of the distances of the point from the faces of the 
tetrahedron, show that the mass of the tetrahedron 

1.2.3 

(r + 1) (r + 2)(r + 3) -jP 2 )(Fi -Pi)’ 

where Fis the volume ; PitPz,Pt,Pi are the perpendiculars from the 
comers npon the opposite faces, and k the density at the centroid of 
the volume. 

Examine what happens in the case of a regular tetrahedron. 
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29. Find the volume contained between any two planes perpen- 
dicular to the axis of x and the surface whose equation is 

(^2 ^ ^2 ^ ^ I3'x)z^. 

[St. John’s, 1884.] 

30. Show that the mass contained between a paraboloid of revolu- 
tion and a sphere, with centre at the vertex and diameter 2a, equal 
to the latus rectum of the paraboloid, where the density at any point 
varies as the square of the latus rectum of the paraboloid containing 
it and having the same vertex and axis as the bounding paraboloid, is 

Yg (7 — 4\/2)a®p, 

where p is the density at the external surface of the paraboloid. 

[Colleges 5, 1883.] 

31. Find the volume between the surfaces 

[Colleges S , 1881.] 

32. Prove that if a, h, c be any positive quantities in descending 
order of magnitude, the solid angle of that part of the cone 

-}- (by^ - cz^) +. y2) = 0 

which lies on the positive side of the plane ay is equal to 



[Colleges i8, 1891.] 

33. Prove that the volume common to a sphere and a circular 
cylinder which touches it, and also passes through the centre, is 
1 2 

of the volume of the sphere. [St. John’s, 1891.] 

Also show that the sum of the two spherical caps cut off by the 
cylinder forms ^ ~ of of the sphere. 

34. A sphere of radius a is cut by two diametral planes so as to 
form a lune of angle a, which is itself cut in two by a plane inclined 
at an angle ^ to its edge and passing through one end of it, and 
equally inclined to the two faces of the lune ; show that the volume 
of the pointed part is 

2 f / sm/3cos*^tan2 

K a®sin IB \( 2 -\- cos^ tan“^ ( sin (3 tan ^ ) -h . n i. — - .■ 

^ [ \ 2/ i^sin2/3tan2g 

[St. John’s, 1881.] 
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35. Prove that the moment of inertia about the axis of z of the 

part of the paraboloid 2^? = cut off by the plane 

Ix-^my is 

— ~ — T IW -h am^ -}- 2pnabf {bP{a-h7h)-h am^ {7 a + b) + 2pQiab (a -h &) } , 
24:71^ {aby 

the density being taken as unity. [Math Teipos, 1890.] 

36. If ^ + .5 + 17=0 and the coordinate axes be rectangular, 
prove that 

B, C, D,E,Fl I, y, zf x {A‘, B, G, D, E, F $ y, zf)dm 

= ^ (^ ^' + BE 4- CG + 2DD' + iEE ^iFF), 

where the integration extends over the whole surface of a sphere of 
unit radius whose centre is the origin of coordinates. 

[Colleges, 1892.] 

Also show that the unconditional result is 

^ [A'{ZA + ^ + (7) + B’{iB ■<rO+A)-\-G{ZC + A-^B) 
+4i>D'-h4i5£' + 4J’i'']. 

37. A. flexible envelope is in the form of an oblate spheroid, such 
that e is the eccentricity of a meridian section * the part between 
two meridians, the planes of which are inclined to each other at the 
angle 27r(l -«), is cut away, and the edges are then sewn together. 
Pro 7 e that the meridian curve of the new surface is the “ curve of 
sines,” and that the volume enclosed is changed in the ratio 

STTfiS. 8 [St. John’s, 1889.] 


38. A surface is such that AJBCD being any rectangle in the plane 
of a:, % with its sides parallel to Ox, Oy, and AP, BQ, CR, DS being 
drawn parallel to Oz to meet the surface in P, Q, P, #8, the volume 
of the solid ABCDPQRS is equal to the base AJBCD, multiplied by 
the arithmetic mean of AP, BQ, CR, DS. Prove that the surface 
is a hyperbolic paraboloid. [Math. Tbipos, 1876.] 


39. Show that the integral 
taken over the volume of the ellipsoid 

2*2 ^ J 2.2 


TraSc 

~T 


(e2+3e"2). 


IS 


[Colleges, 1885.] 



PEOBLEMS. 


Prove more generally that 








over the volume of the ellipsoid 

= (k cosh h - sinh k), 

and find the values of 


through the same space. 


40. On a closed oval surface of volume F and surface S, whose 
curvature is everywhere finite, rolls a sphere of radius a ; the surface 
of the envelope of the sphere is S'. Prove that the volume of the 

envelopes F+a(S'-i-S) - [Math. Tripos, 1886.] 

41. Show that the volume of the pedal of an ellipsoid taken with 
the centre as origin is less than that taken with regard to any other 
origin ; and that the sum of the volumes of the pedals, taken with 
regard to the extremities of three semi-conjugate diameters, is six 
times that taken with regard to the centre. [Math. Tripos, 1887.] 

42. Show that the moment of inertia of the ellipsoid 

ax^ + by^ + + 2fyz -h 2gzx + 2hxy = 1 

about the axis of x is 

\M {ca - g^ + ah - (abc + 2fgh - aj^ - hg^ - ch^)~\ 

where M is the mass of the ellipsoid. [Trinity, 1890.] 


43. Find the envelope of the conics sec^O -y-tan^6 = a\ where 
6 is the variable parameter. Show that in addition to certain lines 
it consists of a curve whose asymptotes are x= ± a. Also, if the 
area between the axis of x, an asymptote, and the corresponding 
branch of the curve be y/, and the volume generated by the revolu- 
tion of this branch about the axis of x be F, prove that 

F =7ra A = ^TrcL^l (s\n<j>)^ dcf>. 

^ Jo^ ^ [Colleges /8, 1890.] 

44. Show that the value of 



xyz dz dy dz 
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taken throughout the positive octant of the ellipsoid 

= 1 

bc-\-ca-{-ab 

15 (b + c)(c-\-a){a + b)' [Oxfoed 11. P., 1888.] 

45. Prove that the mass of a sphere of radius a, whose density at 

k 

any point F is where A is a constant and ^ is a fixed point 

distant J (> a) from the centre of the sphere, is equal to 

4 rjfea® 

3 ~jf ' [Oxp. I. P., 1914.] 

46. Prove that the volume which lies within the sphere 

a;2 + y2_|.;g|2_^2 

and the ellipsoid 

sin^a cosee^/? + a sec^/J + = a% 

where 0<a<)S<j7r, is 

(t - 2/3 -h 2a sin 2/3 cosec 2a). [Oxf I. P., 1916.] 

47. P is a point of abscissa x(>0) on the parabola 

z^ = 2ay, 0=0, 

and Sa^ is the area of the segment bounded by the arc OP and the 
radius vector OP; the straight line FQ of length 2Sa is drawn 
parallel to O 0 . The locus of Q being a curve which passes through 
the origin, prove that 

(1) the length of the arc OQ is ; 

(2) the cylindrical area bounded by the arcs OF, OQ and the 

straight line FQ is 

aV45 + {3x^-2a^)(3^ + a^)^/90aK [Oxf. I. P., 1916.] 

48. Show that the two cylinders and y2= 2b{c-z) 

intercept on the plane z — k (where k^<, c®), a rectangle of area 

^a{l--klc)s]W(cVk). 

Show that the volume cut off from the cylinder x^ja^ = 1 by 
the cylinder ^-2b{c-z) is 

y^acsfSc. [Oxp. I P., 1917.] 

49. The sphere a* + = is intersected by the cylinder 

Prove that the ratio of the spherical area cut off by the cylinder 
to the cylindrical area cut off by the sphere is 

7r-2:2. 


[Oxf. I. P„ 1915.] 
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50, Integrate 


dy 


oLJo -f 


l=Jdx. 

-y^A 


[OxF. L P., 1916.] 


51. Find the value of taken all over the plane 

V) !P being greater than unity. [Oxf. I. P., 1916.] 

52. Find the four points where any line parallel to the axis of z 

intersects the surface (a® -h — 4 

Prove that the volume enclosed by that part of the surface which 
lies above the plane ;2 = 0 is [Oxp. II. P., 1916.] 

53. If the coordinates of a point on a certain surface be expressed as 

a; = a sin -M, 2 ^ = a sin 2 ;, = a cos w + u cos 

prove that the area of the portion of the surface bounded by 





is 



4 

1 3 5 7' 

where 

C^r 

(2r-l)(2r-3)... 1 
2r(2r-2)...2 


[Oxp. II. P., 1915.] 



ANSWERS TO EXAMPLES AND PROBLEMS. 


VOLUME L 


62-a2 63.^3 

2 ’ 3 ■ 


CHAPTER I 
Page 12. 

2 . 


4. J-Tr/i® tan^a. 


5. Gradient at a? = 15, 36® 20' ; slope= 735 Slope at 0*5 is 


1 1 1 1 J_ 
2’ 3’ 6’ 


1. fTTflSl 


ydx=l7 4 square units 
Page 15 

2. 1, 1, 1, n/2 - 1. 


3. I log 2, e-1. 


Page 25. 


« - m+1 
3. a:= — -^a, 
m+2 


4. — Mass . ct^ 

777 -h 3 


6, Using paper ruled to 10^^® and 5 inches to repiesent unity on each of 

the axes, the area= *78500 As this should be tj have the 

4 

approximation 7r= 3 1 400, the true value being 3*141592..., showing 
an error of about 05 per cent 

Page 28 

1. Harmonic oscillation 2. 4. 5. 2nah^ 7. dft 

10. Mean by trapezoidal rule with unit increments = 23 78 

True result =23 026 . (Unit increments are, however, too large 

for a very exact result ) 

9 ; 10.1?-^ 1^127= 20-6 ; 

J°1057-o‘»«ffj:=23 ; 10x:-^^^d^=22. 
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13. About 141,560 cubic j^ards. 

14. (1) 5=§a, ) (2) 


Mom. Xn.=/f ; 


15. 

17. 

25. 


29. 

30. 

35. 

36. 


40. 

42. 

43. 

44. 


46. 

48. 


^ — fa, ] where Af = mass, 

Mom. In. =|i/a2, / ^ = length. 

at the edge. Mom. In. = ^ Ma^ 
n>-h4 

About 213 tons. 20. 13,863 foot-lbs., 10,574 foot-lbs. 

Taking ordinates at 10" intervals and four figure tables, the 
trapezoidal rule gave 'SSOlr, the time value being 

^rea-^Cc*- «3)+|(fi2_a2)+ ci(c-a), 

where d = -S(6-%./n, .B=2(6a-c%,/n, C 

II=(6-c)(c-a)(a-b). 

True values (1) =257r and (2) 100+257r. 33. 59 c.c., q.p. 

ja3c + (5-a)ac-l-|c(5-a)2 cubic inches, 3438-3 cubic inches. 

Binomial Expansion to 3 terms gives *1204, q.p. 

Graphically with ^5=1 linear inch, the trapezoidal rule gave 
•1178. When this was corrected for curvature of the arcs by the 
approximate addition of small squares, the approximation was 
•1203. 

41. Periineter= 30-1026 cm., q.p. 

The true value is — , This will appear later. 

When t is large / becomes ^ and Q becomes 

It it“ 

® ^ I’ F= afl + 6L -i- (&i2 - 2 cL)^ - cRt^, 

111 the ‘Otto Cycle’ of operations there is one explosion for two 
revolutions. About 16 h.p. 

Weddle’s rule gives -1-08873; true value -1-08878. 

6 tV miles. 53. .gsi, q.p. 


CHAPTER II. 

Page 61 . 


11 ’ 


A \J, 3a:l, aV®, 


13*^ 


2. ^axi+ 26^3, ^ax >» -f - bxP 

P+q+pq ar^- 51 og.^•--. 
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3. cto j+6(a+c)a!+(o2+-624-e“)loga?-^(ai+c)-^, 

Innl'T r\ ^ (<!-«)'-» 


4, x-alog{a+x), 

0*’“ X 




5. fS.2*=l-894..., f(6^-3^), ilogj. 


6. 832421f. 


7. |{7+log4). 


8. In 5 seconds at a distance of 25 feet. 


9. 4001oge2 The integration is that of finding the 'work done in 
allowing a gas to expand according to Boyle’s law from 7;=10 to 
«;5=20 If ^ and •a he in Ihs.-wt per sq foot and in cubic feet 
respectively, the result is in foot-lbs. 

10. 8JJ, — 8JJ. The portions are alternately above and 

below the r-asis. 

11. “lt.g(a^+6), 

( 71 +] )a ’ a n-hl\ (C J ’ %+l 

12. log(e"*+6**), ilogsin 2.37, log cosh ^ 

13. logtan-i^t, logsin-J^, logvers-ix 

14. log log*, log log log*, 0°g l2 Sj°g^)‘ ^ — 


Page 63. 

1. log (07+ 1), ^-2alog(.37+a), ilog(^ + a2)^ 

i log +a3), 1 log + a") 

2. 21og*, J 

o .a7+siiia? :r-sin^ , ^ . 

o. — 2 — , 2 — , log tan .37, log sin - cosec a? 

4. sin-x|, ..h-l.cosi-f, llog|^^tanh-|. |logf^J 

5. ^sec-i|, cosh-i|+isech-i|, -a^/c23^+6sin“l^, 

a\/572-c2+6cosh-^-, «V^T?+5smh“i 

O 0 

6. sm-i(2*-l), 5 ^sec-i|, ^-4tan-i|, 
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7. (i) - i cosec*^’, (ii) log tan (iii) ^ — » 

(i'^) 3(^(^+®T"S W ^(a^!®+6®+cr^ 

8. (i) logtaa-i^, (ii) -^, (iii) -2;p^,- 

9. (i) logj, (ii) A- > a 1 6 

11. (i) i(«*'-i), (ii) (Mi) «-«'*. (i'^) 

12. (i) 1, (ii) (iii) |, (iv) sinhor+sinx 

13. (i> (ii) ^-1. (iii) (i'^) 


aj" . 




(ii) Last result -1- a” log (j? - a). 


w l+T^S+f-r «') f ■■•f +-n.g(-«, w 


0^ , 0^ , 00^ , OG^ 




Page 56. 

. 1 («+J+c) ah’Vhc-^-ca ahc 

1. (l)log^-^^— ' IP 3P- 


(2) j -(a+6)^+(<i=-ai+6>. 

(4) log(asina7+&cos^+(j). 

(6) g(taii->|J- (7) log tan a7. 

(9) -oot|. (10) -coa(a:+^). 

(12) tan log sec a?. 

(14) tJseca7-6cosec:r. 

(16) J tan®;r + ^^tan2^ + a6tan a:. 

(17) tan“4oga; 

(19)^.Hf+f+f + :.+21og(..-l). 


(3)^. 

^ ^ a + l’^logtat' 

(8) - cosec ^ + log sin a?. 

(11) tan tan 

(13) sec log sec .r. 

(15) -2(cosec^-l-3ecjD). 

(18) sin log 

(20) ^tan-n^®*)’ 


18. i of a mile. 19. ia % ; atout 9 feet. 20. ^ ^ “ V 


22. ^=tlie ordinate FQ ; = tangent of angle the tangent at Q makes 


d^z 


'with OK ; y = a sec^- 


23. 

24. 


26 . 


x-h 

7y=ae ^ , 3/=14*778... . 

Approx, value given by formula *122422. True value *122416. 

0*/* e~^da. 27. True value of integral =7r. 

4! ' ;o(^-l)! 
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(1) -p,2>ssIog^, 

33. ,=.+-Vj4-*-S... 


28. 

29 97*25 units. 
35. 


1 -x 


37. 

38. 
42. 


"where z = 

sin3^^ sin 2^ 

3 2 

[_16^ -852j^-12e2^ + 4S£j^+cos 0 ] 


CHAPTEE III. 
Page 75 


(0 log(I +.*»), (u) tan-if, (ill) (iv) fcan-'^~^, 

(v) ta.n-‘^p^j, (vi) itaii%, (vii) itanhjiwr. 


(i)^. (H)^. 

5 tan^ d. 

(i) Jsec”^^, 


3 . (.)|, (ii)i^. 

271 -f 1 -j- a*/ 


7. ftan"^^. 
(ii) -Jsech“iip2^ 


( li i) - -J cosech”^ 

by^\ 


(i)< 


1 


V I . 

X 81^ — ; — 5 

^ ' be- ae c + er 


/ 6\ ("'“■'■«) 
(ii) taii“*(a!:+- ), (lii) ^ 

\ ^ J 72. -h 1 

(Vl) 


(v) 

'' ' a ’ 


10 . 


/ ^ log(a2cos^j7 + i2sm2j7) 

2(62 -a2) 

0) (iii) taQ-‘<^(j?), 
(it) e<f(a), (v) e-«»)log<^(4;). 

Page 98. 

1, 34 -a? 1, 3+2jr 1, ;j;-2 1. 3^-2 

12^®S3_2 j.' 4'°g^+2’ l2'°S8a+2’ 

|^/I6::9?+|sln-l^, |VSJ::5-|V3cosh-'^, 
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2. 2cosh~^'^^', 2sin“^'^|, 

sinh“^ (^ - l)j -h 2 <t^ - ^cosh 

2S A d 


3. ->79 -a*, Vj;“-9, 


.rN/r+P 1 . 

sinh ^ X. 




4. I (^ + ^ ■*" ^ f] ’ 

a>/^Tc^ + h sinh."^ -. 

c 

1 n+2 1 w+a 1 n+2 

6. I sin“*J!— n/ 1 - a:®, |3inh~^j;+ ^^^ v/g^+l, 

^ sinh-\?^ -I- ^y^+I+1 ; 

2,g+^ — ^\/i!;2+o^+c!+|(86 — 4<2— 4ao+3<!^)8in]i~‘ -^==, 
if c2<4.rfj with a similar result if (^>id. 

7. ^^>/A’2H-4r-F5 4-5 sinh-^(^-f2), A/-a'7*4-4r+5+|sm-i^-^, 


N/4^-h4j?4-5+siiih~^ — 

4 2 

~~ 4 ^ N/-4r^+4j? + 5 + | sin"*^ ^^— . 

8. V^-a^+acosh"^-, a ain”^--^/a^-^, ^ siii"''--^i;^\/a^-a:**, 
a’ a ’ 2 a 2 ’ 

(^ + -h &) “ ^ + 1 + ^) cosh _ o2 4. ^ cosh-'^. 


9. ilogtany, ilogtan(.r+|), |logtan('^+|), 
i log tan (^+^)' \ l°g tan ®- 

etc "1“ bd he “* 0^6^ 1 y • . j \ 

^ ^+C? cos 4 

13 . log {cosec ^ ( 1 - k/i - sin®" 4”}- 


2. 6-sia“^ - , Trb'i 
a 


Page 99. 

3. Vc^+a^+alog (Vc^ + et + Vc*). 
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4 (1) sin ^ — — ; (ii) -7=cos“^— ^ — ; 

\/i3 ^ ^ ^/6 5J? 

(ui) iVlFTs^+^smh-x^, ^ 

(iv) v'j^+2^-l-2eosh-'^^, (v) Sv/^+U+T+ainh-i^^ 
v2 a 

7 . 0)3 log —^5 , (n)i^. 

, 2e®+l . ,_,Se-*+l 

9. N/e*»+ e»+l 4- J sinh-i— smh — 

^irk 

10. Mass=j^-^a”-*'®, where density and a is the radius. 

(1) Maas=47ra^ ; (ii) 2^^^ 

11 . a being 5(7 and ^ the perpendicular from A upon BC. 

13 . loga:=±^N/a 2 -i- 6 y+const 

-icosh-i 7^= (J2<ac, o+”), 

^ where 5 = a 008^0+* 2 J COS ; 

V — a 5 


(ii) -yLrrsin 1 -==££r(a-^), sinh'i-^^ (&2>ac, a+^*)> 
V-a \'h^-ac Va ^h^-ac 

_1_ 
n/S‘ 


cosh * {b'‘<ao, a+"), 


where /2=asin2 0-f 26sin ^+c ; 




where 5 = c tan- ^ + 26 tan 0+ a , 


(It) — ^ain-i (a-n -4=sinh-i -^2= (62>ac, a +"), 

V-a ^h^-ac sja sJh^-ac 

- ^ eo 3 h~^ ■ g (h^<aCj «+’*), 

where 5=0! cot2^4- 26 cot 0+c; 

^ and a modification (Art. 77) if ^i^be 

' a+c 
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16. (i) Y a~^ ~ ^~1 ’ 

provided positive, with a modification (Art. 89, 17 and 18) 

if negative. 

17. (i) 48; (ii) ^(3ac-2i2); (iii) 

22. j ji= tan"' («!>c) ; J — log ^litjS — (a<c) ; 

s/a-c ^a-c^ VF=a ^•J^+'Jo-cc^ ” 

-2 ^ |-T2=tan-‘ 

aa wa-c ^a-cj dc \sja-c ^a-cj 

/-x ^ 1 , a sin </)- Va2 -<j2 , . ,c 

23. (i) a>c, - — ==. log — 7-^— y==, where (^>=cos-i - ; 

2a\/a^-c^ a sm <^- 1 -v< 32 -o 2 ^ 

.... ^ 1 , , a sin <£ 


e /-v 1 • ■u-i ^'^2 /--x 1 • 1 ^n /2 


l+a:2- 


30. 


CHAPTER IV. 

Page 113. 

1. ^ (3* - 1), ^ (a2:j:» - SoA? + 2), 

- e-* (.*“ + + 6 . 4 .t 3 + 5 . 4 . ar 2 + 5 . 4 . 3 . 2 a: + 5 . 4 . 3 . 2 . 1 ), 

X sinh J7 - cosh r, + 2) cosh .r - 2:t’ sinh x. 

_ . 5.4^7^ , 5.4.3. 2a?\ . 

2. a7sina7+cos^, 2 ^"^ 2® 


“ + ^ (2^:2„i)gin 2a.’ + ^ cos 2.37, 

D C5 4 


) sin 2a; 


4 6.4.3a:2 , 5.4.3.2.1\ „ 

+ cos 2a:. 


24 


2 « 


ip ,/'C03 2a: eos4a:'\ _ /’sin 2a; 8in4a:\ /cos 2a: cos4,r\~| 
2L^I“2 ‘^V 2 8~/ \ 4 


o; /cos 2a? cos 4a: cos 60? 

“8 V'T”"^“T“'" 


\ 2 


sin 2a? , sin 4a? sin 6.7?' 
Ia“+~p 


32 JJ 
) 


3. ie*sin(2a7-tani“^2), cos (2a?— tan ^2), 

1 


- sin (2a? - tan-^ S) " Ay sin (40? - tan”i J ), 

1^ 4 - J + ^ cos (2a? + tan”^ |) •{- ^ cos (4a? -h taii“^ J) 

-;^cos{ 6 ^ + tan'-iS)J 
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A r"+l 

4 -og^-|g. 


hri [ ('°g ^)'-, 7 Ti = 

r o ft « 

,T+T [ (log .Y-~aog^)^+~ (log.)-^^^-]. 

g3* J sin I (^ + r - jD ) a? - taa-^ 2!+^::^ I 

'J V ■■ . ^+two similar terms 

\ [(2+r-p)2 + a2]i 

sin |(p+ gr ^-r) X - tan -1 y _ +g+r 1 1 
^^(^t?-hg-^-r)•^ + a^ J* 

go* / tan-i I 1 


^ I 'J{q^r-pf^cfi - etc - etc j 

6 . 8sn:ipi:siugijccos2r:i;=2cos(;p-g)^-f.cos(^- ^ + 2/*)^ 

+cos(2>-g'-2r).«-2cos{29+g)jc-cos (2)+g'-h2?)(??- cos(p4-g-2r) 
Then apply rule for J c**cos Nxdx to each term. 

8 cos cos g‘*?cos2(^ + g)^=r2cos(^ +g)a; + 2 cos(p- g)a?-|-cos (%> + q)!C 
+ cos 3 (p -i- 2 ) - 1 - cos (3p + q)x + cos (Sg H-p) = 2-*'! cos say. 

e®* cos ( No: — taii“i — ^ 

Then Inteefral = T /f 1. / 


Integral =2^ ■ 




7. J(^2-8); 




PlGE 114 . 

1 . e*(a7®-6:p®+6 5 :r*- 6.6 4x^+Q 5.4 3^2 

“6 5.4 3 2JP+6.5.4.3.2 1), 
(a;^-f5. 4a;3 + 5.4.3.2a7)cosha7-(5.r4+5 4 . 3.272 + 5 4. 3 . 2. 1) sinL 
xfi . smli2a? /3?5 5.4a^ 6.4.3.2.r\ 


12^ 2 


cosh 2.27/5^ , 6.4.3.2?2 6.4.3.2.1> 


2. 4(ir2_3\. iil ^4 3r2 3 

128^ 32 8’ 2«““24’'*"4 

3. -207r3+ 12077 ; |^(2ir4 + 167r2-.45); -e-8e-i+6. 
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^log3-6; 


128^ ' 32 

6. A(«^ + 2); 


Page 130. 


1, (2a7--sin2^)/4 ; (cos3ji7-9cos J7)/12 or -CQS;y+~ | - ^ - 
(12 j 7-8 aiii 2a; + sin 4.r)/32 ; 

1 / cos 5.r ,5 ^ ^ 2.1, 

5 " +3 cos 3.1; -10 cos a?J or -cosa?+~ cos3.r--cosfi.r ; 

1 /sinSa; 

^ ( — g am ^x+7 sin 4a? - 28 am 2.r-i-35a; j ; 

1 f cos 9a’ . ^ cos 7a? cos 5a , cos 3a , \ 

¥ V ^ '”7 —^+84 — 126 cosaj 

, . cos'^r _co3®a. , cos^a cos® a 

or -cosa-H4— ^ 6 — l— -4-4— ^ ■=— \ 

6 0 / 9 

(-1)" rsin_2^ _ 3ia(2»-2)a: , (-I)" «,.^ 1 . 

2ii 2n-2 ■'■ — ■'■ 2 

, cos^a ^ coa^a 
or -cosa4'”Oi — ^ ”^^ 2 — r~ +•••• 

o 0 

rt 1 / sin4a\ siii^.i? sin®a. , ^ i \ 

6“’ Ti^(3.r-sin4a4-isiiiai’); 

cos"a 
7^ 

--f- 

2» L 


cos* a , cos* .r 


sin^a sln®.r . 
7 9 ’ 


fsiiilOa sin 8a sin 6a « . ^ “1 

4.2sm4aH-sin 2r-6a . 


10 


3. Jtan^a; — Jcot^a; tan a -cot a; - 


L_- 3 taii^a 

3taii*.r taii.'i;’*’ 3" 


4 . (5r-2)/8; 43^2/120; (15ir + 44)/192. 

_ 1 r2 coa cos (<7.4-26) .a coa (or - 26) a“l 

“SL ;r"+26 «-26 J’ 

I silica - J ain^a4-5sin*La ; 

V cos(724-2)a c 


1 p2 cos7;.r , cos (? 2 4- 2) a cos ( t? .- 2) .y n 

714-2 w-2 J' 


-^c 


2. (i) acos”'a- */l ■ 


a- 


Page 131. 

■ (ii) a sec-^ ar - log (a -h >/a‘-^ - 1 ) ; 


— 1 a a^ 

(iii) — tan"^a4-^ — ^ ; (iv) a tan .r 4- log cos a ; 


(v) a sec a - log tan 4) » 


(vi) )og {ax-i-d)- ^(,ci!i-dy-^(bc-ad)x ; 
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(vii) tan“^ ; 

(viii) ^ tan-i 0.’ + J (tan-^ a?)2 - J^2 ^ 3 log (1 + ^) ; 

(ix) (a + x) tan "^ -<Jax , (x) i (^ - 2a2) cos“^ | 

(xi) (2a+.®) ta,n-> 'sj ^ -^/^ , (xi.) [log x - 

ga 8 in~le 

3* (1) cos (sill-1 ^ _ cot-1 a) \ (ii) ^ - n/i -x^aiir^ x ; 

(iii) d (sec 0 -1-cos 0) - sin 0 - log tan where sin Q. 

4 . (i)^e^; (ii)-^^C 08 (e-tan-i,«); 

(lii) ^ |i-|--T=l==^cos('20-tan-i— )]-,* 

^ ^ 2 Im Vma+4 V W2/J 

(iv) ~ j-r=J= cos(0--tan“i^) + --7==|=cos(^30--tan-i-)l; 

4 IVtwS-i-I \ »^/ V 7 a ^+9 V »VJ 

eos|(7i“l) 0 

\/m2+(^-i)^ 

cos |(?^— 3) - tan“i | 






where tan 0=4?. 


gi* 






i(ar-taa-i|)-^^ oos(ax-i tan->|); 

(ii) a:® — sin (fij; - tan-i sin f 6a; - 2 tan-' - ) 

\ a/ a^ + b^ \ aj 

- 1 - 2 — - — 5 sinf^jr -Stan”!-^; 
(a 2 + 62)4 V a} 

(lii) l-^cos(2;2;-tan“'i2)+Jco8(2jp- 2 tan“i2)J. 

fi /,*\ ^(«“&)cos6a:-l-(a-l-i)sxn 6 j: e«»+«* 

®- i 

,. ., 1 re“*+«* , ^w« (rto e-te-i 


f. V Qozhx , 1 e^“ 

W ^+o- /. « .^ sin 


2 & 2 ^y 4 flt 2_^^2 

(v) 3* (P sm 4a? — § cos 4:i?), where 


/6a;-tan-'A)i 


p_x^co3<l> 2^cos2<^) , 2cos3<^ 
r ?'2 ’ 

^_a? 2 sin<#) 2 a 7 sin 2 <^> 2 sm 3 <f> 
r » 

and (#>=tan“i(4/log3), r^=4^-h(log3y ; 
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7. (i) ■ 


(ii) e*tan- ; 


(iii) -e*cot-; 

(v) -log(l + e-*); 


(iv) cosh a? tan-; (v) -log(l- 

/ -x 2 /r-r-;s . 1 i n/iT^-I , ... ^-1 ^ 

(Vl) -v/l+e”* + “ log V-.; (vil) -rr^. 

8. (i) ^(log^)2 - ^xlogx;-\-2a ! ; 

(ii) i(iog«;)2+(Y-i)iog^-(j+y; 

(iii) -^tan"^.a?+log^-logVl+^; 

(iv) 37 log (37+v/a^+^‘O - -s/a^+^T^ ; 

(v) log (37 -+■ >/.37^ +”^2) __ I + ^2 ; 


23;24-3flW7+2a2 r-^ 


(vii) Y^s (37 + a)^( 15372 -"12^1537 4- 43a2) ; 

(viii) -ain(^ — tan~^ ~ V- 


(62 + 02)^ 


sinf 637 +c-tan” 


^ sin ^£C’{-c - 2 tan“i 
sin f537-|- c - 3 tan"*^ -^”1 ; 


(ix) -9[Y\y cos^ 0 -^*^cos^0+|^cos^0- J^cos ^6 

1 '“'its ^ ^]» 

where sin ^=37^. 


9. (i)'^ 


37 cos I (6 - c) 37 — tan”^ j- cos|(6-c)37— 2tan"^^-^|- 


- L ^(6-c)2-|.a2 (b-cf-ha^ 

cos I (6 4- c)37 - tan”^ { (^ + ^ ^ tan”^ ^ 

v'(6 + oy+a* '*’ (i + ti)2+a2 

- ^ sin j(J - 2c)a!-tan“‘ 

^d^ + (b-%cf “ J 

+ <»^+(6-2c)-^ “° {(6-2c)^-2tan-^^“}} 
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11 

13. - I cot^6^ ; - f cos^0 14. 24y ^ ^ _ j 

20. 78343. 22. (■^+ ^ f ^ ^ ^ 


15. 


v!\ v\ 

w" 

%\ v\ 

w' 

1, 1, 

1 

'^i-v/r 

-.r 


24 
27rX 


27. /"— *^115 d:s=sf^ taii|rfe=21og2. 29, ^Toos^ 

Jo x^l-a: Jo 2 = % T 


33. 2 sin 


w-1 

2 


^cos'^0 


35. 2 "+ia” 


2?i — 3 1 . ^ 

2?i-2 ‘ 2 2* 


39. 


34. 

. 518 TT^a , 


CHAPTEE V. 

Page 143 

1. Jlog(^-l-aj74-3)-itaii-i‘^^. 2. log (^+1)4-^^. 

3 ^log(^4’4ar+5)-tan"i(a?4-2). 4. -log (3 -a?). 

5. a? -2 log (^+2r4-2)+3 tan“i(a74‘l) 

6 . 2a;-flog(^-f6^-flO)+lltan-K^+3). 

7. 


1 ,(^**4 c2)j7 + (a/;-|-Cfl?) 

ad-hc^ • 


8 . 


^ 1 (g~fc)«‘y4(ft-f^) 

2(6c — oo?) ®(a -c)^-l-(6 -c^)’ 

9 ^ tin-^ (ct^+ + {ah 4 cfQ 

2(00?— &c) ad -he 


10 . 


2 (oo? - 6cf 4 ( c/’ - cfe)2 4 (05 - a/)2 

X t^TTi (<3!^+c^4e^)a;^4(g^>4cfl?4g/) 


11 . 


1 0^46 

2(ac?-&c) ^°^<3ip2 4o?* 

1 <i) 


«/ (oc? - 5e)® 4 (c/ - cfe)® 4 {eh - afY 
12. ^log(e2*+2e*+3)-^tan-'^^. 

Page 161. 

(a: -3)2 ’ 

(ii.) 41og{^(3-^)4} , (iv) log{|^ . M 3 } ; 

(t) 4C-41og(®-3)-l-^log(4:+3)+|log(iF-4)-l^log(jr+4)] ; 

<"> ■>• 

■where 2 refers to a cyclic interchange of the letters Oj, tj, Ci 
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J («!- a) (ot,- 4) (ai-c) log 1 

... ..t, ! +(ai+a)(ai + 4)(ai+c)log(g + ai)j 

ai(a,*- 4 ,‘)(a,»-ci«) 

where S refers to a cyclic interchange of ai, 6i, Ci ; 
(viii) ii0log{(i;-6)»(i;+15)’} ; (k) ^ log{(iK-7)(;j:+17)2} ; 


(x) J log |- 


(r- 7 )Hx- 13)^1 
u-ii)« r 
1 1 


... 1 jK(a;* + 3) 1 a; 5 a: 6 , 

24 (a:»-l)»'^4 (a:*-l)i‘ 16a:“-l 32‘®®U+1/’ 


. 1 , 5 , a + 5 ^ 


16 

1 

1 


-30 log (a;-l); 






3 - 


(o^-o’=)( 4 ^-c^) (a^-cP)(,b^-cl?) 


(iii) -c2)tan“'^; 

o C 


' tan-> - ^ tan"' ^l; 

0 c d dJ 


(iv) tan“^a7 — ptaTj”^rV2; 
V 2 


■(■Vi)' 


w -; 7 s :;+2 


dfha!~^ (ed ~ fc){gd-hc) ^Jcd 


F = rtan " 


4. (i) log- 


-^==; (ii) Jlog(a:2-l)+^tlog(a^i + l)-2]oga:; 

(iii) - i log a: + J log (.t:® - 1 ) - i log (a:® - 2) + TiV '°S “ 3) ; 

(.•„) 1 , 2 aV+ 2 ae 44 »- 4 >y 6 °+ 4 ao (j 2 ^. 4 ^> 0 ). 

46 n/ 5 ^ + 4 ac ° H- Sac + 6 ^ + + 400 

- ..V , , , 1 . -1 ^n/3 

5 . <0 

^ 2j;- 1 1 . ,2r+l 

(ii) v/3ten->^-;;^tan- 

or Jg tan-* - Jg tan-* i whicli is the same thing ; 
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(iv) (v) 

. .V 1 , s^~-asc-{-a^ 

2a + * 


1 , ajc\/Z 
sj^ 


.. 4 , ,2j 7 — 1 2 . _,2.r+l 
ii) --ptatt“^ — 7= ptan ^ — 7=- 

' n /3 Vs n /3 Vs 


1 ^ , ^V3 ^ , Vs 

°^V3^^ 2^+1’ 

, .. V 1 , 1 .orVl 

(viii) — plog 7=-^+ — =tan 1= 5. 

4 V 2 ®^-^V2+l 2 V 2 1—a:^ 

6. (i) Jlog(a!-2)-^-Jlog(K3-2®+4)-^tan->^|^; 

(ii) §log(l+«)-Jlog(l+2* + 4a!®)-i ; 

(iii) a!+if log(*-l)+i#log{aH4) “g 


(iv) 1 log (£±1^-1 _L 
' ' 4 S ^+1 2a!+l 


, . 1 , :r* + l 1 1 . 

4^“® (a: -1)2 2i»-l’ 


(Vi) log^j -I ^+|tan->^. (vii) 1 logi^^-^; 

1 * 2 + 62 , 

^ ^ 2^55^ a*b* 

~ ^(*2 - 62 ) '°g ^°g ; 

“e(S^ 2 -l- 3 (J^+?log(®-l)-frlog(.» 2 +^+l) ; 

"i 2 S^-il 6 ^“e^®"'-®>+j 2 ^°S( 4 ^+ 5 )+^taa-*^. 

(ii) -ilog(^-i)-J ^+llog(a^+i) 

(iii) |tai.-i^+i^; 

<^ + 3g6 , j? ab a ah-c^ x{c^~a^) a-\-b 1 

^ 8c® c 2c4c2+a:2^ Sc^ (c 2 -h ^)2 ”4" 

*■ ^{’r 421 og(V 2 +l)}. 


10. log§. 
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14 . (i) 4log(2a7-l)-log(^+2)-flog(jB2_|.i)_4tan“i^; 

(ii) ^ - 2 log a? H- j log (J7 - 1) + i log (^ + 1) + J log (^+ 1) - J tan“^a; ; 
2:i?sin| 

2 ;— 

281112 

(iv) 1 Qog (;»+- 1 ) — cos ^ log - iax cos ^ + a* j 

o / ^ \ >X^ (t COS 

- COS ^ log yi^ - 2cm? cos “ 4- j 4- 2 sin ^ tan"i '■ 


_ . Sir . , 

4 - 2 aiii-^ tan"^ ■ 
o 


.ii?-aeos~ 

0 . 

. Stt 
C5sm-=- 

O «J 


..V 1 .li ^ A.l^^ a;‘j5 — *j3 


oosecfl-logoot^J, where fl=seo 


...V 1 5 28 590, .5® 1 ,5®.23, 

2W'^2W'^27i’"^ ^^■^"^24.3^657- 3"^ 2^3“ ^ 

4- J log (a? - 1 ) - log -H 1 ) ; 

(iii) (2\/2- V3-I) 

1 2 ^ — 1 

19. — Jlog(4!+1)+Jlog (ii^-a;4-l)+^tan-‘-^. 

20. - tan“' J (Vtana + -J cot x). 


(“> ®'<«{(s)”feg)“}+(?^ 


-Pi“){^*-Pa*)’ 


2 _a^ 2 = 6 a+^, o 2+6 = pi®, a^-h=p^. 


^ 2-73, _,2\/5+\/a 2 ,2\/^:-Va 


■ (^+ 3 a:+l)“' 

l+sinji-lf 3.„^/2 + l_^ 


rl sina; S aina; , 3 ,__ H-81p4 ;~1T_ 3 . v^ + 1 
|_4cos‘a: 8 cos'':!;'^ 16 1 -ainacJo 16 ®\/2-l 8 

1 1 , 1_ __! L___l_ + 

“ («-l)<i (r - a)“-‘ ■*■ (re - 2) a® (•» - «)"^ (» “ 3) 


25 . 


CFl|5i 
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26. If n be even, =2w^, 

^ + {a-b) log (. 1 ?- a ) -”*^2 

If n be odd, =2w + l, 


{a-h)^ {a-hf 

x-a 2 {x-a)~ 

(a -hr 

m-\ {x-aY^-^‘ 


r 1 

Ar-6N 

2 9 

i__ ^ 

sO 

1 

2 0 

1 ^ 


L2731 - 1 ’ 

U’ - 0,) 

^ ‘2w-3^ 

\x-a) 

' ‘2mi-5’ 

\x-a) 


r-b\i , l(.i;-a)^(.r-i)^ 2m+l. 


?Ji Ar- 6V 
1 VA'-ay 


2 wt — 5 

a ^ 

I +... 

c - ?aS 


-(SI)} 


0>7 OQ ^®-ll _!+•», 1 

'°°(2F-hl)3’ i 

QH ^ 1 /I 2a; S.i,-'’ ,1 , 1 4-3; 

30. -log(l-^)----_+-log — 

45. Let *•! = Qa2 4- Ja4-c, Z?=a/?-4-Z>jS-]-c, + 

^2 2A ( B C \ 

^=“(a-/3)"-(a-7)=’ ^ -(a - ;8)(/3 - 7 ) (y - a) I (<r:::}8? + T 
and Q, ; /^, i2' similar expressions obtained by a cyclic incer- 
cliange of letters, 

.r^ 4- P' log (a; - a) + §' log (a; - /3) + log - 7 ). 

CHAPTEE, VI 
Page 200. 

1. (i) [{ac-^he) 9 A- {he - rte)log(csm 04-c cos ^)]/(o‘^-l-e^) ; 

(iO;J|logtao(|+^); 

(ill) aff-^log(«4-6cos 0), where 

/. \ 1 T ,14- COS a cos X 2 , , , / a .f\ 

ilE^ cos a + cos. 2 2 ) = 


/. \ 1 T ,14- COS a cos X 2 , , , / a .f\ 

ilE^ cos a + cos. 2 2 ) = 

(’'I ('’>) log(cosfl + Bin0) ; 

i + 1 1 +L 9 “1 [’"s +rH:irrd = 


Mu) cosh-1 

3 - vTf) cos {x— tan“^3) 

( x) [aA'4- 6 log (a cos a: + i sin 3 r )]/(«2 + 52 ) 
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(i) I log 2; (ii) (iv) 

, , 1 -f-cos a cos jc 
:rc«saf Bin acosh-‘ .osa+co-i^" 


(i) — * — tail"* ( , tan ® ) ; 

If 1 1 2 — cos^; — sin ^ i 1 2 + 3 c osa; + 3s 

(ii) ^ l-cosjy-sin^'^/s/T^^® s/2 3-1-cos^-hsii 

..... 1 , sin ^(1 + cos 
(ill) 3 log (1+2 cos^)2 

J tanh^e. 

5 3in.r _ 1. ^j-i5±l£^; 

94 + 5 COS 27 4+5 cos ^ 

«i\ ^ f ^ _S*n£_=etc., by iJt. 173 ; 

^ ' a^ — b^J a-hd COS 2: a^ — a+b cos 2; 


1 2 + 3cosa;+3sin x n ^ 
^ 3 + cos^+smr J’ 


(i^') J /Ca + VP H-c® cos (ar-y)-J 


where tan Q'Hd then use (ii). 


(iii) - . 4 {(1 + cos a)2 - sin a} ; 

^ 2sm^acoBa^^ 

(iy) {2(1 +cosa)* - sin a(2+cos2a)}. 

' ' esin^^acoaa^ 

sin 0 cos ^]og(l + tan 0)-^ + 2l‘^g®l^(^'l“4)* 

(i) 0/2 sin o ; (ii) tanh-^^tan / sin a. 

..... irfa-h he ’-ad 1 

(i) ir/2a6; (ii) ir/12 ; (lu) 2{^+ ^_d V«j}’ 


(iv) ir(,a?+^)l 4 a?^^; 


(y) 7r/4. 


IT 10 !r 2 + 3 P. 13. 

^(a®-&^)^ ' ^(l-«®)^ V46<) - «■•* V46c— a 

(i) 2Vtaii.'r ; 

r ° f ^ =etc. (Art. 173) ; 

a-Jrheosa: d^-b^ a+6cos^ 

1 /n 1 g sin ^ - 5 cos 6 

acosB-^bsin 6' 
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18 /n gj£g^ log 1 log sec 2g ; 

18 . ( 1 ) 2 ®cos^^ — sin^ 2 ^ 


(ii) -cosh-H«>se+sin0); (iii) cosec-' (2eos2|); 
19. cos-'(?l|^)+2N/3tanh-'[>/3taii|(coe-'(?^)}] ; 


20. co8ec“^(l +sin 2^). 


21. sec~‘^(cos d + sec 6). 


22. (i) -Wl-8ina!j (ii) - 2Vl - am a: - log tan (|+ ! 


23. cosliiccotg- 

sin a? — .a? cos a; 
cos 57+^ sin i 


25. log log tan ii7. 


26. (i) 2«taii-iar-log(l + a!®); (ii) 3a:tan-'a!-|log(l+J^) ; 

(iii) ^a;tan“^a'-ilog(l +■**)• 
m 1 1 - „ 1 - si” ^ - i- i^fr ^ ~ , ■wrhere g = tan 9. 

1 /ii 7 arX 1 1 ^ 

28 . ilogto^^l-i-ij’ 


1 l-sina? 1 

l+sina?^W 2 ®l+N/ 2 Bin^ 


1 ain^d-al /-x 1 i sin ^ - sin a 

2®' ainla sm(0 + a) ’ 2 sin a sin 5 + sin o' 

(ii) (iio = 

ir 4 f 1 1 \ i I 

«- 2 1 “”^ (a+ 6 )"-‘J 

M-1 to"-' (o + 6)"-'j’J’ 

unless Ji=l,2 or 3, ■when a logarithmic term occurs from one of 
the iutegrations 

, sm(j7-a) 

S 2 . -®-l-cot(<»-^)log 5 -;|jr^)- 

ao -l-f— i— tan"' a/— tan|- -pl=fcan"Wl^ tanfl- 

^ r^LTTrSs >1-0 2 >6-1 2J 
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43. (i) l)cos j?}; 

(ii) + ; 

(iii) ^ (sin 4^ -4 sin 2^-12 cos^^), where tan ^—(2^17+1 )/\/^ 


AA V cos^tx 1 • / V sin -a COSMOS 

'^sin(a--6)sin(a-c) ^“'ain (a- 6)sin (a— c)‘ 

46. (iii) Put a; + a log a: = 0 :^. 


48. (i) 


cos X - am aj 


(x- 1) cos a; -(35+1) sin a; 


(ii) i 


(a;+l) cosa:+(a;- l)si na; 
(a-l) cosa;-(a!+ 1) sin a; 


e ..V ax? of J 


CHAPTEE VII. 
Page 221. 




(ii) - 


Zb (a-{-ba^y3b 




^=3SpD‘’S;^=fep+V3tan-^*]; 


,..., 1 b , 


12o{a+6a;*)*'*'l2aC8a(o+&i^)*'*’8{4a(a+6ar*)'*' 

where Ia= ; and if a, 6 be of like sign and ji 


Io= 


1 1 


21? 6 


. , . kx*j2 , . 


, Ar \/21 


or if of unlike sign and Ic'*= — 


1 IZb b 45 & y 

" 32^3 “ 8a2 32 a3*'i» 


and /j = 


2hks/2 




■!ffi[”‘“'‘"'l + ‘“"'l]' “s'" 


or 


CHl Q 



892 


ANSWEBS TO EXAMPLES AND PROBLEMS 


Page 267. 

4. If /tn,« denote the given integral, 


InKn—* 


j..— 


m+ra+l m+n+1 
4»-G+^) \i3 13. 11 + 13. u.9j' 


6 With a similar notation, 


(a) /„=- 


51-3 1 




(w--2)a2(a2+^) 

(6) = a?” (a + 05^ j 

'(p+-?i+ (^3 4-51+1) 

(c) + 1)^2 4^2; 


(d) (w-9i+l)J„,,,t=- 


^-2 


-(ot-2)oS/^„; 


(e) m2™=a!™-»(*3-l)^ +(m-2)/^; 

2» + 2p+2 2)i + 2j)+2^”-’'*” 

, at® , 6.3 


7. ^”(1 - .'1?^)^ = 271/2, ^.1 - (2% + 1) Jan+i, where the integral s /2«+i. 


2 

""■■2?i+r 


8 V-a? - 1 + /, 


271 
271 + 1 


11. i«-e-cos .r 

^ 2|^COs 3^(C6COS Jl7 + 4siua7) 
. 4 3 


^4 = 


■fl34-4H 


{cosj7(acos^+2sm J?)+2. 1. - 

V ct 


^a2 + 22 

12. (1) 2„= -a?“oosji:+-Ky^^sin4:-M(«-l)l„_2 ; 

e-Bin a; 

r — gsiiia; sin gj+ncosgcos ax n(M — 1) , 

” n?-a' + j8®-o» "■ 


16 (m <ircii> ”^(w-1)(”^-2)(w-3). .2.1 


2 sinh ^ 


O t, 

»i(OT-lXTO-2)(m-3)... 3.2 ^ 

^ ^ (»=‘+»»>*){«2+()n-2)»}...(a2+3^ ' aS+l*'" 
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18 ^1 I m(m-l) 

3?/i 3wi (3wi - 2) 3m (3wi - 2) (377^ — 4) " 

1)..2 1 / 77i7r\ 

■''3ni(3»i-2)...(m + 2)‘^3«(3m.-2)...(«4-2)'»ir“®“®“r ) 

oA Tt 2 b+^b^-iM , b-\lb^—iac , . 

34. Ifm2= ^ , n?m ^ , and b^>iae, 

f dx 1 ri. 1 

62 _ \_n ^ n ni^ w J ’ 

^ r -t i. 1 2 kff cos </> . , / , 2ha! sin <f>“l 


where a = ck‘^, 


and cos 2 </) = 7 =, where < Aac. 

2>Jac _ 

If i==4a«, the integral ^ 5 ^+^ tan-^^ VI- 

f- " r ^ = -i — ^ taii~^ ~ tan~^ , if 62>4ac, 

Ja+6jt'^-l-c^ ^ia_4ac\ ^ w/’ * 

1 / . ,2^j7Coa6 , , . , 2fc:r sm <^>\ 

jk 2 - ^^ + cosec<^taii ^ 2 ;> 

if 62<4a(3, 


36. (a) = 


[Bebtrand, 7. C7., p. 36 ] 


in\ j _ (w-2)^cos^-|-sin^ n-2 j 


«” (w-l)(7i-2)siii”-ia7' 7^-1 

w " 2)4-2+(2«-3 )«^«-i+ <>^ - l)(46o-«‘) Ir.. 

43. |^(<i + 5){5a2-2a&4-6J2). 

44. /„-2/^i+i„_a= -^^sin2(«-l);r, 

-.r, « .r sin 4 . 1 ?. . sin 2(71 — 1)^"1 

7i{2jr- tt) + cot .77-1-2 1 (7^- l)sm 2j7-f(?i- 2) — ^ J 

49. See Art. 202. 

CHAPTER Till. 


Page 286 . 


. ... . JJ+i-i ,... 1 , ■Jx+2—JS. 
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»■> 

(iii) -N/Itanh-Wi^^; 


3. (i) -cosech-'^; (ii) — ^siDh-*?— 

V 2 1 +a? 

(iii) -i sinh“'J-^ ; 

Vl l+« 

(iv) VF+2j+3-sinli->^-;^sinh-*^. 

5 , cot ^+3-1 1 , \/2^t ^ 4-3 - V3 

\/2 cot 6^+34-l V3 N/2cot6#-|-3 + \/3* 

- 1 )} 

+ ‘a-*-’ { (tan 0 +1 )}]. 

7. sinh-x(^sec29). 


8 . Vra 

9. (i) 

a — 0 






W ta) -idrt-fjf; 


'“> -WS' 


inh"’ 

(rf) 

<2 ' a — X 


{b) ^sitth-^^; 
'^J2 a -a:' 
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10 . 

^ah (a-h)x 

12 . cosh-* 4 ±I=+^=^i£==cosh->(^±£li±M± 2 ,ifp 2 >„„ith, 
modification if jp 3 < gr. 


13 . (i) -sinh“i- 


14 . (i) J\±£-, 


/ -1 1 - 1 ^ 
(ii) -sec 
^ ' a a 


(iii) 

' ^ Vs vr^ 


(I.) J=tanli->^l+!f. 


15. (1) 






(il) J-^‘log(:r 2 + A. 2 ); 


.... 1 , (^ 4 * 1 ) (.' 3 ? + 3 ) 


Page 314 . 


1 . (i) 2 tan“iV^ 

(ill) --^cosh~^ — 

s/^ ^ ’ 


(li) 2tan“-*VlT2S ; 

(i\r) - sinh"i~ ; 


(.) v/^+^+l - sinh-i^ ; (v.) '^3 ; 


A,sinh-ir-Y, 


(viii) 2cosec' 




2. (i) 

(ii) V^ - 1 - 2 coah""ia7 -i-^/3 cosh”' • 


6a;^-\-8x ’ 


(li) - r ■ COS” 

' ^ V(&‘-^-a2)(c2-62) 


' Vf +s«.'+&» (“<*<«). 


with similar results for other cases. 

7 ( 1 ) — Bin-' . 

(11) ■ ■ . ■ SID s i ,4 7 r== cosh'”' - A/ • ~ ; 

JcC^-c^ /^2_g2 c 
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8. (i) 


v/(cosa — cos /S?)(cosa— cosy) 


, , I cos r-fcos a cos a - cos J3 cos a — cos y ] 
xcosh"M ■ . r I 

y cos a — cos j3 cos a - cos y 

for the case cos a > cos jQ or cos 7 , with modifications for other cases 

1 

>ysiD (a - fi)sm{a—'y) 


X cosh“' 


' tan.^r— cota cot a- cot yS^cota — coty \ 

1 1 

cot P - cot a cot 7 — cot a 


Q 1 

W -^[ 3 ^/ 2 sin -1 V 3 


3.r^ — lO/c-f-9 


, r 131 


1 , ,17-5.r 1 , ,10-ar 

(11) —p. cosn“’ — : — ; ^ cosh"i ^ 


n /6 


r - 1 

13 


3^-2 


(iii) ^ smh”i smh“i 

^ ^ 3 3x/Io ^’-4 ’ 


”77 — ^ X / ~7 i== sinh~i - — f 

(6-c)(6 -d) V6-~c ^x~b 


(c-b)(c-d) Vc 
d- a 2 


= sinh-i V- 

;-a ^ 


c 




sink- 


ii-‘ Jlri ; 

^ x-a, 

/ \ v-i , 5 -w/3 r-'+a’+a 


a::^+.a 7 +l 


11 . (i) + ^ . (u) cosh-*^ji;+^). 

13. (i) I sin 0 ~ tanh”! tan 0, where cos ; 

(li) tan-i {x(jr^+x^)i} , (lii) cosh-i V ^ .i • 




^ sinh~^ 


^[h^ — a^ ttinV 1 

\ ^r= 


tan 2.37 j ’ 


if with other forms for other cases 
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18. 

20 . 

21 . 

25. 

30. 

31. 


. /9r- .11 4j^-26^+49 . w. , . l4s^-26a;+4:9^ 

-f|[4cos-t V| W a^-ito+ ni 


\ten~*? ■ 


ab b Ja^-{‘b^ + :x^ 

(i) sec“^ (cos sec sp) ; (n) 

If S 2 =* 3 j ~ / " = COS”^ 

2 3J >/Si-53 


1 _i a?v /2 

_sin 

^/2 ^ 4-1 


(0 


1 -^ 


34. 

35. 

41. 


/•N 


“ 4^/2 


^+tan 5 


1 +J 7 ® 


I, wlierea?=co 3 0 ; 


Oi) -Ktan0-2logtane+|log(tane-l)+|log(tan^fl^^^^^^^ 

(i) siii-‘(^sin2^); (li) 

s/3a\ J 


( 1 ) 


52. (1) 5 


1 1 


2 ^ 

(ii) logtan^^ + |^+^, where sm </>=\/2 sin 


CHAFTEE IX. 
Page 326. 

IT ... -IT 


(i) log,2 ; (ii) j ; (i«) 2 ' 2k{2k - 2) ... 2 

2; 4. ^y<*l 5. l/s/2. 


__C0S£__ (i,) 

^ ' ^cos 5 ;-siii^ 


Page 353. 
1 


a?(l-log^) 

(i) 2(«-l)(ac-J^J^=^^^-(2»-S)«/;^^- 
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4.3. 2.1 


(ii) 

J m^-4^ dx 

4.3 


(Xi^VfLX 


9 d sm2.2? 
<io^mx-T~ — -I- 


- 42 )( 7 ?i 2 - 22) dx cos (^2 - 4 ^^) ( 77 z 2 _ £ 

^ sin + a) + (P'^ — §P)?i cos (w4? + a'i 


sin?7w? 


?=a- 7 n 2 ^_ X 

“ “ h. J 


where 

§=^-8 w. 24-. 

of GTCek^ettTrs** corresponding expressions, with Capitals instead 
1 - 3 4 

2’ r 


12 . 2 . 


13. 1. 


8 . 9 . 

15. ^logUn(^|H-|j. Ifw>a;> 

Principal Value=llog{-tan(|+g}=llog tan (|r_|). 


?r 

'2* 


16. 2-log2-7r. 


32. 


%TT 

2ab' 


41. PrinoipalValue=ilog(^«.€^) [See Art. 347 (o).] 


47, 


1 = (“>^*5+1^ (™) Vs = 




.sin 57 


(v) ; — ; 

' cos 57 -1-5: sin 57 

(Vil) -2v/r^log(l+:B!!)4.8vT=3 






where 




CHAPTER X. 

Pase 377. 

^=“> real and 

nite from ^-0 to 5=a, and the rule of differentiation is not 
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2\-i / ^ 

14. w=Aa.’i-*, where =Xje 

JT,^ 

1 

16. the height of the centroid being - of the height of the 
segment. 

17. A straight line through the origin 

19. The density at each point varies inversely as the squar*e of the 


21 . UFtT)^AlJ,v. 


20. a, B, k being constants. 


38. The first =- The second^-— The rule for the reversal of the 

4 4 

order of integration is not established when the subject of integra- 
tion becomes infinite at any point of the range of integration Tor 

7—^. — ^9 IS infinite 

39. The case reduces to e-^GOs2fixds7==e—?*j*“e~‘^da:. 


1. §a\ 

2. (a) o^sinh ^ , 


CHAPTEE XII. 
Page 415 

(h) e^-l , 


(c) A (log A- 1) -hi, (A>1); 


. trah /-s — ^9 ^ 


(e) ( 1 ) (u) ^2g,no)log^ 


3. (!)¥«': 


(/) 

(2) ^ab. Area bisected in either case 


4. ( 1 ) ^ ± f sm-‘|) : 

(2) It A,=^[cVi^ + i2sin-»|], = 

the four regions are - A 1 - .d g -h co?, 


irab 


-hAj-^dg-cd, 


- cd^ 


Trah 


-hd j + ^dg-hCO? 


352 


7. |(4-7r) 11. ^aV2. 


5. 4a2. 


6. STra^ 
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13. 

19. 

1 . 

4. 


(1) (11) ga*. 


16. 17. <il 5^’. 


<f+W5-I)- 21- -(x+l”!)' 


Page 428 


(a2-62)taii“ig+a6. 2. ^ 


Ta® 7ra® * ira® Tra® 

’ “20’ “T* 


Tieven, % odd, 6. ^ tan 1). 

■* «• I-. 


*• Kp"?) ’■ 

9. (i) 7r^a»4-|6*); (ii) = 


10 . 

14. 

15. 
17. 

1 . 

3. 

7. 

8. 

19. 

21 . 


|(10r+9^/3). 


12 . 

fit l->/sinyS'\ 

4 ^^®ll-Vsina TW^/“2t*»“'V8ina-ten-‘/inr^]. 

» Tr(?-‘)- 


^2 

Area of lozenge* jg(l 6 - 9^3). 


5 3 

“ TTO®. 

4 


19. |7rai>. 


Faqe 429. 


77 \ /v/3^25r^,\ , 8o* /a „ , , 

lT‘''i2~V > VT+TF + V®’ IF V6 2. (7r-2)a». 

{21og(V2+l)-l^}a*. 4. „2 


17. 16ro*/3V3. 18. xo*/2- 

^ — r<.n<r-i±h52?i. .R — 3 sinP -1’'-“ 

2a-.>)t[ l + «cos0 *'/^“®^r+eoos'eJ_^ • 

^[m{a-i-^^ye^-{fi+2iry‘e«’l‘}-!th{{a+2T)e^-{/3^27r)e^ 

+(«2!«>_«S6?)]eS!>* 

- ® C 26 '(a“e**‘ - /J>« 26 p) _ .34 (<^* 26 . _ ^ ^^ 26 . _ ^ 26 ^)-] 


37ra*. 
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24. 2 : 1 . 


... Swa® 

W- 8 -. 


23. 24. 2 : 1 . 

25- 26. 27. (i) 

30. (7r+2)a2 31^ ?ra2_a5*cos"i^2+62 33 

35. A =sjli^ -b^ — b cos~i T^here 

43 




a,S, sm(g,-g,) 
ai^sin 6/1 sin cos 61 cos ( 


“T*"” 0 ,t^X% cS.\ COB d,< V-«*=V-i=>=X 

62 . ira^ 53. ^ log 3 - 54. ^ ^ 2c -h c], 

55 7rc(y a - .y3)2. 56 At the cusps. 


7rc(y a - s/bf. 56 At the cusps. 

r 2 

Area of loop of first =157 sq cm., aboutj 

Area of loop of second =^-^2 = 222 sq. cm., about 


(a = 10 ). 


68 . (7r+l)<22. 


CHAPTEB XIII 
Page 466. 


1. Double the area swept out by the portion of the tangent intercepted 
between the original curve and the first positive pedal. 

S. 

^ to* + 2a*6»+36‘.. 16 (3a*+6>)(a®+36*)(a»-6») 

I 606 a 16(a»4-6«)a ‘ 

7. ira(a-b). 13. ^^^ 4 -^{(A-a)®+a*}, and is least if A=a. 

14. = 20. n-c*, c lieing the constant 

[ CL^ “1 ^2 

05“^+2^tan where c is the diameter of the circle. 


31. The vertex. 


34 A circle of radius a ; Tra®, 


CHAPTER XIY. 


1- (i) ^ Density = /ia^ ; 


Page 478. 

(ii) ; (lii) 5= 
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„ 2'H-*a?+»W 

■ '*(s+1K23)+3-(-3)’ 

(ii) J=?£±£±?a. ^-gg+1 Sp-Pg + 3 fi_2£+i+3 „ , 


(K.+2Kn+3)-^’ 




(li) i=fa*6J p=^ahi; 


4. (i) x=^a, ^=§§^^“"5 (ii) B=^ifa^ 

(ii)i=fa*6J y=fa*6i; 

(Hi) »=|a; y=£«. 

6. (i) Moment of Inertia about base^^*, k being the perpendicular 
from the vertex to the base ; 

(ii) where A is the angular point and Z, J/jiV 

the mid-points of the sides. 


Page 484. 

- / V - 2 a sill a 1 « , , , . 

1. (a)^=-— — , [ 2a being the angle of the sector, and a the 

y=o, I 

/nv - 9i-f2asina » ^ 

*=«-+3— ’ 

n — ^1 + 2 

2* ^=0, a being the diameter; 

, . (m+2)(« + 3)(n4-5) , (n + mn+S,\ „ , 

(«+2)(a + 3) 

^ ^ (w.-h4)2 

3. (h) If (23i, yi), (^ 2 , g-g), (Pgj gj be the coordinates of d, Z, (7, viz. 

= gir.% ^ - ^2<^3-^.sC g 

Wig-TTlg’ 


gi=^ ^ " etc., 

mo-w, ’ 


4 ^_g-M 62H-2_5 ^ih-2 

y + S 9 + 263 ^+ 1 - 61 ^ 1 ’ 

i-jj:? R P+1 ,.aoP+3-ai3>H-» 

3+3^V+"_&,»+i’ ^=^^g;p+TZ- a^>+i - 

7. Area=^(27r+3v^), 

2(3v'3-:r) 9v/3-3jr 
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8. (i) 

(li) 0=^^ Mah^ (a* + J*). 

9. »=«"{ll-o),y=\{y+^ 


1. (i) 

2. (i)77ra2/2*; 

7. 

L (i_e*)f-l 

16. (i) ab. 

17. 

25. 2(afa;2+6i^s)a=(a2 


Page 492. 


.... aV-Vhn?. .a% . ah 

(ii) 77raV2/2“ 

9. 16Tahl2\ 


(ii) TTahj^. 

21. 5=8g>/ 2{ log(^/2 + 1) - T;^^/2}/7r(4V2~6). 
i2)2(a2^-6VT 26. ^r(<i24-62)c2/2a6. 


CHAPTER XV. 

Page 521. 

7. ■ ■ . - -TriS®, i2 being the radius of the circumcircle. 

4aiiiA8inPainC' ’ ® 


CHAPTEB XVI. 

Page 5S3. 

1- “[W^f+N/3cosh-‘^^J- 2. Acycloid. 

4. . 


Page. 538 

1. <0a(e2-<>i); (ii) 

(iii) 2a^coB^-cos^jj 

(iv) 2® { (tan I* - tan + §(tan»| - taa^l) } ; 

(t) a[A^^_*^oosli-i(H-6cos*0)] (cf. Ei. 1, p. 633) ; 
(vi) 



904 


ANSWERS TO EXAMPLES AND PROBLEMS. 


Paob 541. 

1. (i) A circle ; (ii) A catenary ; 

(iii) An involute of a circle ; (iv) The tractrix ; 

(v) An equiangular spiral ; (vi) A cycloid ; 

(vii) ^ + 2sin“^’^^+2'^?~-^=const 


Page 546. 


8a 

3‘ 


Page 670. 

2. 4a/s/3. 

6. (i)— the area; 

(ii) the area ; 

(iii) 0 or Stt, according as the origin lies within or without the area, 

there being one convolution about the pole ; or if there be n 
convolutions, Stitt, 

10. Equiangular spirals. 12. 5a. 13. Involute of a circle. 

15. 2a [3^/3 + 3^/2 4- log (s/2 -1-1)], 4<z being the latus rectum. 


17. Epicycloid. 2 - 

26. ff=a^{B-0)fA, 


19. 40!. 


where A = |^tan i}/ - ^ = j^s©c \p -f cos 


[izr. r .3 


2rcos 


27. s= 


2 


cos a 

29. Area=r(a24-252)- 

31, 


28. «=T^ -^{3o3 + 2a&+3i*>. 
16 

30. ^o*. 


J(sm2</>-fw2cos2<^) 

9. s=2a(sec3i^ — 1). If c=0, the involute is y2—4cj(^4.2(x). 


40. 


aS-63 

a2-52- 


CHAPTER XVII. 
Page 600. 


2. (mod, ■^^=1*31102... square units. 
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Paqb 636. 

2. /'6=a, A=:2a2 

K-- 

(y + + (y ~ n// - 4a«)^ 


10 . 


24. 


^=11 or -4±3V~3. 

(i) tanli-*i^±§E^EM±l; 

a^+x-S 


(») 


^tanh 1 , I where ^=a:*+2ii^— &g^— aM;+a ; 


2 

(iii) 2t»i,h-^V3f; 

(V) cosh-i^±^^; 

(vii) 2 tanh-i (^-f 1)^ ; 

(ix) 2taiih-‘2:^V^IJ; 


(xi) tanh“ 




(iv) 

;rH-l > l-ai7-i-4a;2’ 
(vi) tanh->^^ V^ + 1 ; 

(viii) tanh->a;^i:«+l ; 

(x) i&nhr'x-^j^; 

(..i) tanh-^^. 


CHAPTER XVIII. 
Page 669 


4. 


a-2aife2 f + 

J(aTO2-A)2H-4aW’ 



pole. 


10. 

1 1 
r-1 


12. 

r- 2 

• ia/ 

V(1 + cos 2 >) (cosh 24 - COS 27) 

sin 'yj- 


Din-’ 



COS gCcosh M — cos vy 



l+cos-y .a:2_ 2 ^ 0 osh 24+1 


1+C0sh24* 4 c 2 — 2a?cos«;+l 


15 . ^ 


14. i^,(i!-,/j!*-l)+log/^2(^;-Vai“-l) 
17 _L..-„-i(?-“)“. ,.-.1 1 
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19. a=~~Jcos"'^e. 24, ^ cos a + sin a log sin (:p- a). 

25. (i) i=^log(j;+l)-^^-^log(^7»+4) + ltan->|. 

[i],”=(5r+141og2 + 10)/S0; 


+10</|, where d=ta.rr^x, 


.... j 1 fsinSd , 3s:n46l , 15sm26 
(«) +— 2— + — 

.... r 3 r sin.a7 . 6^ a?) 

(ill) I—Tz\ 5 H 2 tan"^ 2 tan V , 

' ' 16l5-3cosa? 6 2J’ 

CHAPTER XIX. 

Page 723. 

3. J(r82-ri^)tanasin2a (?'i = 0Pi, 

6. Evolute of roulette of the cusp is a four-cusped hypocycloid. 
Intrinsic equation of envelope of axis with notation of Ex. 2, Art. 

670. is V / V \ 

5 = fit sin^ A / 5 q. 7 cos® ^ J 

20. See Art 657. 

25. The rolling of a catenary upon a straight line. 

30. «=aj/^-“3«sin^j + |^+ const. 


6 Arc 


<2 fl 1 ^ 


CHAPTBE XX. 
Page 772. 

+A? + v'2"-^*^"~‘;2(V2 


.,'2-2*)Je,’ 


where iJ® = 2(^2+l), 2 =cos|, and 6 is the azimuthal angle of a 
point on the curve. 


CHAPTER XXL 


2. 7r*aK 


Sj2 


Page 790. 


5. |irct®(31og2 -2) 


/.r=acos0\'| For surface from $ = di to 6?=02> revolution about 
\y = 6sm^/J' the y-axis, 

^ysTafsin 6 + 




a log sm d H- sin® d + cos® ^ 
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8. -= 3 “. 10. Aboufcaxis, f7ra*(3T-4) j atout base, 

^2^3 2 3 47rw®a3sin~ 

“• (»»-l)(97i^- - i) - 22. A circular cylinder. 

27. ^(v/cf+c - Va - ;) { a (c - 2a)^a + c+ (2a®+ ac + 2c*) v''® - c} 

29. y{(I + 2A)^-l}. 


CHAPTER XXII. 

Page 862. 

1. In each case V=^^(A-\-s/AB-\-B\ where A = height of frustum and 

A, B the areas of the ends. 

2. a being the radius of the sphere and M the spherical excess. 

8- • 9. i-nabc. 

21. ■where A= a, 6, c 

^1> 

^2> ^2j ^2 

29. |(^,-*i){a*+a'*+(y6+y0')^*±^}. 

31- I r^(“.^-°2^"){(4j8.)^- (4182)^} rtan-* 6, - tan-i 6,). 

39. ^^(cscosho-sinh o), 7*“^ ^ ^a^+V ^— sinh ^a* + fc*)i 

— ; (Va*+6*+c» cosh - sinh v'o^T^+c*). 

(o*+6*+c»)* 

43. En velope y^±a!, {x* - = 0. 

50. g-l. 51. 
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bers. III. Euclidean, Spherical, and Non-Euclid- 
ean Geometry. Part Two. Theorems from Point Set 
Theory and Topology. Chap I. Sequences and Con- 
tinuous Complex Functions. II. Curves and 
Regions. III. Line Integrals. Part Three. Analytic 
Functions. Chap. I. Foundations. II. The Maxi- 
mum-modulus principle III. Poisson Integral and 
Harmonic Functions. IV. Meromorphic Functions. 
Part Four. Generation of Analytic Functions by 
Limiting Processes. Chap. I. Uniform Convergence. 
II. Normal Families of Meromorphic Functions. 
Ill Power Series. IV Partial Fraction Decompo- 
sition and the Calculus of Residues. Part Five. 
Special Functions Chap. I. The Exponential Func- 
tion and the Trigonometric Functions II. Logarith- 
mic Function. III. Bernoulli Numbers and the 
Gamma Function. 

Vol TL: Part Six. Foundations of Geometric 
Function Theory. Chap. I Bounded Functions. II. 
Conformal Mapping. Ill The Mapping of the 
Boundary. Part Seven. The Triangle Function and 
Picard’s Theorem Chap. I. Functions of Several 
Complex Variables. II Conformal Mapping of 
Circular- Arc Triangles. III. The Schwarz Triangle 
Functions and the Modular Function. IV Essential 
Singularities and Picard’s Theorems 
“A book by a master . . . Cai*atheodory himself 
regarded [it] as his finest achievement . . . written 
from a catholic point of view .” — Bulletin of A.M.S. 
— ^Vof J Second edition 1958 310 pp 6x9 [97] 94.95 

— ^Vol II Second edition 1960 220 pp 6x9 [106] 94 95 
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MEASURE AND INTEGRAL 

By C. CARATHiODORY 

— About 360 pp Translated from the German In prep. 


VORLESUNGEN UBER REELLE FUNKTIONEN 

By C CARATHEODORY 

This great classic is at once a book for the begin- 
ner, a reference work for the advanced scholar and 
a source of inspiration for the research worker. 

— 2nd, latest complete, ed 728 pp. SVixSVi Orig. pubi ot 
$1160 [38] $8 00 

ELECTRIC CIRCUIT THEORY and the 
OPERATIONAL CALCULUS 
By J. R. CARSON 

“A rigorous and logical exposition and treatment 
of the Heaviside operational calculus and its ap- 
plications to electrical problems . . . will be enjoyed 
and studied by mathematicians, engineers and 
scientists .” — Electrical World, 

—2nd ed. 206 pp. 51 / 4 x 8 [92] Cloth $3.95 

[1 14] Paper $1.88 


TEXTBOOK OF ALGEBRA 

By G. CHRYSTAL 

The usefulness, both as a textbook and as a work 
of reference, of this charming classic is attested 
to by the number pf editions it has run through — 
the present being the sixth. Its richness of content 
can be only appreciated by an examination of the 
twelve-hundred-page book itself. Thousands of 
valuable exercises (with solutions). 

6th ed 2 Vols 1235 pages 53^x8 [84] Each volume $2.95 

EIGENWERTPROBLEME UND IHRE 
NUMERISCHE BEHAfNlDLUNG 
By L. COLLATZ 

“Part I presents an interesting and valuable col- 
lection of PRACTICAL APPLICATIONS 
“Part II deals with the MATHEMATICAL 
THEORY. 

“Part III takes up various methods of NUMER- 
ICAL SOLUTION of boundary value problems. 
These include step-by-step approximations, graph- 
ical integration, the Rayleigh-Ritz method and 
methods depending on finite differences. Here, as 
throughout the book, the theory is kept in close 
touch with practice by numerous specific examples.” 

— Mathematical Reviews, 
—1945 350 pp 51 / 2 x 8 V 2 Orlg pub at $8 80 [41] $4.95 
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ALGEBREN 

By M. DEURING 

— (Ergeb der Math ) 1935 v -f 143 pp 51 / 2 x 81/2 Or\Q pub 
at $6 60 [50J $3.95 

HISTORY OF THE THEORY OF NUMBERS 

By L E. DICKSON 

**A monumental work . . . Dickson always has in 
mind the needs of the investigator . . The author 
has [often] expressed in a nut-shell the main re- 
sults of a long and involved paper in a much 
clearer way than the writer of the article did him- 
self. The ability to reduce complicated mathemati- 
cal arguments to simple and elementary terms is 
highly developed in Dickson,” — Bulletin of A. M. S. 

— Vol I (Divisibility and Pnmality) xii -f 486 pp Vol II 
(Diophantme Analysis) xxv-f 803 pp Vol III (Quadratic and 
Higher Forms) v + 313 pp [86] Three vol set $1995 

STUDIES IN THE THEORY OF NUMBERS 

By L. E. DICKSON 

A systematic exposition, starting from first prin- 
ciples, of the arithmetic of quadratic forms, chiefly 
(but not entirely) ternary forms, including numer- 
ous original investigations and correct proofs of a 
number of classical results that have been stated 
or proved erroneously in the literature 
— 1930 VII 1-1-230 pp 5^x8 [151] In prep 


THE INTEGRAL CALCULUS 

By J. W. EDWARDS 

A leisurely, immensely detailed, textbook of over 
1,900 pages, rich in illustrative examples and ma- 
nipulative techniques and containing much inter- 
esting material that must of necessity be omitted 
from less comprehensive works. 

There are forty large chapters in all. The earlier 
cover a leisurely and a more-than-usually-detailed 
treatment of all the elementary standard topics. 
Later chapters include: Jacobian Elliptic Func- 
tions, Weierstrassian Elliptic Functions, Evalu- 
ation of Definite Integrals, Harmonic Analysis, 
Calculus of Variations, etc. Every chapter contains 
many exercises (with solutions) . 

— 2 vols 1 ,922 pp 5x8. Originally published at $31 50 the set 
[102], [1051 Each volume $7.50 


AUTOMORPHIC FUNCTIONS 

By L. R. FORD 


“Comprehensive . . . remarkably clear and ex- 
plicit .”— of the A. M.S. 


— ZncS ed (Cor repr ) x-(-333 pp 5%x8 


[85J $ 4.95 
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ASYMPTOTIC SERIES 

By W B. FORD 

Two VOLUMES IN ONE; Studies on Divergent Senes 
and Summahility and The Asymptotic Develop- 
ments of Functions Defined by MacLaunn Senes. 

Partial Contents : I MacLaunn Sum-Formula ; 
Introduction to Study of Asymptotic Series. II 
Determination of Asymptotic Development of a 
Given Function. III. Asymptotic Solutions of 
Linear Differential Equations. ... V. Summability, 
etc. I. First General Theorem. . . . III. MacLaurin 
Series whose General Coefficient is Algebraic. . . 
VII. Functions of Bessel Type. VIII. Asymptotic 
Behavior of Solution of Differential Equations of 
Fuchsian Type. Bibliography 

—1916, 1936-60 x-l-341 pp 6x9 [143] Two vols in one 

$ 6.00 


THE CALCULUS OF EXTENSION 

By H. G. FORDER 

Partial Contents: I. Plane Geometry. II. Geometry 
in Space. III. Applications to Projective Geometry. 
. . . VIII. Applications to Systems of Linear Equa> 
tions and Determinants. XII. Oriented Circle and 
Systems of Circles. XIII. The General Theory of 
Matrices . . , XV. Algebraic Products. 

-1941-60 XVI +490 pp 5%x8 [1351 $4.95 


RUSSIAN MATHEMATICAL BIBLIOGRAPHY 

By G. £. FORSYTHE 

A bibliography of Russian Mathematics Books for 
the past quarter century Supplements may be 
issued. Added subject index. 

—1956 106 pp 5x8 [111] $3.95 


CURVE TRACING 

By P. FROST 

This much-quoted and charming treatise gives a 
very readable treatment of a topic that can only 
be touched upon briefly m courses on Analytic 
Geometry. Teachers will find it invaluable as sup- 
plementary reading for their more interested 
students and for reference. The Calculus is not 
used. 

Seventeen plates, containing over 200 figures, 
illustrate the discussion in the text. 

—5th (unaltered) ed 1960 210 pp + 17 fold-out plates. 
5%x8 [140] $3.50 
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THE THEORY OF MATRICES 

By F. R. GANTMACHER 

Translated from the Russian, with further revi- 
sions by the Author. 

This treatise by one of Russia's leading mathe- 
maticians gives, in easily accessible form, a co- 
herent account of matiix theory with a view to 
applications in mathematics, theoretical physics, 
statistics, electrical engineering, etc The indi- 
vidual chapters have been kept as far as possible 
independent of each other, so that the reader ac- 
quainted with the contents of Chapter I can pro- 
ceed immediately to the chapters that especially 
interest him. Much of the material has been avail- 
able until now only in the periodical literature. 

Partial Contents. .VOL. One. I. Matrices and 
Matrix Operations. II The Algorithm of Gauss 
and Applications. III. Linear Operators in an 
w-Dimensional Vector Space IV. Characteristic 
Polynomial and Minimal Polynomial of a Matrix 
(Generalized Bdzout Theorem, Method of Faddeev 
for Simultaneous Computation of Coefficients of 
Characteristic Polynomial and Adjoint Matrix, 

. . . ). V. Functions of Matrices (Various Forms 
of the Definition, Components, Application to In- 
tegration of System of Linear Differential Eqns, 
Stability of Motion, . . .). VI Equivalent Trans- 
formations of Polynomial Matrices; Analytic The- 
ory of Elementary Divisors. VII. The Structure 
of a Linear Operator in an w-Dimensional Space 
(Minimal Polynomial, Congruence, Factor Space, 
Jordan P^orm, Krylov's Method of Transforming 
Secular Eqn, . .). VIII Matrix Equations (Ma- 

trix Polynomial Eqns, Roots and Logarithm of 
Matrices, . .) , IX Linear Operators in a Unitary 
Space. X. Quadratic and Hermitian Forms. 

Volume Two. XI. Complex Symmetric, Skew- 
symmetric, and Orthogonal Matrices. XII. Singu- 
lar Pencils of Matrices. XIII. Matrices with Non- 
Negative Elements (General Properties, Spectral 
Properties, Reducible Matrices, Primitive and 
Imprimitive Matrices, Stochastic Matrices, Limit- 
ing Probabilities for Homogeneous Markov Chain, 
Totally Non-Negative Matrices, Oscillatory Ma- 
trices . . .) XIV. Applications of the Theory of 
Matrices to the Investigation of Systems of Linear 
Differential Equations (Systems with Variable 
Coefficients, Lyapunov Transformations, Reduc- 
ible Systems, Erugin's Theorem, Multiplicative 
Integral, Volterra's Calculus, Differential Sys- 
tems in Complex Domain, Analytic Functions of 
Several Matrices, The Research of Lappo- 
Danilevskii, . .). XV. The Problem of Routh- 
Hurwitz and Related Questions (Routh’s Algo- 
rithm, Lyapunov's Theorem, Method of Quadratic 
Forms, Infinite Hankel Matrices of Finite Rank, 
Stability, Markov Parameters, Problem of Mo- 
ments. Theorems of Markov and Chebyshev 
Generalized Routh-Hurwitz Problem, . .). Bib- 
liography. 

— Vol I 1960 X-I-374PP 6x9 
— Vol II 1960 x + 277 pp 6x9 


[1311 $6.00 

r]331 Sfi.OO 
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ARITHMETISCHE UNTERSUCHUNGEN 

By C. F. GAUSS 

The German translation of his Disquisitiones 
Arithmeticae. 

— Repr of 1 German ed 860 pp. 54^x8 [150] In prep. 


THEORY OF PROBABILITY 
By B. V. GNEDENKO 

Translated from the second Russian edition, "with 
additions and revisions by Prof Gnedenko. 

Partial Contents * I. The Concept of Probability 
(Different approaches to the definition. Field of 
events. Geometrical Probability. Statistical defini- 
tion. Axiomatic construction . . ) . II. Sequences 
of Independent Trials, III. Markov Chains. IV 
Random Variables and Distribution Functions 
(Continuous and discrete distributions. Multi- 
dimensional d. functions Functions of random 
variables. Stieltjes integral). V. Numerical Char- 
acteristics of Random Variables (Mathematical 
expectation. Variance . . . Moments) VI. Law of 
Large Numbers (Mass phenomena. Tchebychev’s 
form of law. Strong law of large numbers . ) 
VII. Characteristic Functions (Properties. Inver- 
sion formula and uniqueness theorem Helly’s 
theorems. Limit theorems. Char functs for multi- 
dimensional random variables . .) . VIII. Classical 
Limit Theorem (LiapunoVs theorem. Local limit 
theorem). IX. Theory of Infinitely Divisible Dis- 
tribution Laws. X. Theory of Stochastic Processes 
(Generalized Markov equation. Continuous S 
processes. Purely discontinuous S processes Kol- 
mogorov-Feller equations. Homogeneous S proc- 
esses with independent increments Stationary S. 
process Stochastic integral Spectral theorem of 
S processes Birkhoff-Khinchine ergodic theorem) . 
XI Elements of Statistics ( Some problems Varia- 
tional series and empirical distribution functions. 
Glivenko’s theorem and Kolmogorov’s compati- 
bility criterion. Two-sample problem. Critical 
region. Comparison of two statistical hypotheses 

. . Confidence limits), tables bibliography 
—Ready, 1961-1962 About 400 pp 6x9 [132] Prob $6.50 


LES INTEGRALES DE STIELTJES et leurs Appli- 
cations aux ProbIfemes de la Physique Mathe- 
matique 

By N. GUNTHER 

—1932. 498 pp 5V2 x8 


[63] $5 95 
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LECONS SUR LA PROPAGATION DES 
ONDES ET LES EQUATIONS DE 
L'HYDRODrNAMIQUE 
By J. HAOAMARD 

“[Hadamard’s] unusual analytic proficiency en- 
ables him to connect in a wonderful manner the 
physical problem of propag’ation of waves and the 
mathematical problem of Cauchy concerning the 
characteristics of partial differential equations of 
the second order .” — Bulletin of the A. M. S. 

— VI ii + 375 pp 51 / 2 x 81/2 [58] ^95 

REELLE FUNKTIONEN. Punktfunktionen 

By H. HAHN 

— 426 pp 51 / 2 x 81/2 Orig pub at $12 80 [52] $4.95 

LECTURES ON ERGODIC THEORY 

By P R. HALMOS 

CONTENTS Introduction. Recurrence. Mean 
Convergence. Pointwise Convergence. Ergodicity 
Mixing. Measure Algebras. Discrete Spectrum. 
Automorphisms of Compact Groups. Generalized 
Proper Values. Weak Topology Weak Approxima- 
tion. Uniform Topology. Uniform Approximation 
Category Invariant Measures. Generalized Er- 
godic Theorems. Unsolved Problems 

“Written in the pleasant, relaxed, and clear style 
usually associated with the author The material 
is organized very well and painlessly presented A 
number of remarks ranging from the serious to 
the whimsical add insight and enjoyment to the 
reading of the book ” 

— Bulletin of the Amer. Math. Soc. 
—I960 <Repr of 1956 ed ) viii 4 101 pp 51 / 4 x 8 [142] $2 95 

INTRODUCTION TO HILBERT SPACE AND 
THE THEORY OF SPECTRAL MULTIPLICITY 
By P R. HALMOS 

Prof. Halm os’ recent book gives a clear, readable 
introductory treatment of Hilbert Space. The 
multiplicity theory of continuous spectra is 
treated, for the first time in English, in full 
generality. 

— 1957 2nd ed (c repr of Isted) 120 pp 6x9 [82] $3 25 

RAMANUJAN: 

Twelve Lectures on His Life and Works 

By G. H. HARDY 

The book is somewhat more than an account of the 
mathematical work and personality of Ramanujan ; 
it IS one of the very few full-length books of “shop 
talk” by an important mathematician. 

—VIII 4 236 pp 6x9 [136] $3.95 
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GRUNDZUGE DER MENGENLEHRE 

By F HAUSDORFF 

Some of the topics in the Grundziif^e omitted from 
later editions: 

Symmetric Sets — Principle of Duality — most of 
the “Algebra” of Sets — most of the “Ordered 
Sets” — Partially Ordered Sets — Arbitrary Sets 
of Complexes — Normal Types — Initial and 
Final Ordering — Complexes of Real Numbers — 
Geneial Topological Spaces — Euclidean Spaces 
— the Special Methods Applicable m the Euclid- 
ean plane — Jordan’s separation Theorem — The 
Theory of Content and Measure — The Theory 
of the Lebesgue Integral. 

— First edition 484 pp SVzxSYa [611 $4 95 


SET THEORY 

By F, HAUSDORFF 

Now for the first time available m English, 
Hausdorff’s classic text-book has been an inspira- 
tion and a delight to those who have read it m the 
original German. The translation is from the 
Third (latest) German edition. 

“We wish to state without qualification that this 
IS an indispensable book for all those interested in 
the theory of sets and the allied branches of real 
variable theory — Bulletin of A. M. S. 

—1957 352 pp 6x9 [1191 $6.00 


VORLESUNGEN UBER DIE THEORIE DER 
ALGEBRAISCHEN ZAHLEN 

By E HECKE 

“An elegant and comprehensive account of the 
modern theory of algebraic numbers ” 

— Bulletin of the A. M. S. 

“A classic .” — Mathematical Gazette 
—1923 264 pp 51/2x81/2 [461 ^3 95 


INTEGRALGLEICHUNGEN UND 
GLEICHUNGEN MIT UNENDLICHVIELEN 
UNBEKANNTEN 

By E. HELUNGER and O. TOEPLITZ 

“Indispensable to anybody who desires to pene- 
tiate deeply into this subject ” — Bulletin of A.M.S. 

— With a preface by E Hilb 1928 286 pp 5Vi|x8 [89] $4 SO 
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Grundzuge Einer Allgemeinen Theorie der 
LINEAREIS INTEGRALGLEICHUNGEN ‘ 

By D. HILBERT 

— 306 pp 51 / 2 x 81/4 [91] $4 50 


PRINCIPLES OF MATHEMATICAL LOGIC 

By D. HILBERT and W. ACKERMANN 

The famous Grundiige der Theoretischen Logik 
translated into English, with added notes and re- 
visions by Prof. R E. Luce. 

“The best textbook m a Western European 
language for a student wishing a fairly thorough 
treatment .” — Bulletin of the A. M. S. 

-1950-59 XM-f-172pp 6x9 [69] $3.75 


GEOMETRY AND THE IMAGINATION 
By D. HILBERT and S. COHN-VOSSEN 

The theme of this book is insight. Not merely 
proofs, but proofs that offer insight — intuitive 
understanding — into why they are true. Not 
merely properties of the hyperboloid or of PascaPs 
hexagon, but insight into why they have these 
properties. In this wide-ranging survey, one of the 
world's greatest and most original mathematicians 
uses insight as both his technique and his aim. 
Both the beginner and the matuie mathematician 
will learn much from this fascinating treatise. 

Translated from the German by P. Nemenyi. 

Chapter Headings: I. The Simplest Curves and 
surfaces II. Regular Systems of Points. III. Pro- 
jective Configurations IV. Differential Geometry. 
V Kinematics VI. Topology. 

‘'A mathematical classic The purpose is to 
make the reader see and feel the proofs.” — Science. 

“A fascinating tour of the 20th-century mathe- 
matical zoo.” — Scientific American. 

^‘Students . . will experience the sensation of 
being taken into the friendly confidence of a great 
mathematician and being shown the real signifi- 
cance of things.” — Science Progress. 

“A glance down the index {twenty-five columns 
of it) reveal the breadth of range: — 

“Annulus; Atomic structure; Automorphic func- 
tions ; Bubble, soap; Caustic Curve; Color problem; 
Density of packing, of circles; Four-dimensional 
space, Gears, hyperboloidal; Giaphite; Lattices; 
Mapping; “Monkey Saddle”; Table salt; Zinc. 

are but a few of the topics . . . The title 
evokes the imagination and the text must surely 
capture it.” — Math. Gazette. ' 

—1952 358 pp 6x9 


[87] $6 00 
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SQUARING THE CIRCLE, and other 
Monographs 

By HOBSON, HUDSON, SINGH, and KEMPE 

Four volumes in one. 

Squaring the Circle, by Hobson. A fascinating 
account of one of the three famous problems of 
antiquity, its significance, its history, the mathe- 
matical work it inspired in modern times, and its 
eventual solution in the closing years of the last 
century. 

Ruler and Compasses, by Hudson. “An ana- 
lytical and geometrical investigation of how far 
Euclidean constructions can take us. It is as thor- 
oughgoing as it is constructive.” — Sci. Monthly. 

The Theory and Construction op Non- 
Difperentiable Functions, by Singh. I Func- 
tions Defined by Series. II. Functions Defined Geo- 
metrically. III. Functions Defined Arithmetically. 
IV. Properties of Non-Differentiable Functions. 

How TO Draw a Straight Line, by Kempe. An 
intriguing monograph on linkages. Describes, 
among other things, a linkage that will trisect any 
angle. 

‘•Intriguing, meaty .” — Scientific American. 

— 388 pp ^VzxlVz C95] Four vols in one $3.25 


SPHERICAL AND ELLIPSOIDAL HARMONICS 

By E. W. HOBSON 

“A comprehensive treatise . . . and the standard 
reference in its field .” — Bulletin of the A. M. S. 

— 1930 512 pp 5%x8 Ong pub ot$13 50 [104] $6.00 

DIE METHODEN ZUR ANGENAHERTEN 
LOSUNG VON EIGENWERTPROBLEMEN IN 
DER ELASTOKINETIK 
By K HOHENEMSER 

— (Ergeb der Math ) 1932 89 pp 51 / 2 x 81/2 Orig pub at 

$4 25 [55] $2.75 

ERGODENTHEORIE 

By E HOPE 

— (Ergeb der Math ) 1937 89 pp 51 / 2 x 81/2 [43] $2.75 

HUDSON, ''Ruler and Compasses," see Hobson 


THE CALCULUS OF FINITE DIFFERENCES 

By CHARLES JORDAN 

“. . . destined to remain the classic treatment of 
the subiect for many years to com6 .” — Harry 
C. Carver t Founder and formerly Editor of the 
Annals of Mathematical Statistics. 

— 1947 Second edition xxi 4-652 pp 51 / 2 x 81/4 [33] $6 00 
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THEORIE DER ORTHOGONALREIHEN 

By S. KACZhAARl and H. STEINHAUS 

The theory of general orthogonal functions. Mono- 
grafje Matematyczne, Vol. VI. 

—304 pp 6x9. [831 $4.95 

KAHLER, sea Blaschke 


DIFFERENTIALGLEICHUNGEN: 
LOESUNGSMETHODEN UND LOESUNGEN 
By E. KAMKE 

Everything possible that can he of use when one 
has a given differential equation to solve, or when 
one wishes to investigate that solution thoroughly, 
PART A: General Methods of Solution and the 
Properties of the Solutions. 

PART B: Boundary and Characteristic Value 
Problems. 

PART C: Dictionary of some 1600 Equations in 
Lexicographical Order, with solution, techniques 
for solving, and references. 

reference work of outstanding importance 
which should be in every mathematical library.’’ 

— Mathematical Gazette. 
— Third ed 692 pp 6x9 Orig PubI ct$15 00 [44] $9.50 

KEMPE, ''How to Draw a Strolght Lino/' see Hobson 


ASYMPTOTISCHE GESETZE DER 
WAHRSCHEINLICHKEITSRECHNUNG 
By A. A. KHINTCHINE 

—1933 82 pp lErgeb der Math ) SVzxBVz Orig pub at 
$3 85 [36] Paper $2.00 


ENTWICKLUNG DER MATHEMATIK IM 19. 
JAHRHUNDERT 
By F. KLEIN 

Vol. I deals with general Advanced Mathematics 
of the prolific 19th century Vol. II deals with the 
mathematics of Relativity Theory. 

— 616 pp 51 / 4 x 81/4 Orig $14 40 [74] 2 Vols in one $7.50 


VORLESUNGEN UBER HOHERE GEOMETRIE 

By FELIX KLEIN 

In this third edition there has been added to the 
first two sections of Klein* 8 classical work a third 
section written by Professors Blaschke^ Radons 
Artin and Schreier on recent developments. 

—Third ed 413 pp 51^x8 Orig pubI ot $10 80 [65] $4.95 
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VORLESUNGEN UEBER 
NICHT-EUKLIDISCHE GEOMETRIE 
By F. KLEIN 


Chapter Headings : I Concept of Proiective Geom- 
etry. II. Structures of the Second Degree III. 
Collmeations that Carry Structure of Second De- 
gree into Itself. IV. Introduction of the Euclidean 
Metric into Projective Geometry. V. Projective 
Coordinates Independent of Euclidean Geometry. 
VI. Projective Determination of Measure VII. Re- 
lation between Elliptic, Euclidean, and Hyperbolic 
Geometries VIII. The Two Non-Euclidean Geom- 
etries. IX. The Problem of the Structure of Space. 
X AND XI. Relation between Non-Euclidean Geom- 
etry and other Branches of Mathematics. 

—1928 XII +326 pp 5x8 [1291 54.95 


FAMOUS PROBLEMS, and other monographs 

By KLEIN, SHEPPARD, MacMAHON, and MORDELL 


Four volumes in one 

Famous Problems of Elementary Geometry, 
by Klein, A fascinating little book A simple, easily 
understandable, account of the famous problems of 
Geometry — The Duplication of the Cube, Trisec- 
tion of the Angle, Squaring of the Circle — and the 
proofs that these cannot be solved by ruler and 
compass — presentable, say, before an undergradu- 
ate math club (no calculus required). Also, the 
modern problems about transcendental numbers, 
the existence of such numbers, and proofs of the 
transcendence of e. 

From Determinant to Tensor, by Sheppard. 
A novel and charming introduction Written with 
the utmost simplicity Pt I. Origin of Determi- 
nants. II PropertiesofDeterminants.nl Solution 
of Simultaneous Equations. IV. Properties. V. Ten- 
sor Notation. Pt II. VI. Sets. VII. Cogredience, 
etc. VIII Examples from Statistics. IX. Tensors 
m Theory of Relativity. 

Introduction to Combinatory Analysis, by 
MacMahon. A concise introduction to this field 
Written as introduction to the author ’s two-volume 
work 

Three Lectures on Fermat’s Last Theorem, 
by Mordell These lectures on what is perhaps the 
most celebrated conjecture in Mathematics are 
intended for those without training in Number 
Theory. I. History, Early Proofs 11. Rummer’s 
Treatment and Recent Results III Libri’s and 
Germain’s Methods. 

— 350 pp S’AxSiA [108] Four vols in one $3 25 
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THEORIE DER ENDLICHEN UND 
UNENDLICHEN GRAPHEN 
By D. KONIG 

“Elegant applications to Matrix Theory . . 
Abstract Set Theory . . . Linear Forms . . . Elec- 
tricity . . . Basia Problems . . Logic, Theory of 

Games, Group Theory.” — L. Kalmar, Acta Szeged. 

—1936 269 pp 5V4x8Ya Orig pubi ot $7 20 [72] $4 50 


DIOPHANTISCHE APPROXIMATION EN 

By J. F. KOKSMA 

— (Ergeb der Moth ) 1936 165 pp SVixSVi Orig pub I at 
$7.25 [66] $3 50 


FOUNDATIONS OF THE THEORY OF 
PROBABILITY 

By A. KOLMOGOROV 

Translation edited by N. Morrison. With a bibli- 
ography and notes by A. T. Bharucha-Reid. 

Almost indispensable for anyone who wishes a 
thorough understanding of modern statistics, this 
basic tract develops probability theory on a postu- 
lational basis. 

— 2nd ed 1956 viii-|-84pp 6x9 [23] $2 50 


EINFUHRUNG IN DIE THEORIE DER 
KONTINUIERLICHEN GRUPPEN 
By G. KOWALEWSKl 

— 406 pp 51/4X&1/4 Orig pubI at $10 20 [70] $4.95 


DETERMINANTENTHEORIE 
EINSCHLIESSLICH DER FREDHOLMSCHEN 
DETERMINANTEN 
By G. KOWALEWSK1 

PARTIAL CONTENTS: Definition and Simple 
Properties Systems of Linear Equations . . . 
Symmetric, Skew-symmetric, Orthogonal Deter- 
minants . . . Resultants and Discriminants . . . 
Linear and Quadratic Forms . .Functional, Wron- 
skian, Gramian determinants . . . Geometrical ap- 
plications . . . Linear Integral Equations . . . Theory 
of Elementary Divisors. 

“A classic in its field.” — Bulletin of the A. M. S. 
— ^Third edition 1942 328 pp SV^jxS [39] $4.95 
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